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PREFACE. 


Si material of the present volume consists of the substance 

of lectures delivered, from time to time, during my tenure 
of the Sadlerian professorship of pure mathematics in the University 
of Cambridge. The last occasion, when such lectures were given 
by me, was during the Michaelmas Term of 1909. 

As the volume does not pretend to be a complete treatise on 
differential geometry, and as it is restricted to the contents of my 
lectures, readers will find that not a few sections of the vast range 
of the subject are discussed only shortly and that some are left 
undiscussed. In lectures, my aim was to expound those elements 
with which eager and enterprising students should become ac- 
quainted ; they could thus, in my opinion, be best prepared for 
the penetrating consideration, which is suited for the private study 
rather than for the lecture-room or the examination-room. ~ No 
lack of individual interest was implied in omitted branches of the 
subject ; to give an instance of a purely personal kind, my lectures 
never even mentioned the application of Lie’s theory of continuous 
groups to the construction of the differential invariants for space 
and for surfaces in space—a matter to which, elsewhere, I had 
devoted some attention. One of my ideals, in lecturing to students, 
was to provide them with some of the instruments for research ; 
consequently this volume is mainly intended for students who, 
later, may devote themselves to original work. 
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The book can be regarded as composed of three main sections ; 
its divisions are only partially indicated by the chapters, which are 
numbered consecutively. Throughout, it deals solely with con- 
figurations in ordinary Euclidean space. 

In the first section, consisting of a single chapter, the properties 
of skew curves and of their associated lines and planes are ex- 
pounded, without regard to any family or families of surfaces upon 
which the curves may happen to lie. 

In the second section, consisting of chapters 11—VI, the subject- 
matter is the properties of curves upon any general surface in space. 
Some classes of these curves (e.g. lines of curvature) are organically 
connected with the surface; they are completely determined by 
the elements of the surface to which they belong. Other curves, 
such as geodesics, have an equally organic relation with the surface ; 
but they are not determined solely by the elements of the surface, 
for they can satisfy some arbitrarily assigned condition or conditions. 
Again, quite arbitrary curves and families of curves can be assumed 
upon a surface; not a little attention has been devoted to methods 
for constructing differential invariants which, being in value in- 
dependent of parameters of reference, express the geometrical 
magnitudes of the curves, subject, of course, to the dominance 
of the intrinsic magnitudes of the surface containing the curve 
or curves. 

In the third section, consisting of chapters vi1—xt, the subject- 
matter is surfaces in general, rather than particular configurations 
on surfaces. The most ordinary methods of point-to-point corre- 
spondence and comparison of surfaces are explained. Surfaces, 
which are defined (wholly or partially) by intrinsic properties, 
are considered, special attention being paid to minimal surfaces. 
Families of surfaces are discussed, according to the respective 
definitions that ultimately establish the families; the most 
obvious instance relates to those surfaces which have plane or 


spherical sets of lines of curvature. Lastly, a brief sketch of 
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the simplest fundamental properties of triply orthogonal systems 
is given. 

The book concludes with a single chapter that contains an 
introduction to the elementary theory of congruences of curves, 
specially of straight lines and of circles. 

Scattered throughout the book, examples (over two hundred 
in number) will be found; many of them are extracted from 
memoirs by various authors. At the end, there is a set of 
miscellaneous examples collected from Cambridge examination 
papers in recent years; for the collection, I am indebted to 
Mr R. A. Herman. 

To facilitate reference, I have constructed a customary table 
of contents at the beginning of the book and a customary subject- 
index at the end; and, because a more or less persistent significance 
is assigned to many of the symbols that are used, I have given (at 
the end of the table of contents) a list of these symbols with the 
passages where the significance is first stated. 

From the frequent references throughout, as well as in the 
references in the brief half-historical introductions to most of the 
chapters, it will be seen that one of my special desires has been to 
direct students to the work of the mathematician who, I think, 
would be generally hailed as the greatest living master of the 
subject. The treatise by Darboux must remain, at least for this 
generation, the classical exposition of Differential Geometry. 

In exposition, it may have been rash on my part to restrict 
myself throughout to a treatment, which is based mainly upon the 
analysis used by Gauss and by those who followed him in its use. 
Certainly I have made no attempt to give what could only have 
been a rather faint reproduction of Darboux’s treatment, which 
centres round the tri-rectangular trihedron at any point of a curve 
or surface or system. My hope is that students may experience 
an added stimulus of interest when they find that different methods 
combine in the development of growing knowledge. 
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Of course, in so extensive a subject, indebtedness naturally is 
not confined to one great worker alone. The names quoted in the 
course of my pages (and all have been quoted, whose work has 
been used by me) will give some hint of the multitude of workers 
who, through the long sequence of years, have constructed the 
immense fabric of acquired knowledge. Great as many of those 
names are, I wish here to place on record my own sense of gratitude 
to Darboux and to his work. My tribute of homage is gladly 
rendered in this year, the jubilee of his doctorate at Paris. 

For valuable help given to me in many ways during the revision 
of the proof-sheets, as well as for suggestions and criticisms that 
proved useful to me, I tender my most cordial thanks to my 
friend Mr R. A. Herman, Fellow and Lecturer of Trinity College, 
Cambridge, and University Lecturer in Mathematics. 

Finally, in past years and on other occasions, it has been my 
good fortune to receive the unfailing assistance of the staff of the 
University Press at Cambridge. On this occasion, their assistance 
has been forthcoming in the same generous and unstinted measure 
as before. To them, as only is their due, my thanks once more are 
given. 
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SYMBOLS USED, AND THEIR SIGNIFICANCE. 


THE following list of symbols has been framed for convenience of reference. The 
meanings assigned are those which are most frequently used; they are given in the 
definitions on the respective pages indicated by the numbers. It should be understood, 
however, that other meanings are occasionally and temporarily assigned to them; and it 
will be found that some symbols, such as those which have a significance limited to a 
special investigation, are not included. 


binary form connected with the curvature of a normal section, 190. 

magnitude for a ruled surface, 380. 

=HM~FL, EN-GL, FN-GM, 95. 

quantities connected with triply orthogonal systems, 432. 

direction-cosines of the tangent to a skew curve, 20. 

parameters of plane or spherical lines of curvature, 310. 

direction-cosines of generator of a ruled surface, 380. 

quantities connected with a rectilinear congruence, 475. 

magnitude for a ruled surface, 380. 

[B=do/dn={a (p), covariants, 219, 230. 

direction-cosines of the principal normal to a skew curve, 20. 

direction-cosines of the binormal to a skew curve, 20. 

multiplier connected with geodesic polar coordinates, 89. 

magnitude for a ruled surface, 380. 

quantities in the equations of geodesics, 190. 

fundamental magnitudes of the first order for a surface, 33. 

fundamental magnitudes of first order for first sheet of centro-surface 
110. 

fundamental magnitudes of first order for second sheet of centro 
surface, 110. 

excess-function in calculus of variations, 127. 

fundamental quantities for a spherical image, 254. 

quantities connected with a rectilinear congruence, 476. 

a relative invariant, 210. 

critical function for range of geodesics, 126. 

Jacobian magnitude in partial differential equations, 175. 

equations of congruences of curves, 467. 

multiplier connected with geodesic polar coordinates, 89. 


mean curvature of a surface at a point, 44. 
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measures of mean curvature for centro-surface, 111. 

magnitudes for triply orthogonal surfaces, 410. 

binary form connected with two curves on a surface, 230. ~ 
magnitudes for triply orthogonal surfaces, 409. 

zero or unity, in connection with a binary form, 190. 

an invariant connected with a curve, 217. 

geodesic contingence of a curve on a surface, 149. 

angles between geodesic and parametric curves, 148. 

Jacobian in a congruence, 470. 

binary form connected with a curve on a surface, 230. 

three binary forms connected with a curve, 217, 218, 229. 
Jacobian for two sets of parametric variables, 204. 

specific (or Gauss measure of) curvature of a surface at a point, 44. 
measures of specific curvature for centro-surface, 111. 

parameter of plane or spherical lines of curvature, 310. 

focal lengths along a ray, 480. 

fundamental magnitudes of the second order for a surface, 38. 


fundamental magnitudes of second order for first sheet of centro-surface, 
111. Í 


fundamental magnitudes of second order for second sheet of centro- 
surface, 111. 


direction-cosines of binormal of a skew curve, 5. 


derivatives of magnitudes of first order for a surface, 44. 
differentiation along geodesic normals to curves on a surface, 218, 230. 


derivatives of magnitudes of first order for a surface, 44. 
(sometimes) an arbitrary function of p only. 


quantities proportional to direction-cosines of the normal to a plane, 
16, 60. 


parameters of a current point on a surface, 32. 

parameters of congruences of curves, 468. 

coordinates of point on directrix curve of a ruled surface, 380. 
derived magnitudes of third order for a surface, 56. 
(sometimes) an arbitrary function of g only. 

radius of spherical curvature of a skew curve, 7. 

distance of a point on a surface of revolution from the axis, 82. 
second derivatives of z with respect to x and y, 60. 

element of arc in a spherical image, 254. 

arc along a curve, 2. 


element of are along a curve, in space, 2, on a surface, 33. 
differentiation along curves on a surface, 218, 230. 


=(LN-M DEA a magnitude of the second order for a surface, 38. 
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tangential coordinate of a surface, 260. 


parameter along a curve, 2. 
differentiation along a geodesic tangent to a curve on a surface, 223. 


distances along a ray, 478, 479. 

length along generator of ruled surface, 380. 

parameter of plane or spherical lines of curvature, 310. 
shortest distance between two consecutive rays in a congruence, 477. 
binary forms connected with a curve, 229. 

double-suffix notation for derivatives, 210. 

derivatives of u, 409. 

parameters of triply orthogonal surfaces, 409. 

Weierstrass parameters for minimal surface, 280, 291 foot-note. 
connected with Lamé relations, 419. 

connected with Lamé relations, 419. 


parameters of nul lines (symmetric variables) on a surface, 76 ; or lines 
of curvature, 93. 


=(EG — F23, a magnitude of the first order for a surface, 34. 
a fundamental quantity for a spherical image, 257. 

binary forms connected with a curve on a surface, 230. 
binary form connected with lines of curvature, 190. 

binary form connected with two curves, 229. 

a complex variable in a relation F (w, z)=0, 238. 

four binary forms connected with a curve, 217. 

derivatives along a curve with regard to the are, 2. 
derivatives with regard to parameters, 33. 

derivatives of x, 409. 


direction-cosines of the normal to a surface, 36, 471, coordinates in 
spherical image, 254, tangential coordinates, 260. 


(sometimes) functions of x alone, of y alone, of z alone. 


direction-cosines of a ray in a congruence, 475, 484. 
elements for infinitesimal deformation of a surface, 394, 396. 


coordinates of a point on a curve or a surface. 

point on an adjoint minimal surface, 298. 

(=a+7y, x—iy) conjugate complex variables in a plane, 236. 

radius of curvature of surface along one line of curvature, »=constant, 
64. 

direction-angles of the tangent to a skew curve, 17. 

parameters of plane or spherical lines of curvature, 310. 

derived magnitudes of the fourth order for a surface, 57. 

radius of curvature of surface along one line of curvature, g=constant, 
64. 
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quantities connected with magnitudes of first order for a surface, 45. 

radius of geodesic curvature of any curve, 149, 192. 

quantities connected with fundamental quantities for a spherical 
image, 259. 

radii of geodesic curvature of parametric curves, 150. 

quantities connected with magnitudes of first order for a surface, 45. 

Beltrami’s first differential parameter, 164. 

Beltrami’s second differential parameter, 207. 

binary form connected with two curves, 229. 

a covariant intermediate to two curves, 206. 

two binary forms connected with a curve, 217. 

quantities connected with fundamental quantities for a spherical 
image, 259. 

angle of contingence of a skew curve, 4. 

= (Ep2 —2F bidet Gh:2)%, 153. 

angle between tangent to a curve on a surface and a line of curvature, 
192. 


inclination of generator of ruled surface to directrix curve, 380. 
critical function for range of geodesics, 126. 

binary form connected with two curves on a surface, 230. 

quantity of first order when a surface is referred to its nul lines, 80. 
angle at which two curves intersect, 230. 

parameter of plane or spherical lines of curvature, 314. 


quantities connected with derived magnitudes of the third order for a 
surface, 59. 


quantities connected with derived magnitudes of the third order for a 
surface, 59. 


direction-angles of the binormal to a skew curve, 17. 

derivatives of fundamental quantities for a spherical image, 259. 
derivatives of fundamental quantities for a spherical image, 259. 
direction-angles of the principal normal to a skew curve, 17. 
centre of curvature on first sheet of centro-surface, 108. 

centre of curvature on second sheet of centro-surface, 108. 
quantities in infinitesimal transformation, 210. 


radius of circular curvature of a skew curve, 4, of a curve on a surface, 
192. 


radius of curvature of a normal section of a surface, 41. 
radius of curvature of normal section of a surface, 151, 192. 
radius of curvature of a second normal section of a surface, 230 


quantities connected with derived magnitudes of the third order for a 
surface, 59. 


radius of torsion of a skew curve, 5, of a curve on a surface, 192. 
radius of torsion of geodesic tangent, 192, 230. 
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angle of torsion of a skew curve, 5. 

angle of torsion of geodesic tangent to a curve, 154. 
parameter of plane or spherical lines of curvature, 314. 
quantity connected with geodesics, 191. 

azimuth of point on a surface of revolution, 132. 
central function in Weingarten deformations, 401. 
family of geodesic parallels, 165. 

equation of curve on surface, 34, 194, 210, 


a covariant intermediate to two curves, 207. 
family of geodesics, 166. 


angle of screw curvature of a skew curve, 12. 
binary cubic connected with variation of curvature, 192. 
angle between parametric curves on a surface, 34. 


inclination of principal normal of curve on a surface to normal of the 
surface, 151, 192. 


angle between parametric curves in a spherical image, 257. 
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CHAPTER I. 


CURVES IN SPACE. 


AMONG the books to be consulted on the matter of this chapter, one is the classical 
treatise by Monge, Applications de Panalyse à la géométrie ; the most useful edition is that 
by Liouville (1850), which also contains the famous memoir by Gauss on the general 
theory of surfaces, as well as various Notes by Liouville, Serret, and others. 


The portions of Darboux’s great treatise*, Théorie générale des surfaces, that should be 
consulted, are the first four chapters of the first volume and Note Iv appended to the 
fourth volume. Of Bianchi’s treatiset, Lezioni di geometria differenziale, which also is 
excellent, the first chapter will repay reference in the present connection. 


This chapter deals solely with real curves in space. Certain imaginary curves in 
space (such as minimal or nul lines, and some curves of constant torsion) have important 
relations with real surfaces. The consideration of such curves, other than nul lines, 
belongs to a discussion of differential geometry more extensive than is here possible; but 
nul lines will be considered later (§§ 55—59) in connection with surfaces. 


1. Curves in space, when they are not plane, are called skew, or twisted, 
or curves of double curvature (of flexion or circular curvature, and of torsion) ; 
when an epithet is necessary, the word skew will be used. 


Skew curves occur in various manners. The two simplest of these modes 
arise by analytical definition and by the expression of organic properties. 


When a curve is defined analytically, the coordinates of a current point 
are usually expressed in terms of a variable parameter. Sometimes an 
equivalent (but more cumbrous) definition is adopted when the curve is 
the whole, or a part, of the intersection of two surfaces; it is then given 
by combining the equations of the surfaces. 


When a curve is defined by an organic property, that property is often 
relative to some surface upon which the curve lies. Thus lines of curvature, 
asymptotic lines, geodesics, are families of curves, characterised by their 
respective relations to the surfaces on which they exist. Consequently it is 
necessary to deal with surfaces in general, before the adequate expressions 

* It will usually be cited as Théorie générale or as Darboux. 


+ It will usually be cited as Geometria differenziale or as Bianchi; the references will be to 
the second (Italian) edition. 
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for curves defined by organic properties can be obtained; only the elements 
of the general theory are required for the purpose. 


We shall be concerned with intrinsic properties of curves and of surfaces, 
almost without exception. The position in space, and the orientation, of 
curves and of surfaces retain in this theory nothing of the significance and 
the importance that usually belong to them in algebraic geometry. The 
properties and relations are obtained by means of the differential coefficients 
of the magnitudes connected with the curves and the surfaces; hence the 
subject is often called differential geometry. 


Moreover, except in rare instances, we shall avoid singular points of all 
kinds on curves and surfaces, and also singular lines on surfaces, in spite of 
their importance in other branches of geometry and in the theory of 
algebraic functions. Our purpose is the formulation of the fundamental 
properties of the curves and surfaces within a range of the geometrical 
configuration that is devoid of singularities. 


Principal Lines and Planes of a Curve. 


2. Let the coordinates of a current point on a skew curve be expressed 
in terms of a parameter ¢ in the form 
B=2b), Y= ye) 2=2). 
As we are dealing with an ordinary range of the curve, the functions æ (t), 
y(t), z(t) are taken to be regular throughout the range of the parameter; 
and we assume the positive direction of currency along the curve to be that 
which is given by increasing values of t. 


The arc measured along the curve from some fixed point is denoted by s; 


we have 

ds_ (/da\? , (dy\? , (da)? 

= Ca) + Cae) + (@) 

dt dt dt dt 
where the positive sign is taken for the square root. Occasionally the are s 
is the dependent variable in an investigation; then it is usually convenient 
to keep s a function of ¢& Otherwise, there is convenience in making the 
arc s the actual parameter; in all such cases, we denote the first derivatives 
of x, y, z by a’, y’, 2’; and similarly for derivatives of higher orders. Clearly 

oe? y? +22=1, 

If £, », € are the coordinates of a point Q on the curve, whose arc-distance 
from P is u, then 


a 


E=a+ ua’ + gun" t+ data’ +... 

1 at R wt 
na=yruy + guy + guy +... p 
C=2+ue + huts’ 4+ dude” +... 


where the coefficients of the powers of u are the values of the derivatives at P. 
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3. The tangent is the limiting position of a secant through P and a 
consecutive point; hence the equations of the tangent are 
Se L A eed 


7 7 / > 


x y z 


where X, Y, Z are current coordinates along the line. The direction-cosines 
of the tangent at P are w’, y’,2’; the positive direction of the tangent is taken 
to be that in which s and ¢ increase. 


The plane through P perpendicular to the tangent at P is the normal 
plane; its equation is 
(X —x)a'+(Y-y)y+(Z—-2)2 =0. 
Every line passing through P in this plane is a normal to the curve. 


Any number of planes pass through the tangent at P; their general 

equation is 
(X — a)l+(Y-y)m+(Z-z)n=0, 
with the condition 
la’ + my’ + nz’ = 0. 

The osculating plane at P is defined as the one of these planes through the 
tangent at P which also contains the tangent at a consecutive point; as 
the direction-cosines of this consecutive tangent are proportional to 


wt’ +... Y HUY +..., Z HUS +..., 
we have, for the osculating plane, 
l(a + ua’ +...)+m(y + uy” +...) +n +u” +...) =0, 
that is, using lx’ + my’ + nz’ = 0, we have 
la” + my” + nz” =0 
in the limit. Hence the equation of the osculating plane is 
A—2, Y-y, Z—-z\=0, 


As the tangent at P is the limiting position of a secant through P and a 
consecutive point P’, and the tangent at P’ is the limiting position of 
a secant through P’ and another consecutive point P”, the osculating plane 
at P is the limiting position of a plane through P and two consecutive 
points. Three points usually suffice to determine a plane uniquely; and so 
the osculating plane at P is the plane which, of all the planes through P, 
has the closest contact with the curve. Moreover, through three points a 
unique circle can be drawn ; hence, lying in the osculating plane, there is a 
circle which is the limiting position of the circle through P and two points 
on the curve consecutive to P. It is sometimes called the osculating circle ; 
its radius is definite in position and magnitude, and is called the radius of 
circular curvature (sometimes the radius of flexion, sometimes the radius of 
1—2 
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curvature simply), while the curvature of the circle is called the circular 
curvature of the curve (sometimes the flexion, sometimes the curvature 
simply). N 

It is easy to see that the intersection of two consecutive osculating planes 
is a tangent to the curve. 


4. Among the normals at P to the curve, there is one which lies in 
the osculating plane; it is called the principal normal. The centre of 
circular curvature lies on this principal normal, and is the intersection of 
two consecutive normal planes and the osculating plane; hence it is 
given by | 

(E-a)e'+(n-pytb-47=0, 1 
(bq) e+ (9 = y) yA = 2) eee a 
(E—2) (yz =z y") +n — y) (za — az") + (E z) (cy — ya") = 0. 
It follows that i 
ry ere 


1 1 PE 


x y A e+ y/? yy? 


and therefore, denoting the radius of circular curvature by p, so that 
p= (Ea ay) oe) 


we have 
1 na 2 ty 
- =e EYN lt 
We select the positive sign for (x? + y”? +2”)? as giving the value of p. 
The positive direction of the principal normal is taken as towards the centre 
of curvature from the point on the curve; and therefore the direction-cosines 
of the principal normal are px”, py”, pz”. 

Further, let de be the angle between two consecutive tangents at P and 
P’, and let ds denote the are PP’. Then 


1 _de 
: p A ds 3 
so that 
de\? 1 MN 112 yy 
a) ae ee 


The angle de, being the angle between consecutive tangents, is sometimes 
called the angle of contingence ; and the circular curvature is sometimes called 
the curvature of contingence. 


5. Among the normals at P to the curve, there is one which is perpen- 
dicular to the osculating plane; as it is perpendicular to two consecutive 
tangents, it is called the binormal. The equations of the binormal at P are 


NEG Y-y Vi es 
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and its direction-cosines are 


+ p (y'z” — gl! uy); + p (2'x wy =, a2’), + p (a’y” - y a). 


The direction-cosines of any line are customarily taken to be the direction- 
cosines of its positive direction. For the tangent and for the principal normal, 
these have been settled; the binormal is merely perpendicular to the 
osculating plane, and so the choice between the two possibilities for the 
positive direction is a matter of convention. We shall choose the positive 
direction of the binormal so that the positive direction of the tangent PT, 
the positive direction of the principal normal PN (the curve being concave 
to N), and the binormal PB, stand to one another in the same way as do 
the coordinate axes Ow, Oy, Oz in the usual rectangular configuration; and 
then the direction-cosines of the binormal are 


p (yz p (zx 2"), p(y" —ya’). 


The figure formed by the three lines and the three planes is called the 
trihedron of the curve at P (sometimes the principal trihedron, sometimes 
the moving trihedron); and the lines are sometimes called the principal axes 
or lines of the curve at the point. 


/ B g ays , es az Ir 
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6. The angle of torsion is the angle between consecutive osculating 
planes or between consecutive binormals. If this angle be denoted by dr, 
the quantity dr/ds measures the rate per unit of arc at which the 
osculating plane turns round the tangent. It is usually denoted by 1/ø, 
so that 


and o is usually called the radius of torsion, while 1/o is often called the 
curvature of torsion, or simply the torsion. But there is no circle of torsion 
associated with the curve in the same kind of way as the circle of curvature ; 
the radius of torsion is devoid of direction, though the torsion itself has 
a sign that will be used (§ 9) with the foregoing convention. Ifl, m, n be 
the direction-cosines of the binormal at P, and 1+dl, m+dm, n+ dn be 
those of the consecutive binormal, then 
sin? dr =È {m (n + dn)-=n (m + dm)}, 

that is, 

1 dr , 1\2 Y e Amy 4 

a nn — mn) + (nl — n'ly + (lm — U’m)} ?. 
Now 
l UN a’ 2^), m SDE hl fae a a’) +p (2a 1 — x2”), 


/ Loe Y x), n EPEY AA y e”) +p (a’y ics y ras 
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hence 


mon’ pam mn = p’ (ea = Gz) (ay Zt. YLA) a (a’y” e yx”) (za pS aA N 
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Similarly for the other two quantities in the expression for 1/c. Substituting, 
and taking the positive sign for the square root, we have 
—-=| a, 7, 7 |, 
EM ns Pees 
aes) ee 
thus leading to an expression for the torsion. 
Also, as ll’ + mm’ + nn’ = 0, we have 


L =(l2 +m? + nÈ. 
oO 


Now 
l’'=p (y/2” — ay") + p (y'2" —z'y ), 
and so for the others; substituting, and evaluating, we have 
i I Ih tls 1 p” 
ge P(e 24y”? +z Pipe ps 
another expression for o, which will be deduced otherwise in another 
connection. 


7. These particular results as regards the expressions for de and dr, 
and other results specially relating to inclinations of lines organically related 
to any curve, can be obtained by the use of the spherical indicatriz. Through 
the centre of a sphere of radius unity, let a radius be drawn parallel to a 
line whose direction-cosines are a, 8, y; the extremity of the radius can be 
regarded as representing the line. Thus, corresponding to all the tangents 
of the curve, there will exist a continuous curve upon the sphere which 
consequently provides an image of the sheaf of tangents. 


Let another radius be drawn parallel to a consecutive line whose 
direction-cosines are a +da, 8+d8,y+dy. The angle between this line, 
and the line that has a, 8, y for its direction-cosines, is equal to the length 
of the arc between the representative points on the spherical indicatrix ; 
hence it is equal to 

|da) + (dB) + (dy}3. 
Thus the angle of contingence is 
= {(da' + (dy' + (d7)? 


419 119 1 4 4 
= (a? +y” +2"2)}È ds; 
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and the angle of torsion is 
= {(dl) + (dm) + (dn}}? 
= (1? +m? + wÈ ds 


= {(mn’ 


as above. 


= MnP + (nl’ — nly + (lm — Um)? ds 


8. Through the circle of curvature at P, any number of spheres can be 
drawn ; their centres lie on a straight line, through the centre of curvature 
at P and perpendicular to the osculating plane; and each of the spheres 
contains the three consecutive points which determine the circle of curvature. 
A sphere is, in general, uniquely determined by four points; hence, when we 


choose that one of the 
on the curve, we have 
curve. 
of spherical curvature ; 


spheres which passes through four consecutive points 
the sphere which has the closest contact with the 


It is called the sphere of curvature; its centre is called the centre 


and its radius is the radius of spherical curvature. 


Let X,, Yo, 4 be the centre of the sphere of curvature, and R its radius; 


then the equation 


ar 


O E a= Zeya 


must be satisfied at P and at three points consecutive to P. Thus 


(2 — Xoy 


tO- 
(a—X,) 2’ +(y- 
(@-X,)2" +U- 
(a7— Xo) a” +(y- 


FP te= =k, 
Y) y +(z-Z)z =0, 

Y) y” +(2-4) 2” 
Y)y"+(2-Z) 2” 


a”? —y?— z= = Ji 


= ala” i yy” A Ze! = 0. 


From the last three equations, we have 


(2 - Xo) | m, aE A = 0, ies a , 
| Pa i y" i z Ls il y", z" 
| 
| a”, y”, g" 0, y g” 
that is, 
qe X,= =p? 2 (A = Ae 
and similarly 
y — Y,= p? i (z'a 1t a! 2”), 
HE JNE =p 7A (a'y We y'a a”), 


The first of the ae then gives 


R= p'o yz” — 


aw is UE oe 


ye fe (2a a’ AANE ns (2y AA — ya") 


= p g? (22 ete i Ai z?) (gee fk uae ae Ze") A (aod au yy” + GE YF } 
= pic? Cie te yo? + oP) par g? 
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because 
PEN 1 ie y'y” n gg” = 0, 
aa!” BS yy" + GE = gi py y” fo Lie: 
Again, 
i , / A 2 
oa ae JE a 
pio 
we”, Ya, z / 
we US a 
= Sx” . a al! f Saa 
wx", da’? ; dan wt 
daa hd Yan Wr da"? 
= 1 , 0 ? — 1/p° 
OF aun Afp — pip 
= 1/p, e p/p’, (R? ai o?) po? 
= 1 py it 2, 
pa? p° 
so that 
R? = p de ope: 


If C be the centre of circular curvature at P and S be the centre of spherical 


curvature, 


CS = op’, 
numerically, since CS is the perpendicular through C to the osculating plane 
at P. 
9. The perpendicular distance of a point Q on the curve from the plane 


through the tangent and the binormal (commonly called the rectifying plane), 
the arc-distance of Q from P being u, is 


(€ — 2) pa +(n—y) py” FE 2) pz” 


2 
= z + higher powers of u; 


that is, the curve at P lies entirely on one side of the rectifying plane. 
The perpendicular distance of the point Q on the curve from the 
osculating plane at P is 


= (E — 2) p (y'2" — zy") + (n — y) p (z'x" — a'z") + (E — 2) p ('y” — y'a”) 
=4wp| wv’, y', z |+ higher powers of u 


CETE Y TEZ 


“41 
SG har, A 
u? : 
= 4 — + higher powers of u: 
pa 


that is, the curve crosses its osculating plane at P. 
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The normal distance of the point Q on the curve from the sphere of 
curvature at P being n, we have 


(R+ny=(E—X y+ (n— a 


Retaining only the lowest power of n, and the lowest power of u that is 
significant, we find 


2Rn = uty, 
where 


KEPE #, y, 2 |—I/p% 


1n 
Le; Ye Z 


titt AAA AA 
er, ee 


ay 


Denoting this determinant by D, we have 


E F 7 , Í / 
So = w Yn Z D yin A 
in 1 


x ; ye, z £ i Ue z 


wy wi wt 1 
a 


i y A a”, y”, g" | 
x Sa? : Sex” f Exa" 
SA : San” i Sg” 


5 a! ee > a” ees 5 a" p 


Now 
A 1/p?, Dy a” =— pPI, xal = 3p'/p?; 
xa"? = p/pt+ 1/p*+1/po%, = U, say; 
Zaa” = — pl |p? + Bp?/pt— U, Zaa" = 4U". 


Substituting these values, we have 


D ITT? s fo 1 

pipe he a E 8p 1p! 
=p" /p’a? + pa E + 1/p'a* + 1/p*a°; 

and therefore 

u= p"/p + p'o'/pa + 1/0° 


Hence the normal distance of Q from the surface of the sphere of 
curvature at P is 


ut 1 id SE OSR 
TR NO E d e ~ 24 po? dp’ 


that is, the curve at P lies entirely on one side of the surface of its sphere of 
curvature at the point. 


When P is taken as an origin, and the three principal lines at P are 
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taken as axes of reference, the most important terms* in the expressions for 
the coordinates of Q are 


Lae Vo. lw 1’ UA 
fmu- gatap ti TE ag t C= ee 


When œ is positive, the current point of the curve passes at P from the 
negative to the positive side of the osculating plane; when o is negative, 
the passage of the current point is from the positive to the negative side of 
that plane. 


Routh’s Diagram. 


10. The association of the kinematics of a rigid system with geometry 
is of ancient occurrence ; and it has been much used by writers on geometry, 
very specially by Darboux+. A simple and effective use of the notion in 
discussing the properties of skew curves has been made by Routh. 

In the accompanying figure, drawn for the case of positive torsion, 
PT, PN, PB are the tangent, the principal normal, and the binormal, of a 
curve at a point P, so that BPN is the normal plane, TPN is the osculating 
plane, and TPB is the rectifying plane; C is the centre of circular curva- 
ture, and S is the centre of spherical curvature, so that OS is perpendicular 
to the osculating plane TPN. The principal normal at a consecutive point 
Q distant ds from P is QO’, which does not meet PC because it lies in the 
consecutive osculating plane at Q; the centre of circular curvature at Q is 
C’; and PQC’ is the osculating plane at Q. The centre of spherical curvature 
at Q is S’; so that C’S’, which is the intersection of two consecutive normal 
planes at Q (and therefore passes through S, the intersection of three 
consecutive normal planes at P), is perpendicular to the plane PQC’; thus 
S, C’, C, P lie on a circle, for both the angles SCP and SO’P are right. 
Then 

PC=p, QC’=p+dp=PC’, KC = dp, 
neglecting powers of small quantities higher than those retained. Also 
de = angle of contingence 
= inclination of the consecutive normal planes SO’P, SO’Q 


angle PC’Q, 


I 


and 


dr 


angle of torsion 


I 


inclination of the consecutive osculating planes CPQ, C’PQ 


angle CPO’ = angle OSC”; 


* For higher terms, see Mathews, Quart. Journ. Math., vol. xxvi (1893), pp. 27—30. 

+ It is made fundamental in his treatment of the subject: see, passim, his treatise Théorie 
générale. 

t Quart. Journ. Math., vol. vii (1866), pp. 37—44. 
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and therefore 
KC = pdr = pds/o, 


CS = KC’/angle CSC’ = dp/drt = ap’. 
Further, PS = R, so that 


R? = PO? + CS? = p + op”, 
while 


tan CPS = ap’/p. 


Again, as regards the locus of S, we have 
dH = its angle of contingence 
=CUSC =dr, 
dT = its angle of torsion 
= inclination of CSC’ (a normal plane) to the consecutive normal plane 
= de. 
Further, taking SY parallel to CP and PM parallel to C'S’, we have 


Y'M = S’C' — SC = variation of SC = ae 


SS’ = K'O — SC’ = S'O — 8C + SC-SC’ = 


dr, 
dp 
T 
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and therefore, for the locus of S, 


2 
the radius of circular curvature (pı) = p + at : 
the radius of torsi =P a 
e radius of torsion (c) = EP pals 


11. The use of the diagram can be developed. Thus PC and QC’ do not 
intersect; so the principal normals of the curve have no envelope. Let dc 
be the arc-element of the locus of C; then 


(de) = (CK) + (C’K) = (pdr? + (dp) = R? (dr), 

de 2 R? 2 r 

(=) a es eet eo 
while, if @ denotes the inclination of the tangent CC’ to the principal normal 
at P (being equal to the angle CSP), we have 

cot 6 = ap’/p. 

Next, denoting by dy the angle between PC and QC’, we have, from the 
spherical indicatrix, 


so that 


dy = {(de) + (dr}}?, 


and so 


Dasa, 
sme VE 


a magnitude sometimes called the screw curvature of the curve at the point. 


? 


12. Two consecutive normal planes at P intersect in the line CS, which 
is called the polar line. The plane TPB, perpendicular to the principal 
normal PO, is called the rectifying plane; it contains the binormal PB, but 
two consecutive rectifying planes do not intersect in the binormal. Their 
intersection, a line PR through P, is called the rectifying line; it can be 
obtained as follows. The equations of QO’, the radius of curvature at Q, are 


X—-ds Y Z, 
—de 1° dr’ 
and therefore the equation of the rectifying plane at Q, which is perpendicular 
to QC’, is 


— (X -—ds)de+ Y + Zdr=0. 
Where this plane cuts Y = 0, the rectifying plane at P, we have 
— (X — ds) de + Zdr = 0, 


or, ultimately, 


— Xde + Zdr=0; 
hence the equations of the rectifying line PR are 
Y=Q, A dedr=Xajp. 
Thus the inclination of PR to the binormal is tan (p/o). 
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Associated Developables. 


13. The equation of any plane, organically connected with a skew curve, 
contains a single parameter ; the envelope of the planes is therefore a develop- 
able surface. Among these, the most interesting are the envelopes of the 
principal planes of the curve. 


On the surface, which is the envelope of the osculating planes, the original 
curve is the edge of regression (or cuspidal locus). To the consideration of 
this developable we shall return in § 16. 

The envelope of the normal plane is called* the polar developable. Its 
equation is obtained by eliminating the parameter between 

(X —a2)a +(Y-y)y +(Z-—z2)z? =0, 
(X — æ)" + (Y — y)y” + (Z z)" =? +y 4+ 2=1. 
When these equations are taken together, without elimination of the variable, 
they are the equations of the polar line; they can be changed into the 
form 
X—(w+p%”)_Y-(y+py’)_Z—(e+ pr’) 


Ch | TUE: LAR AME Te EMT? T alt , 


yz —z2y ZH = NA LY —YL 


verifying the property that it ‘passes through the centre of circular cur- 
vature and is perpendicular to the osculating plane; and any point on it 
is a pole of the circle of curvature. Moreover, being the intersection of two 
consecutive planes which are tangent planes to the polar developable, the 
polar line is a generator of that surface. 


The edge of regression of the polar developable is the locus of the centres 
of spherical curvature ; and therefore (by § 8) its equations are 


X-2 VER ne oar 

yz” = zy” = ol”! aol = aly” = ya” ge POs 
Also, the osculating plane of the edge of regression at X, Y, Z is the normal 
plane of the original curve at æ, y, z; and the normal plane of the edge 
of regression at X, Y, Z is parallel to the osculating plane of the original 


curve at 4, y, Z. 


14. The envelope of the rectifying plane TPB is usually called the 
rectifying developable. 


The reason for using the epithet arises from an intrinsic property of the 
surface. The principal normal of the original curve is PN, perpendicular to 
the plane TPB, and therefore coinciding with the normal to the rectifying 
developable; hence the original curve is a geodesic (a line of shortest 
distance) upon the surface. When a surface is deformed without stretching 


* The names of the various surfaces were assigned by Monge, Applications de Vanalyse àù la 
géométrie (1795), quoted on p. 1. 
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` or tearing, there is no change in the length of any portion of any curve; 
when a developable surface is developed into a plane, every geodesic becomes 
a straight line. Thus, when the rectifying developable is developed into 
a plane, the original curve becomes a straight line; hence the name of 
the surface. 


The equation of the surface can be obtained by eliminating the parameter 
between the equations 
(X —ax)a” +(V—-y)y” +(Z-2z)2" =0, 
(X — a) a0" +(Y-y)y"+(G—-2) 2" =a" + yy" +22" =0. 
When these equations are taken together, without elimination of the variable, 


they are the equations of the rectifying line through P. They can be taken 
in the equivalent form 
X-es Y-y Z-z 


"y 1 LIDS ae WDE, Ti ee, SEF 


‘Ye —oy Su = Uz LY YL 


Since 
(yz Wh g" y+ (2a: wt a” z” oe (ay mt — yal"? 
= (a? a y”? Se Zz") (a + yf? + A = (aa a yy” È z” z” Y 


ake p? + o? 
A p° pe 
the cosine of the inclination of the rectifying line to the tangent is 
po Tein ewe F 
7 g 4 dA A uy 
(pao)? war ry ee 
a a rau 


which is equal to p (p? + o?) 3, agreeing with a former result. 


The edge of regression of the rectifying developable is given by the 
equations 


Z-a +(¥—y)y’? Z= =0, 
(X—a)al” A E= yy +(Z—2)2" =a'n" +y'y” + 2'2” =0, 
(X —«) GM (Y-y) y” + (Z—2) oe aa” + ly!” + oe!’ =H hints 


and therefore the point corresponding to P is given by 


X—eg 4 Y-y 2 Z-—2z a 1 
yg! ay ff fae — ad" os ay” — yf PE’ 
where Æ is the determinant 
Mi y's w 
mo y" gt 
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The value of # can be found in the same way as the value of D in § 9. 


We have 


Peony: Vly al 
r B=| ee", Se", Sao!” 
© 4). 9 
Sax fa; San’, dal” 


| Exe”, Do Sala!” 
When the values of the constituents in this determinant are substituted, we 
find * 


15. The rectifying developable can be usedt to determine curves the 
ratio of whose curvatures is a known variablet function of the are. 

Take any such curve, and construct its rectifying developable. The 
curve is a geodesic upon this surface and cuts the rectifying line at an 
angle y, where 

p=cacoty, 
while the rectifying line is a generator of the developable. 


Now suppose the surface developed into a plane. The assumed curve 
remains a geodesic and so becomes a straight line; take this straight line 
for the axis of æ. The edge of regression becomes a curve in the plane; 
and the tangents to this curve are the developed 
tangents to the edge of regression, that is, are the 
developed rectifying lines. Let the initial point for 
measuring the arc along the assumed curve be taken R 
as origin; let this be A, let P be the current point, 
and let (x, y) be the point R on the developed | 5 
edge of regression where the rectifying line at P 
touches the curve. Then for the plane curve, we 
have 

dy/dx = p = tan y, 
and for the distance s (which is AP) we have 


s=% 
But along the curve, we are to have o/p equal to some given variable function 
of s; let this be expressed by the relation 


s=G(%). 


* The value also can be obtained from the Routh diagram (p. 11), by noting that the distance, 
r Lie ds cos i 3 = 
from P along PR, of the point on the edge of regression is —- FFE where i, =tan™! (p/o), 


is the inclination of the rectifying line to the binormal. 
+ Pirondini, Crelle, t. cix (1893), p. 238, Ann. di Mat., 2” Ser. t. xix (1892), p. 213. 
+ The case when the ratio is constant is treated in a different manner: see § 20, post. 
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Then the plane curve into which the edge of regression has been developed 
satisfies the equation 


x—4 = G(p). 
ae (p) < 


The primitive of this Clairaut equation is 
y = cæ —cG (c), 

giving the aggregate of tangents; and the singular solution, being their 
envelope, is given by the equations 

y = ca —cG(c) | 

0=a-—G(c)- cG’ (o) J’ 
which thus is the equation of the developed edge of regression. Hence we 
have the result :— 


To construct skew curves satisfying the relation s = G (c/p), form the plane 
curve 


#= 6) +e (Cc), y=e2C €); 


bend the plane about the tangents to this curve, according to any assigned 
law, so as to form a developable surface; the original axis of æ in the plane 
becomes, on the developable surface, a skew curve having the required property. 


16. The osculating developable is the envelope of the osculating plane 
of the curve. Its generators are the tangents to the curve; and its edge 
of regression is the curve itself. 


This property suggests another method of analytical definition of a curve 
in which the initial element is not a point of the curve as in the preceding 
investigations, but is the variable osculating plane. This method was adopted 
by Serret*, who has deduced by its means a number of results. The equation 
of the osculating plane is taken in the form 

z= pæ + qy— u, 

where p and q are functions of the single parameter u. The envelope is, of 
course, a developable surface ; its generators are given by the equations 

z=pxr +qy —u 

O=p'a+q'y—1)’ 
which thus are the equations of the tangent to the curve; and its edge 
of regression is given by the equations 

z = pu + qy —u 

O=pat+qy-1}. 

0 = p"u+ qy | 

* Liowville’s Journal, t. xiii (1848), p. 353. 
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Thus the current point on the curve is given by the equations 


CL ee ee E 1 
q” aa p“ pg” ER qp” p'o” T qp” , 
Let A 
A = Qipa a PEG) (pa CEI GUN E T = {p E qe ae (pq e gp’)? ; 
then 
he, yy deio j, ds _ 
mt Ge Po a rA 7 =TA. 


Hence the direction-cosines of the tangent are given by the equations 
cosa=q'/T, cosB=—p'/T, cosy = (pg —gqp)/T, 
and the direction-cosines of the binormal by the equations 
COSA COS _ COS Y 


a see: I =(l+p't+¢)7?. 


We at once find 
dcos aì? /d cos B\? d cos y\? _ See r y 2 iya eA 
` du ) = du ) + (2) =(1+p +) (qp —pq yas , 
dceosa\? /dcosu\? /dcos v\? N erry 
( du EA kn du Ea, í 
and therefore (§ 7) the radius of circular curvature is given by 
p= TA qd +p on g)? (pg x Vp’, 
while the radius of torsion is given by 


co=(1+p?+@)A. 


Serret-Frenet formule. 


17. The preceding results are conclusions derived from the analytical 
definition of a curve by means of the coordinates of a current point. Another 
method is founded upon certain differential relations belonging to all curves ; 
and these relations are made precise, generically for families of curves, 
individually for particular curves, by the assignment of some intrinsic 
property or properties. 

These general relations exist between the derivatives of the direction- 
cosines of the edges of the principal trihedron at any point: sometimes 
they are called* after Serret, sometimes after Frenet. They can be obtained 
as follows. 

The direction-cosines of the principal lines at any point of the curve 
possess many notations; we shall take 


cos a, cos B, cos y, (and a, a’, a”) as the direction-cosines of the tangent, 
cos é, cos 7, cos ¢, (and b, b’, b”) A as „ principal normal, 
cos A, cos y, cos v, (and c, c', c”) S a » binormal, 


* They are given in a memoir by Serret, Liowville’s Journal, t. xvi (1851), p. 193: also ina 
memoir (which had been a thesis) by Frenet, ib., t. xvii (1852), p. 437. 


z 2 
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with the convention already adopted (§ 5), whereby these lines could be 
displaced into coincidence with a set of coordinate axes without changing 
the sense of any line*. Then S 
cosa, cosf, cosy |=1; 
cos é, cosn, cosf 
cosA, COS, COSV 
and each constituent of the determinant is equal to its minor. Also 
cosa, cos é, cosà are the direction-cosines of the axis of «, 
cos 8, cosy, COS u i i, A * Y, 
cos y, cos , cosy 5 . » 
when the principal lines of the curve are taken as the axes of reference. Now 


cosa=2', cosE= px"; 
hence 
dcosa_cos& 


Bo p 


together with two similar relations for the derivatives of the other two 
direction-cosines of the tangent. Again, we have 


cos a cos X + cos 8 cos w + cos y cos v = 0, 
so that, because 
cos € cos À + cos n cos u + cos ¢ cos v = 0, 
it follows that 
d cos X d co d cos v 


SAT; + cos gF +o ar? =0. 
Also 
d cos À d cos u d cos v 
cos À ee + COS u T + cos v E =05 
hence 
d cos À 1 iy, yi: 
ds cosmcosy—cosycosB 0T U 
that is, 
1 dcost_ 1 dcosp _ 1 dcosy _ g 
cos ds cosy ds cost ds 
But 
cos A = p(y'2z" — zy"); 
hence 
p (yz ayy 2 U $ p “(re Jt — zy’) = Opa", 
p (2a pai, a’ as) 4 p ‘(2a A — æ'2") e py”, 
p (ay Tli y’ we”) + p (æy U oe yi A 0pz” ‘ 
Multiplying by a”, y”, z E and aes we find 
. Pas p | a’ y a’ — 0 
r me tt P ; 


ee Ui ee: 
1m 1 wt 


Cr Yas Sere 


* The alternative convention leads to a change in the sign of o throughout. 
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so that 


hence 
d cosà _ cos 


ds o 


3 


together with two similar relations for the derivatives of the other two 
direction-cosines of the binormal. Further, 


cos É = cos p cos y — cos v cos ®, 
and therefore 


d d d d 
eae cosy | CSF + cosy = 2S" — cos 8 et. 


ds err sen ds 


1 
= 5 (cos y cos £ — cos v cos n) — = (cosy cosy — cos 8 cos €) 


_ cosa , COSÀ 
= ore ae 
together with two similar relations for the derivatives of the other two 


direction-cosines of the principal normal. 


These are the Serret-Frenet formule satisfied by the derivatives of the 
direction-cosines of the principal lines. They are taken by Darboux in the 
form * 


da b db_c_a de__b 


dsp’ ds a p? ds a 
Particular sets of simultaneous solutions of these equations are 
a, b, c=cosa, cos é, Cos À, 
a, b, c = cos 8, Cosy, Cos p, 
a, b, c=cosy, cos, CR 
The complete resolution of the equations can be made to depend upon 
that of a single equation. Let+ 


-2+0 


l—c 


2 


where 7 denotes V— 1; then 
dbo (S+52)+ et de 
ds 1—c\ds ds) (1—c)' ds 


Bt ae 


* As compared with Darboux’s earlier form, there is a change of the sign of ø (or of c), due 
to the convention concerning the axes. But Darboux’s later preference, Théorie générale, t. iv, 
p. 428, is for the form here adopted. 

+ This combination of direction-cosines is of frequent use in differential geometry ; its effec- 
tive introduction appears to be due to Weierstrass, though it occurs earlier in the work of 
Lagrange and of Gauss on the conformal representation of a spherical surface upon a plane. 


2—2 
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which is an equation for J of the Riccati form*, when p and ø are regarded as 
known functions of s. When lis known, however it has been obtained, the 


complex quantity conjugate to l is known; hence, writing s 
-2th l Gi 
TE m 1—c’ 
we have 
1—lm _.l+lm _t+m 


ad Emn E 
18. These Frenet-Serret formulæ can be obtained by another processt, 
which is based directly upon their significance in relation to the curvature 


and the tortuosity. 


We take the direction-cosines of the principal lines at a point according 

to the tableau 
Cte Gry I 
bb, o 


/ wt 


C Cn C 


The direction-cosines of the principal lines at a consecutive point, referred to 
the principal lines at the original point, are given by 


1, de, 0, for the tangent, 
—de, 1 , drt, ,,, principal normal, 
Os =r a Sbinormalr 


Hence 
a+da=a-+ bde, 


b+ db = — ade + b + cdr, 


e+dc =—bdr+c; 
and therefore 
da b db c a de b 


dsp’. ds o p «ads Gi 


A 


with similar relations between a’, b’, c’; and a”, b”, c”. 


These relations are of fundamental importance in the theory of skew 
curves. The present process of establishing them is independent of the 
earlier analysis; and so they can be used to obtain, easily, many of the results 
already given. Thus 

ee pees a” a 
ds’ ds’ ds’ 
and therefore 


dæ ut [A d? at aw dz t 
b=p ga Pmb =p 5 py", bp apy 


* For some of the properties of this equation, see my Treatise on Differential Equations, 
(3rd ed.), § 110. 


t I am indebted to Mr R. A. Herman for this process. 
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so that 
p> (a? a. ys gb Zt) = if. 


"gge enka Pb, 
~~ ds ds\p le ales 


and so for y” and z”; thus 


Similarly 


1 1 
a’ ‘ y’ : PA è a, a’, a” ; 3 5 
SO o 
a’ a 1 r b p b” k P 
rd y 3} Z 2 > 
yy 
a . Wie Boe | C, Cc, Cc” 


Í dæ : 
Manifestly PS can be expressed in a form dun + bp + CWn, Where Un, Un, Wn 
are determined by the equations 


dun Un OQ, “Wy =U, dWn Un. 


Uny = == 9 Up Se Sa Us t= se Sr 
dsp ds p ds ¢ 


o 


and so for the derivatives of y and of z. 


19. We proceed to make some applications of the Serret-Frenet 
formule. 


A curve is uniquely defined, except as to position and orientation in space, 
when its two curvatures are given as functions of its are. 


Let there be two such curves, different if possible; denote the radii for 
one of the curves by p and g, and for the other curve by p’ and ø', so that we 
have 


Pp = Pi CSC. 
At the current point on the one curve determined by the arc s, we have 
dcosa cos dcosé cosa cosà dcosr cos £ 
= i = — + : =- ; 
ds p ds p o ds o 


and at the current point on the other curve determined by the same arc s, 
we have 


dcosa’ _cos—’ deosé'’ cosa 4 008 ~ decosr’___cos€’ 
SE ie OF ae i re p Gaa ds E 
Hence 


2 (cos a cos a + cos E cos £ + cos X cos X) = 0, 


and therefore 
cos a cosa’ + cos € cos &’ + cos X cos X = constant. 
Now suppose the two curves so placed in space that the two respective 


initial points from which the arcs are measured coincide; and suppose the 
two curves to be so orientated at that point that their principal lines coincide 
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there in direction. Then at the point we have ay = 0%, & = &’, Ao = Mo and 
so the constant is equal to unity at the point; that is, 


cos a cos a’ + cos E cos é’ + cos A cos X = 1. 
Also st 
cos? a + cos? E + cos? A = 1, 


cos? a’ + cos?é’+cos?d’= 1; 
hence 
cosa=cosa’, cos—~=cos&’, cosà = cos)’, 
the first of which is 
de _ de 
ds ds 
Similarly, we have 


dy dy dz_ dz’. 
ds ds’ ads ds’ 


and therefore 
x—« = constant, y-— y = constant, z— 2’ =constant. 


The initial point has the same coordinates for the two curves, so that each 
of these constants is zero; hence 


a—-x#=0, y-y=0, z-2=0, 
and therefore the two curves everywhere coincide. But the only changes 
made in the second curve were in its position and its orientation in space ; 


thus the two curves were originally the same, save for position and 
orientation in space. Hence the proposition. 


We can at once infer one result. It is known that both the curvatures 
of a helix on a circular cylinder are constant; hence every curve, which has 
both its curvatures constant, is a helix on a circular cylinder. 


More generally, it follows that all magnitudes, intrinsically belonging to 
the curve, can be expressed in terms of p and ø and of their derivatives. 


The main inference from the general proposition is that, for the intrinsic 
and unique specification of a curve, we need to have the values of p and o given 
as functions of s; any complete equivalent of such data would also be needed, 
if they were not provided ; and the data are sufficient. If then only a single 
equation is given, of any form, between p, ø, s, we must expect some arbitrary 
element to exist in the equations of the most general curve which satisfies 
the condition implied by the single equation. In other words, we shall have 
a family of curves: and a curve will be selected from the family by the 
assignment of some special form to the arbitrary element. 


Thus it has been seen that curves can be constructed satisfying an 
equation s=G@(a/p). For the purpose, it is sufficient to have a family of 
developable surfaces bound by the property that, when the surfaces are 
developed, the edges of regression become one and the same curve in the 
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plane ; and the curves, satisfying the equation, are given by taking one curve 
upon each member of the family of surfaces. 


We shall now take a number of other examples* of this general result. 


Curves having their Curvatures in a Constant Ratiot. 
20. Let p/s = k= tan A, suppose, where A is a constant. The Serret- 
Frenet equations now are 


da_b db_ a ,¢_—(a-ck) de_ 
ie CRT ator p ede ~ 


which are linear in a, b, c; hence 


d : ; ) 
ds (2 Cos A — c sin A + ib) =- yg (acos A -csin A + 2b). 
Let 


u=seed | ©, 
p 


so that u is a real quantity, being a function of s; then 
a cos Á — c sin A + ib = Re-™, 
where R is an arbitrary constant. We must suppose that R is complex ; let 
eden 
where P and 6 are real; then 
a cos A — c sin A + ib = Petr, 
Consequently 
a cos A — c sin A — ib = Pett ; 
and ?+b+e=1. 
Solving these three equations, we find 
a cos A —csin A = P cos (u + ò) = sin p cos (u + 8) 
—b = P sin (u + ò) = sin p sin (u + ò)} , 
asin. A + c cos A = (1 — P*)? = COS p 
giving the values of a, b, c, the cosines of the inclinations of the three 
principal lines to the axis of æ. 


Similarly, let p’ and & be the constants of integration for a’, b’, c’, and 
p’ and 6” be the constants of integration for a”, b”, c”, the respective cosines of 
the inclinations of the three principal lines to the axis of y and the axis of z. 


* The reader would do well to consider Darboux’s treatment of these examples, and of others, 
in his Théorie générale, t. i, §§ 6—12, 32—39. 

+ This is the one case not covered by the example in § 15. It appears to have been discussed 
first by Puiseux, Liowville’s Journal, t. vii (1842), pp. 65—69. The analysis, which follows, is more 
detailed than the treatment in Darboux and in Bianchi; it is given so as to secure the most 
explicit form of the analytical definition of the curves. 
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Then 
a’ cos A—c’ sin A=sinp’cos(u+8’)) a”cos A—c’ sin A=sin p” cos (u + ò”) 
— b' =sin p'sin (u + ô’) , — b” = sin p” sin (u + 6”) 
a'sin A + č cos A = cos p’ a” sin A + c” cos Á = cos p” ‘ 
The primitive of all the three sets of equations, in this form, apparently 
involves six constants; but they reduce to three. The three lines having 
a, b, c; a’, b, d; a”, b, c”; for their direction-cosines are perpendicular 
to one another; the necessary conditions are satisfied by the relations 
cot pcot p’ cotp’cot p” cot p” cotp _ 
cos (6 — 8’) cos(&’— 8”) cos (6”—8) © 


To obtain the analytical definition of the curve, we note that 


—1. 


a = cos A sin p cos (u + 8) + cos p sin A, 
so that 
æ — æ =s cosp sin Á + cos A sinp [eos (u+ 6) ds, 
and similarly 


Y — Y = $ cos p' sin A + cos A sinp’ [cos (u +8) ds 


Z — Z% = s$ cos p” sin A + cos Á sin p” i cos (u + 6”) ds 


where 
u = sec af” : 
P 


and 2%, Yọ % are arbitrary constants. The new arbitrary constants 
£o, Yo, 2 affect the position of the curve in space: the surviving constants 
6, ô, © affect its orientation. 

There is nothing in the problem to limit the value of p. Hence it may 
be taken to be an arbitrary function of s; and so, for the range of variation of 
this arbitrary function, we have a family of curves intrinsically distinct from 
one another. But all the curves of the family have two properties in common. 
We have 
asinA+ccosA=cosp, a'sin A +c'cos A= cos p', a'sin A+ c” cos A=cos p” ; 
hence 

sin Á = q cos p + a’ cos p' + a” cos p”, 

cos Á = c cos p + c' cos p' + c” cos p”. 
The first of these two relations shews that the tangent to the curve is at a 
constant inclination $m — A to the line whose direction-cosines are cosp, 
cos p’, cosp” (for $ cos? p= 1), that is, to a fixed line; and the second shews 
that the binormal is at a constant angle A to the same line. Moreover 

0 =b cos p + b’ cos p’ + b” cos p”, 

that is, the principal normal is perpendicular to the same line. It therefore 
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follows that this line is the rectifying line of the curve : that is, along any 
curve the rectifying line has a constant direction, and the rectifying developable 
is a cylinder. The generators are the rectifying lines: and the curve is a 
geodesic on the surface. 


A curve on a surface which makes a constant angle with a fixed direction 
is called a keliw. It therefore follows from the preceding investigation that 
a curve, having the ratio of its curvatures constant, is a helix. The establish- 
ment of the converse proposition—that a helix has its curvatures in a constant 
ratio—is left as an exercise. 


Curves having assigned Torsion, variable or constant. 


21. Let the torsion be given as a function of the arc. With a, a’, a”; 
b, b’, b”; c, œ, c”; as the direction-cosines of the principal lines, we have 
dc’ b de” be 
a = b'c” — b"e et re . 
me ds a’ ds T 


Therefore 


with two similar equations; so that 
da = ads =— o (de — e de”) 
dy = a’'ds = — o (c dc”—c”de )}. 


dz = ads = — o (c de —c de’) 
Also we have 
G@tortot=1; 


and from the value of the torsion in general, we have 


Ga Aea 
ds ds ds) a? 
Now, when the torsion is given, o is a known function of s; and therefore 


the quantities c, c’, c” are three functions of s, subject to these two equations, 
that is, one arbitrary element survives among the three functions. 


The first of the equations is satisfied by taking 
c=sin cos, co =sin@sing, c” = cos ô, 
for any values of 0 and ¢; and then the second of the equations is satisfied, 
provided 


(d6)? + sin? 0 (dẹ} = (E7. 
With these values, we have 
dx =— o (cos 0 cos ¢ sin Odo + sin $d) 
dy = — o (cos 0 sin ¢ sin Odo — cos pd0) p. 


dz= csin? do 
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All the magnitudes involved are functions of one parameter, which can be 
chosen at will; we choose z to be the parameter. As already indicated, an 
arbitrary element will remain in the equations; accordingly, we assume 


tan @ = f(z), 


where f is an arbitrary function of z. Then 


x 


dp = cpu 


Naa i sga T sein 
apo? cos? 0 = afi ; 
and therefore 
2 NG Lderds ( 1+f? ya 
er h l+f? 2/ Pi of —1--f? i 
Consequently 
RE lee Wik A a ea: 
Se aie ee 2f 2dsd \o dz)’ 

a relation between z and s, involving the arbitrary function f; in particular, 
it expresses ds/dz in terms of z and s. Also 

dæ + idy = — è cot 0 (dz — ic tan 0d) 

dæ — idy = — e~* cot 0 (dz + io tan 0d6) 


sin? ĝ = 


which are the (integrable) analytical equations of the curve when substitution 
is made for ¢, tan 0, d0; and they involve an arbitrary function f, while z is 
the parameter of the equations. 


As is to be expected, the simplest case arises when the torsion is constant. 
It is not necessary, for the construction of the analytical equations of the 
curve, that the equation giving ne should be retained. We have 


a ie Gl ee 
dau + idy = —e (AF d 
AE E AAE jp (of’-1-fyf 3 
ee en Gi ea Sen ie da ETD de 
da — idy e (ot FA lic (of? 1-9 f” dz 
as the equations of the curve; or, substituting for $, we find 
praia ETH 5y 
Poh ety) 
dy = — . bof Sat = d| 
fof -1 -fÈ 
as the analytical equations of curves of constant torsion 1/ø, where f, = f(z), 
is arbitrary in the equations*. 


* This is Serret’s form of the equations of curves of constant torsion: see Liouville’s edition 
of Monge (quoted p. 1), p. 566. 
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Curves of constant torsion have formed a subject of many investigations 
in comparatively recent years, especially those which are algebraic curves. 
Thus taking the formulæ 


dæ = — o (c de — č de”) 
dy = — o (c do”— c”de )}, 
dz = — o (č de —c dc’) 


where o now is supposed constant, Fabry assumes that c, c’, c” are integral 
functions of sines and cosines of integer multiples of a parameter t, such that 
each of the quantities on the right-hand side is devoid of a term not involving 
sines or cosines when expressed as a sum of terms each involving only one 
sine or cosine. Again, Fouché takes the Weierstrass expressions (§ 17) 


_1l-afg ee aS pita 

a Ne eee chy Bhar OE 
with a and 8 as algebraic functions of a parameter: and imposing the 
conditions that dæ, dy, dz must be the exact differentials of some algebraical 


functions, he obtains a critical equation that admits many evident solutions*. 
And from the relation 


= » (dP? 
R?=p+¢ (E) 


it can be proved that no algebraic curve of constant non-zero torsion exists 
on a sphere. 


Curves having assigned Circular Curvature. 


22. Let the radius of circular curvature be given as a function of the arc. 
Then the quantities a, a’, a” satisfy the relations 


aœ +a? +=], 
3) y (y z (ay ain! 
ds ds ae ae 
where p is a known function of s; and therefore a, a’, a’ are three functions 


of s, subject to these two equations, that is, one arbitrary element survives 
among the three functions. Also 


dx=ads=apdS, dy=a'ds=a'pdS, dz=a"ds=a'pdS8, 
where S is a new parameter related to s by the equation 
ds 
a 


* References to the memoirs by Fabry and by Fouché as well as to other papers on the 
subject are given by Darboux, Théorie générale, t. iv, p. 429, in the course of a Note on the 
torsion of skew curves, which is specially commended to the reader’s attention. 


dS ; 
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and then 
L — Lp = f apas, Y =Y = f vpd8, Z= 2 = f a"pas, 
where a, a’, a” are functions of S such that 


V+a?®+a%=1, 


l + l + (a) = 1 
(as (as ay 

The case, when p is constant and equal (say) to k, is not analytically 
simpler than the case when p is variable; the parameter S is merely s/k. 


EXAMPLES. 


1. When the circular curvature of a curve is zero at all points, the curve is a 
straight line ; and when the curvature of torsion is zero at all points, the curve is plane. 


2. Shew that the determinant 


uy ¥Y 5 2 
“i ae mm 
AE @ 
Jit HIH nni 
x K A 


vanishes for a helix; and conversely. 


3. Prove that the radius of circular curvature of the locus of the centre of spherical 


3 dR ee : 
curvature of a curve is R =; and indicate analogies between the formule of plane 


dp 
curves, connecting the magnitudes usually denoted by 7, p, p, y, p, with the formule of 
skew curves connecting the magnitudes denoted in the text by R, p, $, T, pı- 


Prove that, for any curve drawn upon a sphere, the relation 


is satisfied. 


4. A helix is drawn on a circular cylinder of radius a and cuts the generators at a 
constant angle a; shew that both the circular curvature and the torsion are constant, that 
the rectifying line at any point is the generator of the cylinder, and that the locus of the 
centre of circular curvature is another helix upon a coaxial cylinder. 

Hence shew how to construct the circular cylinder which contains the helix having at 
a point the closest (three-point) contact with a curve. 


5. Prove that, if a curve be drawn so that its tangent has a constant inclination to a 
fixed direction in space, the ratio of its curvatures is constant. 

6. Shew that, for a spherical helix, 

1 
p=a sec a (cos? a — cos? @)?, o@=a cosec a (cos? a—cos? 6)3, 

and that the cross-section of its rectifying developable is an epicycloid. 

7. A loxodrome is drawn on a sphere of radius a, cutting a set of meridians at 
a constant angle a. Shew that, at an angular distance @ from the pole, its radius of 
circular curvature is @ (1 — cos? 6 cos? a) ~ 4 sin 6, and its radius of torsion is 


a (1 — cos? 6 cos? a) sec a cosec a. 
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8. Prove that the radius of circular curvature of the edge of regression of the recti- 
fying developable at the point corresponding to P is sec č z di)? 
inclination of the rectifying line to the binormal at P ; and that the radius of torsion is 


4 cosi” 
P ds dij ` 


9. Prove that the circular curvature of the locus of the centre of circular curvature of 


a skew curve is 
pa d (op 1 p p? ot $ 
E ds \ p R p?R* 


10. Obtain the direction-cosines of the rectifying line in the form 


foe + po (y2 -24")} (p+ 0?) $, 
with two similar expressions. 


5 (009 i T) where 7 is the 


l 
11. Denoting = by 27, and similarly for derivatives of y and z, prove that 


Vılm at NYm ar flm 
and 


Li, Lm; n 


Yis Yms Yn 
Ay ms a 
are independent of the axes of reference. 


12. Shew that the torsion of the.curve 


z={be (0-0) | (=o (c—a)}~ 2d 
y= (ea (0-a)? | ((e-0) (a~ 0} bat 
D fia-a b- tdt 


is constant. Indicate the character of the spherical indicatrix of its tangents and of its 
binormals. 
13. Prove that the radii of curvature and torsion of an involute of a curve are 
o p? a o? 
8, ; 7: 
(p2+02)2 p (op —po") 


14. In the Serret-Frenet formule, let 
a+ib _ (v—e)i 
= e , 
p l-e 
where e denotes the integral | p ids; shew that v satisfies the equation 


En sin (w — e) 
ds T ; 
15. Ina particular curve, the direction-cosines of the binormal are given by 
i c=\cos 0+ pcos 36, c'=\' sin 8 +p sin 30, ¢’=x+2d cos 26, 
where @ is a current parameter, and à, A’, m, k, d are constants such that 
d? oe il p] d?— p? 4 
— = — +- (dt- 3t), «== >> (dt 3p)” 
m M m ( p*) 2dp? ) 
d8 + 6d 6 p? + 6d4 4 — 2d? p? — 3p = 4d? pt. 


Prove that the curve, if of constant torsion, is algebraic. 


1 eres, 
A= aT +7 (dt But), 2 
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16. Curves (often called Bertrand curves*) are such that the relation 


ees + % =I] 
(o> Gr 
x 
is satisfied, where m and n are constants: shew that the curve is analytically defined by 


the relations 
dx= mAdS—n(A"dA'— A'dA”) 


dy= mA'dS—n(AdA"— Add )}, 
dz=mA"dS—n(A'dA —AdA’ ) 
where 4, A’, A” are three functions of a parameter subject to the conditions 
A24A%+4+A'=1, 
(dS)? =(d A} + (a A’)? + (ad A”)? 
17. Proye that, if two curves have the same principal normals, their osculating planes 
cut at a constant angle a; and shew that they are Bertrand curves. 
Also prove that, if c denote the common distance of corresponding points, 
oo’ =c? cosec” a. 
18. Shew that a curve, intrinsically defined by the equations 
p=ks, G 


where & and / are constants, lies on a circular cone, and is a helix on that cone. 


19. Prove that, for any skew curve, 
1 pP 1 
D a t= oh, ” 
p? p = (y J ) 
with corresponding expressions for y”, z2”; also 


yg Pen p ere Pe *) 7 ( PET N ee 
s" =3 5x — -2 -(2— + -z7 y" 
P (+ p p? me & penne (oy 2"—Zy"), 


with corresponding expressions for y”, z"; and indicate a method of obtaining the 
general form of the expressions for the nth derivatives of x, y, z with regard to s. 


Shew that the value of a2 +y" 2422 is 


ih fil 1 1 1 p”? oe pe pe p d Lfd fp\)? 
2 = e 
alata) (at ater t AE oF) sean eels a i 


20. Denoting four consecutive points, at equal small intervals ds on a curve, by 1, 2, 
3, 4, by 12 the chord joining the points 1 and 2, and so for the other chords, prove that 


12. 34+23. 14—13. T= ia (d). 


21. A helix is drawn on a surface making a constant angle a with the axisof z. Shew 
that its curvature is given by the equation 


mS (R; cos x — p) Ry) 2 (p — Ry cos x) Ry 
siwan p a= Ra) }+ alee) j, 


where #, and #; are the radii of curvature of the principal sections, nı and ng are the 
direction-cosines with regard to the axis of z of the tangents to the sections, and y is given 
by the equation 


COS asin y =z, 
where cos™! ng is the angle between the axis of z and the normal to the surface. 


* After Bertrand’s memoir, Liouville’s Journal, t. xv (1850), p. 332. 
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22. The six coordinates of the principal lines of a curve with regard to fixed rect- 
ig p 

angular axes are a, a’, a”, a, a’, a”; b, b', b", B, B', B”; ¢, ¢, c, y, y, y"; the first three, in 

each case, being the direction-cosines. Prove that 


da_B dB AE ay 2 
dsp’ Wao ip. - ds eG 


23. A curve is given as the intersection of two surfaces 


p(x, y, 2)=0, P(e, y, 2)=0; 
the quantities D, Æ, F denote the determinants 


D, E, F= Pz, Py, bz ; 
ver Vy ve 
k denotes (D?+ E24 F2)~2, and a derivative of any quantity U is denoted by U’, 
where 
> 0 0 o 


Obtain the following results* for the curve at any point :— 
(i) The equation of the osculating plane is 
(X— a) (EF’ — E'F)+(VY—-y) (FD'-F'D)4+(Z-2) (DE'- D'E)=0; 


(ii) The radius of circular curvature and the radius of torsion are given by the 
relations 


1 _40((EF’ — E'F)}4(FD!—F'D)+(DE' - D'E}, 
P 
soa D, E, F 
p?o 
De ane F’ 
DA B., y | 


* Other results are given by Frost, Solid Geometry, (3rd ed., 1886), §§ 628 et seq. 


CHAPTER [LE 
GENERAL THEORY OF SURFACES. 


Mucu of the present chapter is founded upon the memoir by Gauss, Disquisitiones 
generales circa superficies curvas, (Ges. Werke, t. iv, pp. 217 et seq.); and some account of 
the memoir is given in Salmon’s Analytical Geometry of Three Dimensions. 


Frequent reference should be made to portions of the first volume and the third 
volume of Darboux’s treatise. Much of chapter 111 and chapter Iv of Bianchi’s treatise 
will be found useful, as also will the first section of Knoblauch’s Einleitung in die 
allgemeine Theorie der krummen Flächen. 


It is unnecessary to give copious references in detail; the subject-matter is bound to 
be treated in any book on differential geometry. 


Fundamental Magnitudes of the First Order. 


23. In the discussion of the intrinsic properties of a surface, the position 
of the surface relative to coordinate axes is not of importance ; and therefore 
there is convenience in substituting, for the equation of the surface in 
Cartesian form, other equivalent equations that shall have more direct refer- 
ence to variation upon the surface itself. This usually is effected by expressing 
the coordinates of any point on the surface in terms of two independent 
parameters p and q, through relations 


= (p,q), y=y(p,q) 2=2(p, 9); 
the elimination of p and q between these relations leads to the equation 
of the surface, if it should be required. We shall assume, unless there is 
explicit statement to the contrary, that we have to deal with surfaces or 
portions of surfaces, which are regular in character, and within the range of 
which no singularities (whether of point or line) occur. The parameters p 
and q are not necessarily real; often it will be expedient to take conjugate 
or other complex variables as the parameters of reference. Within the 
range considered, the functions #(p, q), y(p, q) 2(p, q) are finite and 
continuous, usually uniform; if they are multiform, we shall usually restrict 
the variations to regions which admit no interchange of branches of 
the functions. Also, a representation in terms of two parameters is not 
unique; for if we make p and q two independent functions of two new 
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parameters p’ and q’, we shall have g, y, z given as functions of p’ and g, of 
the same type as before. 
A curve drawn upon the surface can be represented by some relation 
between p and q, say 
$ (p, q)=0, 


whether the relation be integral or differential. Sometimes the curve can 
be obtained by making p and q functions of a single parameter ; for instance, 
geodesics are discussed by this method of representation among others. 


A notation for derivatives with respect to p and q will be required; 
we write 


Op am AN) oq 2> 
Ox Ox Ox 
= n, = X95 


a paT af 
and so on, with corresponding symbols for derivatives of y and of z. The 


notation will occasionally be used for derivatives of other magnitudes as 
they arise. 


24. Take any point on the surface, determined by p and q; and consider 
a neighbouring point, also on the surface, determined by the values p + dp and 
q+dq. When we retain only the first powers of small quantities, the distance 
between the two points measures the infinitesimal arc on the surface ; denoting 
it by ds, we have* 
ds? = dæ? + dy’? + dz* 
= Edp + 2Fdpdq + Gdo, 

where 

E=? +y? tza = e? 

F=%,%,+ YWYot+ 2122 = a ts 

G = 02 + Yo? ka= Eer 


These quantities H, F, Œ are independent of the particular selection of 
perpendicular coordinate axes; for when we effect an orthogonal trans- 
formation 

‘=at+rxe +py +z, 

y =b+Nat+py +z, 

Z=c+Nra+p ytr'z, 
we have 


El = Zr? 
= LPEN + Qa,y, Trp + 20,2, Drv + y Sw? + 2Qy,2, Duv + 2,2 Sv? 
=g? +y? +2 = E, 


* We shall always write dx? instead of (dx)?, and similarly for other powers and for other 
quantities. 


F, 3 
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and similarly for F and @. Hence F, F, G are often called the funda- 
mental magnitudes of the first order, sometimes the primary quantities. It 
is convenient to have a symbol for HG — F?; accordingly, we write 

V? = EG — F}, : 
so that Æ, G, V? are greater than zero, while we take V to be positive, on a 
real surface when p and q are real. And, unless there is a specific state- 
ment to the contrary, we shall assume that p and q are real. 


25. Any curve upon the surface can be represented by an equation 
$(p,q)=9. The simplest of such equations are 


p = constant, q = constant ; 
the curves, thus represented, are called the parametric curves. We take the 
positive direction along the curve p=a at any point to be that in which 


q increases, and the positive direction along the curve q =b at any point to 
be that in which p increases. 


The element of arc along p=a is GÈ? dg, and its direction-cosines are 
i l Zl . . BAG 
2G” 2, wG”*, 2G *; the sign of G2 being taken positive. 
The element of arc along q=b is E? dp, and its direction-cosines are 
1 cay bh ak 5 5 mae 
oh *, yH *, 2H 7; the sign of E? being taken positive. 


The angle at which the parametric curves cut is usually denoted by o; 
then 
cos => G~*.0,E~?=F(EG)~?, 
sino =V(EG)~*, tanw=V/F. 
Let dS be the element of area of the surface bounded by the parametric 
curves p, q, p+dp, q+dq, each constant; then 


dS = EŻ? dp. G? dq .sin w = Vdpdq. 


26. Let PC be the curve defined by 


o) (p, q) = C, 
and let ds be the element of arc along PC; then 
di dp + $- dq = 0, 
dë? = Edp + 2F dp dq + G do, 


so that 
ld 1 “ad pi ed ete 
T EE ngs agg Gg} 
The direction-cosines of the tangent at P to PC are 


d d 
ee Snape Sco. 
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and so, if @ is the angle (taken as in the figure) at P between PC and p-=a, 
we have 
cos 0 = G7? Sa, (ae, ay +X, a 
VA 


ds 
=G-t{ Trn 
zo (rPe) 


= (Fo. - Goi) (G (Ep? — 2F bib. + Gp), 
sing = GIy% 
ds 
= V, |G (Ep? — 2F pip + Gpe}. 
Similarly, if 6’ be the angle (taken as in the figure) at P between PC 
and q = b, so that 


0+0 =o, 
we have 


2s ae —i dp dq 
cos 0’ = E (ee +P) 


= (Eb. Foy) [E (Ept — 2F bidet Cpi), 
sin@=E-ty 
ds 
=- Vo, [E (Ep? - Fpp: + Gp). 
Next, let another curve PC’ be given by 
| | 
(a D=e, 
and let ôs, dp, ôq represent small variations along the curve at the point P. 
Let y denote the angle at P between PC and PC’; then | 


ds òs cos y = È (a, dp + x, dq) (a Sp + 2 òq) 
= Edp òp + F (dp òq + dq dp) + Gdq ôq, 
ds òs sin y = V (dp dq — dp dq), | 
so that 


cos x = Epp- Pda + yQ) + Gbitn * 
(Ep? — 2P p:hi + Gpe (Bp? — 28 ban + Gy?) 
a . V (doth = Vopr) 
(Eb. —2F dog, + Gpe (Bye — 2F ys + Gy? 
It follows that two directions, given by dp:dq, and dp: dq, are perpen- 
dicular, if 


sin x 


E dp Sp + F (dp òq + dq Sp) + Gdq 6q=0; 
and that, if two directions are given by the quadratic equation 


Odp + 2@ dp dq + Ydo’ =0, 
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their inclination y is given by 
sin % jx cos X 
2V (™-OVÈ EV-2Fb+GO 


~ 


so that they are perpendicular if 
EY —2F0 + GO =0. 


Thus the curves orthogonal to a family f (p, q)=4, for varying values of 
a, are given by the differential equation 

(z pe -F $Ê) ap a PY _ G2) ag= 

og op 
27. Let X, Y, Z be the direction-cosines of the normal to the surface 

at P. It is perpendicular to every tangent line to the surface and therefore, 
in particular, to the tangents at P to the parametric curves; hence 

Xa + Yy + Z2z,=0, Xa,+ Yy, + Zaz =0. 
Also 

X?+ Y2?+Z2°=1; 

consequently * 


A= (Y Z2 — Y2 2) Von y= (2,2%,—2,%,)V4, Z= (x Y2— Lz Yı) Va 
or, with a customary notation, 


1 
RE. Y Z=% 


My, Yr 2 


Zos Yo, Za 


The following relations, capable of easy verification, may be noted for 
future use: 


MAG oY A e 
io Gi Ea 
Lyn G B 
a,Y —y,X =(4,F —2,£) Vo | 2Y —y,X =(4,4 — 2,F) Vo 
y,Z —-%Y =(4F-aFE)V';, y42—-2Y =(m4G-—a@,F)V 4}; 
aX -aZ =(yF— yf) V4 2A — 2,4 =(yG—yF) V 


oV oV 

yam ie yn a 
oV oV | 
a A , e PE 
oV oV ' 
Tea a 


* As V is taken positive, the signs given to X, Y, Z are effectively a definition of the positive 
direction of the normal. 
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Vo = 6x aman 7) Veo EX 
Tasar |, ay Ba -FY \, Vea EY? |, 
v= G7 V ge ae y eV _ pp 
sey, = OFT "aay PRY) 
apts, = OFF ? V wae EYZ 
V oo =G2X V a= ELE 
Ya ZOXY V oeay VZ -FKY 
span 7 VE-FYZ }, V sag VX -FYZ 
snag = VY -FZX V wae VY- FZX 


An equation of the surface, in differential form, can be obtained at once. 
Let any direction at P in the tangent plane to the surface be denoted by 
dx, dy, dz; then, as it is perpendicular to the normal, we have 

Ad«+YVdy + Zdz=0, 
which is the differential equation indicated. 

When g, y, z are given (and therefore X, Y, Z are deduced) as functions 
of p and q, the equation is satisfied identically—a result to be expected 
because the integral equation is implicitly contained in the expressions 
for x, ¥, 2. 

When X,Y, Z are given as appropriate functions of æ, y, z, the “condition 
of integrability ” must be satisfied*. A verification that it is satisfied will be 
given in § 30; assuming this, we have (on integration) an integral of the 


surface in a form 
U = constant. 


uel au ou 
REV De, ay ae 


Manifestly, 


Fundamental Magnitudes of the Second Order. 


28. The primary quantities are constructed from the first derivatives of 
æ, y, z with respect to p and q. We now proceed to construct quantities that 
involve their second derivatives. As before, denote small independent 


* See my Treatise on Differential Equations, (3rd ed.), § 152, for the condition, and for the 
method of integration of the equation when the condition is satisfied. 
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variations of p and q by dp and dq; then the value of æ belonging to 


pt+dp, ¢+dq has two forms, viz. 
æ+ de +de + idet... 
and 
a + (adp + 2,dq) + $ (aydp? + 2ændpdq + sdg) + ...5 ` 
and so, taking the small quantities of the second order, we have 
Pa = sn dp? + 2a,dpdq + tadg. 
Similarly 
dy = yndp* + 2yr2dpdq + yad’, 
dz = znd + 2a.dpdq + zado. 
The fundamental magnitudes of the second order (sometimes called 
secondary quantities) are defined by the expressions 
L = Xen +Yyn + Zen 
M = Xx + Yy + Zen 
N = X iq + Ya + Loon 
It is convenient to have a symbol* for LN — M?; we write 


LN — M? =. 


the 


Though LZ, M, NÑ are real on a real surface when p and q are real, it is not the 


fact that T? is necessarily positive. 


Manifestly we have 


VE = ay , Yı , 2 


3 VM Ms, Wh, A 


He, Yo, Zə Ho, Yo, 22 | | Ba, Yo, Z 


Zus Yu, Zu Diz Yi a | Læ, Yo, Za | 


These secondary quantities, like the primary quantities, are independent 
of the particular selection of perpendicular coordinate axes ; for when we effect 


the same orthogonal transformation as before (§ 24), we have 
VI = oe , hi : ae 1 


A ery) eee (> Hh, 2i 
NS ey. Be a aaa. 
ENA i A Dis Oio A 
=1.VL, 
when the sets of axes are of the same type. Therefore 
esi 


and similarly for M and N. 


* The reader should be warned that, for the various quantities, there is no notation in 


general use by writers on the subject. 
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29. The quantities X,Y, Z are functions of p and q; their first derivatives 
with respect to p and q can be expressed by means of L, M, N. For 


Ax, + Yy, + Za, = 0, 
and therefore 


l Xim +Yiy + 24, = — (Xan +Yyn + Zen) =- L. 
Similarly, from Xa, + Yy, + Zza = 0, we have 
Xit + Yiya + 22 = — (Xm + Yy + Zz) =- M; 
and, as X? +Y? + Z?=1, we have 
X,X4+Y,VY+Z4,Z7=0. 

Solving these three equations for X,, Y,, Z,, we have 

XV = — L (Y4 — 2Y )— M (aY -y Z), 
and therefore (§ 27) 
4,V?=—L(2,G—-#F)-M(-2,F + «,F) 

= a, (FM — GL)+a,(—- EM + FL) | 


and similarly 
Y V° = y (FM — GL) + y.(— EM + FL) f- 
ZV? =z (FM — GL) + z(— EM + FL) j 
In the same way, we find 
X. V? = a (FN — GM) + a, (— EN + FM) ) 


Y, V? = y, (FN — GM) +y. (— EN + FM) | ; 
Z,V? = 2, (FN —GM) + 2z (— EN + FM) 


From these, we have 


aT? = X, (— EN + FM) + X, (EM — FL), 
xT? = X, (— FN + GM) + X. (FM — GL); 


and similarly for y, and yə in terms of Y; and Y,, and for z, and z in terms 


of Z, and Z,. 


Also we have 


V#(Y,2,-Yo2)=| yy Ys eae _ EM + FL 
a, # || FN—-GM, —EN+FM 
=VX .V2T, 


and so for the others; thus 
V(Y,2Z, — Y,4,) = T?X 
PAET e277 
V (AGY XY.) ar 
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Again, writing 
Vee = EM? — 2FLM + GI? 
Vef =EMN-—-F(LN+ M»+GLM}, 
V?g = EN? — 2FMN + GM? T 


we similarly prove 


AA A G T (YZ —YZa) =V (gX, JX) 
7?(Z,X—2ZX,)=V(f¥,—e¥,)+, T(Z:X -ZX)=V QY, -JY 5» 
LY —XY,)=V(f%, — eh) T(X,Y—XY,)=V (gZ, - f2) 


results which will be useful when we come to deal with tangential coordinates. 
Lastly, 

iy VG A ee ea, 

AE Vee Z 

Koy o 82s 


by using the above expressions for Y,Z,—Y.Z,, Z,X,—4,X1, XY — X.V.. 
30. We now formally prove that, if X, Y, Z are given as functions of 


æ, y,z and not as functions of p and q, the condition of integrability of the 
equation Xd« + Ydy + Zdz = 0 is satisfied. For then we have 


oX oX oX 


X =n oa oe 
and 
X=} OX | 0X. 
Aa oa 2 Jy KOR 
hence 
o,X,—mX,=V (2+ Teel 
oy oz 
that is, 
oX oX 
Y A Z By = V(t Ny = Wiha) 
Similarly, 
oY oY 
Z ve -X TE =a (I = a), 
OZ oZ 


and therefore 


X=) Sve TEEGA SN 
Ge ay) Ge 


oy 0x 
OY 2 (S 2) 
dz oy 07 oz oy x 
= — V7 (æ, X, + YoY + 2241) + VO (aX. + Vo + 4 Za) 
=VIM-—-V2M 
= 


which is the required condition of integrability. 


(= =) 
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Curvature: the Gauss Measure and Characteristic Equation. 


31. The primary quantities involve only the first derivatives of a, y, 2; 
hence they can only be concerned with arc-lengths upon the surface, and with 
tangential properties. The secondary quantities involve the second derivatives 
of x,y,z; hence it is to be expected that they will be concerned with curvature 
properties, among others. Their simplest occurrence is in connection with 
the curvature of the normal section of the surface. 


Let a normal section of the surface be drawn through any tangential 
direction at a point. It is a plane curve; and so its radius of curvature lies 
in that plane and is perpendicular to the tangent, that is, it lies along 
the normal to the surface. Instead of taking the radius of curvature to be 
always positive (as in § 4), let us assume it to be positive, when the normal 
section is concave to the side of the surface which is taken as positive, and 
assume it to be negative, when the normal section is convex to that side 
of the surface. Then, denoting the radius of curvature by p, we have always 

pa” = x py” 2 YA pz” = Z 
and therefore 
s= Xg” +Yy” + Le 
Now : 
pas anp” me Qa» pq x: taq? +4 ap” A aq", 
and similarly for y”, z”; consequently 
; = Xs” + Py" + Zz" 
= [p?+2Mp'q + Ng” 
_ Ldp? + 2Mdpdq + Ndg 
— Edp+2Fdpdq + Gde’ 
thus giving the curvature of the normal section of the surface through the 
direction dp : dq. 


32. It is known from the elementary properties of surfaces that the 
normals at contiguous points do not necessarily intersect; and that, at an 
ordinary point, there are two directions on the surface such that normals at 
contiguous points in either of those directions meet the normal at the point. 
Proceeding thus from point to point in a continuous direction at each point, 
we obtain a locus upon the surface; this locus is called a line of curvature. 
Through an ordinary point there pass two lines of curvature; and on the 
surface there are two systems of lines of curvature. But while the normals 
to the surface at successive points along a line of curvature intersect, they are 
not necessarily (nor even generally) the principal normals of the curve; in 
other words, the osculating plane of a line of curvature does not, in general, 
give a normal section of a surface. 
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The intersection of consecutive normals along a line of curvature is called 
a centre of curvature of the surface; as there are two lines of curvature at 
each point, there are two centres of curvature and both of them lie upon the 
normal. As we pass over the surface, we have two such points associated 
with each point on the surface ; the locus of these points is called the surface 
of centres. The distance between the point and a centre of curvature, with 
its proper sign, is called a radius of curvature of the surface; thus at any 
point there are two radii of curvature, sometimes called the principal radii. 
They are the radii of curvature (as defined in § 31) of normal sections 
through the respective directions. 

At a point a, y, z, let r be a radius of curvature, and let £, n, € denote the 
corresponding centre of curvature; then 


Eee rd, Hye ry, C= se rZ,. 


For a normal at a consecutive point on a line of curvature, the quantities 
E, n, %, r are unaltered ; hence first variations along the line of curvature are 


such that 
O=dre+rdX, 0O=dyt+rdY, 0=dz+rdZ, 


and therefore, for the line of curvature, we have 
0=(a,+7rX,) dp + (£2 + rX) dq, 
0=(y%4+7Y,) dp + (y2 + rY) dq, 
0 = (2, + rZ) dp + (22 + rZ) dq. 
These are apparently three equations; in reality, they are equivalent to only 
two equations because, multiplying them by X, Y, Z respectively and adding, 
we have a nul result. 
Multiplying the equations by 7, 7, 21 respectively and adding, we have 
0=(L+r22,X,) dp + (F+ rd xX.) dq 
=(£-rL)dp+(F—-rM) dq; 
and multiplying them by a, Yə, 2, respectively and adding, we have 
=(F+r>a,X,) dp + (G+ rda,X,.) dq 
= (Ff —rM) dp +(G— rN) dq, 
so that along any line of curvature we have 
0=(#-rL) dp + (F—rM) dq) 
0=(F —rM)dp+(@—rN)dq}— 
These two equations, combined, determine the directions of the lines of 
curvature and the radii of curvature at any point. 
For the directions, we have 
0= Edp + Fdq —r(Ldp + Mdg), 
0= Fdp + Gdq —r(Mdp+ Ndg); 
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they are given by 
Edp+Fdq, Fdp + Gdq |=0, 
Ldp + Mdg, Mdp+Ndq 
that is, by 
(EM — FL) dp? + (EN — GL) dpdq + (FN — GM) dẹ =0. 


Unless the equation is evanescent, it is quadratic in the ratio dp/dq; and 


therefore at any point of a surface there are generally two lines of curvature. 
Moreover, as 


EK (FN -—GM)-F(EN —-GL)+ G(EM — FL) =0, 
the two lines are perpendicular to one another (§ 26) at the point. 


Exception to the conclusion, that there are two lines of curvature at 
a point, occurs when the equation giving those directions is evanescent. 
We then have 
Led Naw 1 


ET Ge e 


say. The radius of curvature of a normal section of the surface through any 
direction, being 

Edp + 2Fdpdq + Gde 

Ldp? + 2Mdpdq + Ndo’ 


is equal to x, independent of the direction and therefore the same for all 
directions through the point. Such a point is an wmbilicus on the surface ; 
the character of the surface in the vicinity of such a point will be considered 
later. 


To determine the magnitude of the radii, we eliminate dp/dq between 
the equations. Then 
H-rL, F-rM |=0, 
F-—rM, G-rN 
that is, 
Tr? — (GL —-2FM + EN) r+ V?=0, 


so that there are two values, respectively corresponding to the two directions. 
These must be associated correctly. Should a value of r be given, the value 
of dp/dq (which determines the direction) is equal to either of the fractions 


F-rM G—rN 


C E-rL’? F=rM' 


Should a direction be given, the radius of curvature of the surface (which, in 
general, is not equal to the radius of curvature of the curve) is equal to either 
of the fractions 

Edp + Fdq Fdp + Gdq 

Ldp+ Mdg? Mdp + Ndq’ 
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33. A pair of symmetric combinations of the radii are of importance. 
These are the mean curvature H, where 


BE en! . 
Ba tea ae eee r 
and the total curvature (or the specific curvature or Gauss measure) K, where 
ERA 
K == aß =s Ve ; 


the quantities a and 8 denoting the two radii. It will be proved that T° is 
expressible in terms of derivatives of F, F, G, so that the total curvature 
depends only upon the fundamental magnitudes of the first order. The same 
property does not belong to the mean curvature. 


Later, it will be seen that, for a minimal surface (that is, the surface of 
least area with any assigned boundary), the mean curvature H is zero, so that 
the equation 

GL—2FM+ EN=0 
is characteristic of a minimal surface. But this equation may be satisfied 
along a line or lines, on any surface. 


The Gauss measure of curvature is positive for a synclastic surface or for 
the synclastic portions of a surface, that is, at places where all the surface near 
the point lies on the same side of the tangent plane; familar instances of 
synclastic surfaces are provided by the inside of a bowl, a closed soap-bubble, 
and the palm of a hand. The Gauss measure of curvature is negative for an 
anticlastic surface or for the anticlastic portions of a surface, that is, at places 
where different adjacent parts of the surface lie on different sides of the tangent 
plane; familiar instances are provided by a saddle-back, the top of a mountain 
pass, and a ridge between two fingers of a hand. The Gauss measure of 
curvature is zero for a developable surface ; familiar instances are provided by 
the rolling shutter of a desk, and a crumpled piece of paper. 


34. To establish the result just stated as regards the total curvature, as 
well as to establish the intrinsic significance of the six fundamental magni- 
tudes which have been introduced, it is necessary to obtain further relations ; 
and then it will appear that the six magnitudes are not functionally 
independent of one another. Let quantities m, m’, m”, n, n’, n” be defined 
by the equations 

M = 8n + YWYn + 22u = +E, 
M = Hy, + YY + 2122 = sk, 
M” = Lila + YY + 212 = Fo — $0 
N = My + YoYn + 22n = Fi- 3 


A 


n 


Balia + Y2Yiz + Z221 = tG 


“ 
N = Bolo + YY F Z222 = AAE 
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other quantities T, T’, T”; A, A’, A”; will be required, as defined by the 
equations 
VT =mG -nF VA =nE -mF 
VI" =m'G — vv, V-A =n E — wr} ; 
VI” = m'G —n’'F V2A" = n’E — m’F. 
which also give 
m= ET + FA m = BT" + FA’ m’ = BT” + FA” 
n =FD + ag n = FT’ + any n” = FY" + ne 
Solving the equations . 
Xer + Yyn + Zen = L, 
Lin + WYu + 22u =M, 
Lal + Y2Yu + Zn = N, 
for %y, Yn, 21, we have 


Vay = L (Yy2. — AY.) + M (YS — HY) + n(Y —y,Z) 


shies yat — aF) +56 aF + s,E), 
that is, ~ 
ty, = LX +a, +24,A. 
Similarly for yn and zn; the values are 


ty, = LX +l +A 
Yu m LE + yA). 
24,=1Z +4. PN 


We proceed in the same way to obtain the other second derivatives of 
æ, y, Z; their values are 
wg = MX +l +a A 
U MY + yI” + WAN > 
Zo = MZ +2,1" +2,’ 
Loy = NX + 2,0" + 2, A" 
Yn = NY + 4,0" + yd" 3 
Z9 = NZ a ae + Ns 
For the moment, let 
l = H+ YuY + A222, 
= Ly? + Yr + 24975 


then 
m -m =U-l, n -n=l l, 


and the common value gives 


V —l=4(Ep— 2Fe + Gis): 
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Now 
Ly + Yi + 2° = M (Xap ar Yy + Zz) + [$ (4 Xp + YYro + 2212) 
+4 CAN + YY + 20612) 
=M4+mT’+rl’ 
= M? + (En? —2Fn'm' + Gm) V> 
= M? + (ET? + 2FT’A’ + GA’), 
and ; 
LaLa + YY + 211222 = L (X ta IF Yy RF Zen) +T (la + YY + Z122) 


+A (Lalo + YY + 20h) 
=LN mT nA 


= LN + {Em" — F (nm” + n'm) + Gmm”; V> 
= LN + {ETT” + F (TA” +T”A) + GAA’; 
hence 
LN — M? + {E(nn" — n°) — F (nm” — 2n'm' + n'm) + G (mm” — m °), V 
=l- 
oe 2 (Ee ia 2F ar Gay); 
and therefore 
LN — M? = V°K = — 4 (By — 2F + Gu) 
— {E (nn" — n?) — F (nm” — 2n'm' + n'm) + G (mm” — m?) V> 
=—}(#y,—2F .+ Gu) + (E, F, GYT’, A'Y -— (E, F, GYT, AGL”, &”). 
This is sometimes called* the Gauss characteristic equation. Its chief 
significance lies in the fact that LN — M? is expressible in terms of Æ, F, G 
and their derivatives of the first and the second order; hence it follows 
that the total curvature is expressible in terms of the fundamental magnitudes 


of the first order and their derivatives, a result that is important in connection 
with the deformation of surfaces. 


Mainardi-Codazzi relations. 


35. There are also two relations of a differential type. We have 
P 
òq mi ap X25 
and so, substituting for a, and æ» their values that are linear in X ees 
(§ 34), we find 
LX, + aT, + tA, + XL, + aol + ator A 
= MX, tal + aA + XM, + aT’ + 2A’. 


On substitution for Xi Xn 2i. Gp, va in terms of X, a, a, ($$ 29, 34), this 
equation becomes 
XO + 7,0’ + 7,0” = 0, 


* It was obtained first by Gauss in his celebrated memoir of 1827 already (p. 32) quoted. 
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where 
© =l,- M, + MC + NA- LIT- MA’ 
©' =FK+T,-TY+P’A-T’A’ 
©” =- EK + A,— A' + TA’ -T'A +AA" A” 
Proceeding similarly from y„ and y», and from z, and 2, we have 
YO + yO’ + y0” =0, 
ZO +20 + 2,0” =0. 
It follows, from these three relations linear in ©, 0’, ©”, that 
©=0 © =0, 0’ =0, 
as their determinant is not zero. 


When the same process is applied to a» and a; to Yı and Ya; and to 2, 
and 2»; three relations are obtained which similarly lead to 


®=0, ®=0, o6”=0, 
where 
® =N,— M,+ MA’+ LT” —MI’—- NA’ 


P =-—GK+T,"-T/+TT"’-T?4+T’A"-T’A' 
D” =FK+A,"—A/+ TA -TA 
Apparently, there are six relations; we proceed to shew that all of them 
are satisfied in virtue of 
(i) the Gauss equation, 
(ii) the relations © = 0, ® = 0, 
(iii) necessary identities. 
The last are connected with the derivatives of various quantities that occur, 
and they are as follows. 


Because 
4E =m= EL + FA, $£,=m'=EI'+ FQ, 
it follows that 
0 ð | , 
Bee ie eo aes + FA’). 


When this is expanded, and we substitute for T',— T, and A,— A,’ in terms 


of ©’ and ©”, we find 
: EO’ + FO” =0. 


Similarly, proceeding from 
1G,=n =FI’+ GA, $G,=n"= FI" + GA", 


we find 
FO + G0” = 0. 
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Again, because 


Ng — ny se ies 4E» z Ga, 
when we expand the left-hand side and use the Gauss equation, we find 


FO’ + GO” =0. 


2 


Lastly, because 
/ 
m — m = Fe- En — $Gu, 


when we expand the left-hand side and use the Gauss equation, we find 
ED’ + FR” = 0. 
Hence, retaining the Gauss equation, we have the relations 
EO’ + FO” =0 EO’ + Fb” =0 
FO’ + GO”=0 FO’ + Gb” =0 
which are satisfied in virtue of our necessary identities; that is, we have 
@=0, 6 =0-.0'=0, O’=0, 
because V2, = HG — F?, is not zero. 

It therefore follows that the relations to be retained are the Gauss charac- 
teristic equation, together with the relations O=0, B=0. These two 
new equations are 

L, +TM +AN =M,4+I’L i, 
M,+1M+AN=N,+T’L+A'M)’ 
they frequently are called the Mainardi-Codazzi relations*. In all, therefore, 
there are three differential equations which the six fundamental magnitudes 
of the first and the second order must satisfy. It remains to be seen what 
element, if any, of generality is possessed by a surface if and when it is 


determined by six magnitudes, which are given initially and which satisfy 
the three differential equations. 


The Mainardi-Codazzi relations can be expressed in a different (but 
equivalent) form. We have 


gre ita “ae 
a(t) = pla ya Vs 
1 
Sa (AD, 
a/M\ 1 M 
ap (0) pen 
1 M 
y yT +A); 


* They were given, though not in the adopted form, by Mainardi, Giorn. Ist. Lomb., t. ix 
(1856), p. 395; and, in the adopted form, by Codazzi, Ann. di Mat., t. ii (1868), p. 273. 
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hence 


a/L\ a/M\ 1 TED tee a 
sg (P) ~ ap 7) = plait -7('+A")4+5 C +4) 


nae LA’ +2MA’— NA) 
and similarly 
a/N\ o/M\ 1 f l 
Ga eae pew outa NT) 


which are the Mainardi-Codazzi relations in another form. 


“ 


36. The necessary identities used in establishing the relations can be 
used also to obtain two other results, connected with the angle œ between 
the parametric lines. We have 

ð (= Ea 0 A 
Oq\ H/ oOp\ E 


VA VA’ 


[iG an a re a A feu 
=>, (I+ 4%)+5(A.—A1)-— P+ A) a EE ee 


= ae - A’ + AA” — A‘ + TA’ — TA) 
= VK, in virtue of 0” = 0. 
Similarly, in virtue of ®” = 0, we have 
0 (=) eae (ee 
op\ G oq\ G 


Now the angle œ between the parametric lines is given by tan œ = V/F; 
hence 


j= VK, 


_ FdV —VaP 
EG 


1 
= soy FOIE 2EGdF + EFdG). 


dw 


Consequently 
2EG Ve, = FGE, — 2EGF, + EPG, 


= FG .2m — 2EG (n + m’) + EF . 2w 
= —(2HT” + 2GA) Ve, 


and therefore 


b] 


d VA A 
Zoi Ga sexes 
and similarly z 
VA’ m 
W — (T ai =) , 


so that uae 
PA A ; ” 
do = mdp + odg =- (7+ ) ap — (sy +7) dg. 
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Moreover, 


(ipo Vale 


= (FB) +a (a) +® 


OV Ane 
me §(B 5) | 


and 


0 ee Hf i) 
E G 
V ENO VA 
es did VI 
ap ( =) 3 (z ) 4 
which are the two results in question. The second of them gives Liouville’s 
form for the total curvature. 


Bonnet’s Theorem. 


37. We now come to the theorem which is the essential justification for 
considering the differential geometry of surfaces in connection with the six 
fundamental magnitudes. It was proved* first by Bonnet, and may be 
enunciated as follows :— 

When sia fundamental magnitudes are given, and when they satisfy the 
Gauss characteristic equation and the two Mainardi-Codazzi relations, they 
determine a surface uniquely save as to its position and orientation in space. 

The equations, satisfied by X, æ, x, when they are regarded as three 
dependent variables, are 


Be, -a (FM - GL) o, -ya EM + FL) m=0 
Ly — LX — Tz, —An,=O0f ee (i), 
Ly — MX —I"2, — A'r, = 
and 
Peo - (FN - GM) a — 7, (- EN +FM)m=0 
O See Surx Site hin ee 
R= gy- NX —I"2, ae | 


Both sets are linear in the dependent variables; derivatives with regard to p 
occur only in set (1) and with regard to q only in set (ii). 
The primitivet+ of the linear set (i) is of the form 
X=§A+nB+ CO 
By = FO) DY CG Sab eea xone E ek (iii), 
L, = Ed, + Nb + Eo | 


* Journ, Ee. Polytech., cah. xlii (1867), p. 31. 
t See my Treatise on Differential Equations, (3rd ed.), § 178. 


37 | FUNDAMENTAL THEOREM 51 


where &, 7, € are arbitrary constants so far as concerns derivation with respect 
to p, that is, are arbitrary functions of q so far as concerns set (i). Also 

aN 5, Wi, ly S l, & On: 

AiO Cp Db D 

XG, = C.-C, G3 
are particular sets of integrals of the equations, linearly independent of one 
another ; and any linear combination of them with coefficients, that are inde- 
pendent of p and that combine them as in (iii), is also a set of integrals of the 
equations (i). 

But the equations (ii) are to be satisfied simultaneously with (i). Con- 
sequently they must be satisfied by the quantities (iii); and the variables at 
our disposal for this purpose are £, », ¢, which are functions of q alone. 
Accordingly, for the equations (ii), £, », € become the dependent variables 
while g is the independent variable. Let 

P. Q, B take values* P,, Q,, R, when X, m, x, =A, Qy Us; 
So ae E, Rae Uses «Syl rr ara eect oa o E 
$57 aS ROR era eed PROT R ce ees eee en Css 


then when the expressions (111), which must satisfy the equations (ii), are 
substituted in those equations, we have 


ded) nes 
Aq eS = — (EP, + n Pat CPs) 
dé 


metatag = O 4 00;) ouaaa (iv). 


d dn d 
As at bs Ty Pg T = (ER, + nRa + ERs) 


These equations (iv), regarded as determining £, n, £, must provide a primitive 
involving those quantities and expressing them as functions of q alone, even 
though the coefficients in these equations involve the quantity p, which now 
is parametric. The requirement will be met if the values of £, n, Ẹ, as given 
by (iv), also satisfy the relations 
0A dE B dn ea a (piy OF; +e a 
ap dg * ap dg Op dq \ op” " op a) 


da, dE 0b, dn , 0c, dE ( 0Q, ne a) y 
Ar == ESZ) en GDE 
op dg * p dg ` dp d4 a 
da, dé b; dn 0c: dE oR, ‘R 3) 
=- +7 
op dq Bee op dq + op dq (a Op 


and these relations will be satisfied if it can be as a they are conse- 
quences of equations (iv) and of the earlier equations, regard being paid to 
the three differential relations satisfied by the fundamental magnitudes. 


* The values Q,, Qo, Q; actually are zero because the third equation in (i) is the same as 
Q=0; the symbols are retained for symmetry. 


4—2 
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The three equations in (v) can be taken separately and the process is 
mainly the same for each of them; we therefore set out the details in con- 
nection with the first. ` 


Because of the first of equations (1), we have 
Pa SULCU LRE EM + FL)a, 


= 8A, + bo, 


say; and 
oB 


AZ d 
op 


ye K = sC) + ter. 
Op 


Multiply the second of the equations in (iv) by s, the third by t, add, and use 
the immediately preceding results; we have l 
0A dE Bdn C a) = k p : 
dg E dq a5 Op dq ot Op dq — é (sQ ar th,) n (sQ: f th.) E (sQ; 35 tR). 
This will be the same as the first of the equations (v)—which accordingly 
will be a consequence of earlier equations—if 


oP 
Kis = sQ + TIE 
DENE 
ye Op => so + ER. 
oP. 
ye Op. = sQ; aE th; 
We proceed to shew that these relations are satisfied. We have 
DE J il 
imc x yN — GM) a -p7 (- EN + FM)a, 
OA 


1 A / 
oh — pals + t'a), 


say; and, similarly, 


Q=- Ma — Ia, — A'a, 
R,= T — NA — Fa —A”a 
Hence 
Of, aod aS 0 An 0 no s ðm tod: 
Op ðpðg ‘ap (7 * Op Cz Ve op 3 Op ` 
But 
0A S t 
op Want ya 
so that 


ZA LG an KOR Te ) 0 
Opoqg Ve dq Ve dq aq\V2 AA 
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and therefore 


Ea 


P 414 ba) Utd + Pt a) 


ta 
+a tie (j) - 5 (a) EET a- rey} 
ed las (7) x = (ia) AAAA AT vt 


T (sM +tN-sL-ťM). 


When the coefficient of a, is evaluated, it is found to vanish in virtue of the 
Mainardi-Codazzi relations. The coefficient of a, vanishes in the same way. 
And the coefficient of A vanishes identically. Hence 


y: 80 Wiley 
Similarly p 
ME, 
V2 op = sQ + CRA 
oP. 
ye D — sQ; + tR; 


Consequently, the first of the equations in (v) is satisfied in virtue of 
earlier equations and of the differential relations among the fundamental 
magnitudes. 

Next, to obtain the second of the equations in (v), we multiply the three 
equations in (iv) by Z, T, A, and add. After corresponding calculations 
similar to those just given, and by using the relations in § 35, satisfied in 
virtue of the Gauss equation and the Mainardi-Codazzi relations, we find 
that the result reduces to the required second equation in (v). 


And to obtain the third of the equations in (v), we multiply the three 
equations in (iv) by M, I’, A’, and add. Calculations similar to those for the 
second equation are required; the result reduces to the required third 
equation in (v). 

Thus the equations (v) are satisfied, in virtue of earlier equations that 
are retained, and in virtue of the differential relations among the fundamental 
magnitudes. Consequently the equations (iv) possess a primitive which 
expresses £, 7, € as functions of q alone even though the coefficients in the 
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equations, in the form in which they actually occur in the general investiga- 
tion, may involve p parametrically. This primitive is of the type 

E= Mé, + pé: + vé, 

n = AM + WN + Vs f, ` 

E= AG, + mee + vés 
where A, u, v are arbitrary constants; é, m, % being functions of q alone, 
are a special set of integrals; and likewise for &, ņa, E2; &, 73, a; the three 
special sets being linearly independent. When these values of & 7, € are 
substituted in the expressions (iii), we have 

X =A + wB + vC 

By = Na DE ye) uedecnenete E (vi),, 


Ly = Aa + pb, + VC, 
where 


A= &,A F mB an 6C, 

a = €,a,+mb + 1G, 

a, = Eas + Mb + Oe, 
and so for B. bi. b,; and C.c. C- “Chus A a a7 B by. OG, CCA 
three particular sets of solutions of the original six differential equations to 
be satisfied; and the values of X, 2,, æ in (vi), constitute the primitive of the 
six equations. 


The equations, determining Y, y,, Y2, are precisely the same in form as the 
six which determine X, x, 7; and likewise those for Z, 21, 2. Hence the 
primitive of the equations for Y, y,, Y, is 
Y=VA+pyB+7'C 
fy =N Ay hh Dah UO; heee. dada «stepennt (Vi)e 3 
Yo = Nay + pb, + ve, 

and the primitive of the equations for Z, 21, 2) is 
Z=D A+ p'B+ v'C 
AEN By Ae Dy PP, Pa a eee ernie (vi)s 3 
Z= Ay + "bd, + "Cy J 

where, in (vi), N, w’, v’; and, in (vi), N”, u”, v”; are arbitrary constants. 

38. Thus the complete primitive appears to contain nine arbitrary 
constants which are produced in sets of three by the integration of the 


equations. But these equations are themselves merely inferences from 
earlier fundamental equations, among which are 


Xt 8 eZee De ey ee ee 

At + Vy, t Za=0, Hat nyt anaE, 

At, +Y¥y,+2Z2,=0, @3 + yi + 22 =G; 
and therefore these equations must be satisfied. 
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Now, substituting in X?4+ Y?+4 Z?=1 the values given by the primitives, 
we have 
AEN + 2ABS Aw + B Ep + 2AC Srv + BOS + C2Sv?=1, 
But A = X, B =Y, C = Z are particular solutions, so that 


A+B+C. 
Hence writing 


Keys hes, Mas e E Be = NS 1, Trp, Dp — l1, Èv, Suv, 2r? — 1, 


we have 
A?k, + 2ABk, + B’k, + 2ACk, + 2BCk, + C?k; = 0. 


Similarly from Xæ, +Yy, + Zz,=0, we have 
Aa,k, + (Ab, + a, B) k, + Bb, k, + (Ac, + a,C) k, + (Be, + b,C) k, + Ce,k, = 0; 
and from the other four relations in turn, we have 
Aak, + (Ab, + aB) k, + Bok, + (Ac, + aC) k, + (Be, + bC) k; + Ceske = 0, 
ak, + 2a,b,k, + b?k; + 2a,¢,k, + 2b, ¢,k, + ek, = 0, 
a ak, + (a,b, + a b1) ka + b; baks + (a, Cy + a201) ka + (bye. + b201) ks + Ceke = 0, 
a2k, + 2a,bok. + bk; + 2accok, + 2b,.c,k; + Ck = 0. 


Thus there are six equations linear and homogeneous in the six constants k. 
The determinant of the coefficients on the left-hand sides is equal to 


A, $ B, C ps 
a), by, Cı 
Ao, bo, Cy 


that’is, to V4, and so it does not vanish. Hence all the constants k are zero, 


that is, 
2N l0, Zyv=0, 


Zp- 1l =0, Sr=0, 
27 —1l=0, Zap=0; 
and therefore the nine constants à, m, v are the direction-cosines of three 
perpendicular lines. 
Finally, we have, for the surface itself, 


dz = mdp + «dq, 
that is, 


æ—l= à | (dp + adq) +u | (rndp + b,dq) + v | (edp + cdq), 
= AU + pv +w; i 


and similarly maA , 
y-V =Nu +pvt+yvw, 


e—W=Nut pvt’, 


where l, I’, l” are additive arbitrary constants of integration. 
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The relations between the constants à leave the orientation of the surface 
undetermined ; the existence of the constants J, I’, V” leaves the position of the 
surface undetermined. 


And so we have Bonnet’s theorem as enunciated. 
x 


39. It follows from this theorem that the six fundamental magnitudes 
E, F, G, L, M, N, together with their derivatives, are sufficient for the 
expression and the determination of all magnitudes and all properties that 
are intrinsically possessed by the surface. Later we shall see that, as is to be 
expected, some properties are common to all those surfaces which (roughly 
at the moment) may be described as having Æ, F, Œ in common without any 
regard to L, M, N other than the Gauss characteristic equation. At present, 
the important result is that the six magnitudes give uniquely the intrinsic 
determination of a surface and that therefore they suffice for the expression 
of all properties of the surface which are independent of its position and its 
orientation. 


Derwed Magnitudes. 


40. It has just been stated, as an inference from Bonnet’s theorem, that 
properties and magnitudes intrinsically possessed by a surface are expressible 
in terms of the three fundamental magnitudes Æ, F, G of the first order, 
of the three fundamental magnitudes Z, M, N of the second order, and 
of their derivatives. Now it happens, as might be expected, that certain 
combinations involving first derivatives of L, M, N have relations with deri- 
vatives of x, y, z of the third order similar to those possessed by L, M, N with 
derivatives of x, y, z of the second order. Similarly certain combinations 
involving second derivatives of L, M, N have corresponding relations with 
derivatives of æ, y, z of the fourth order; and so with the respective orders 
in succession. The combinations, which thus arise, are sometimes called 
fundamental magnitudes; having regard to the essential significance of the 
fundamental magnitudes of the first order and the second order, the new 
combinations may be called derived magnitudes of the various orders. 

The derived magnitudes are perhaps most simply defined in connection 
with the variation of the curvature of the normal section of the surface 
along a curve*. In particular, those of the third order are defined by the 
relation 


d/l 
ds G) = Pp” + 3Qp”g' + 8Rp'q? + Sq”. 


The values of P, Q, R, S are obtained as follows. As before (§ 31), we have 


1 9 rd t 
ros ae a”! os any oe a 2212 pg’ ai Lag’? + Lp" 2: 0, 


* This will be seen, at a later stage, to imply the consideration of geodesic tangents to the 
curve. 
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with two similar equations. Multiplying them by a, y,, 231, and adding, we 
have 

Ep” + Fg" + mp? + 2m'p'd’ + mg? =0; 
multiplying them by a, Yz, 2, and adding, we have 

Fp” + Gq! + np? + 2n'p'd + ng? = 0. 


Hence 
— p= Tp? ai PARE g ii T” “| 
aa G4 at Ap? + 24'p'g' + A’q’? 
Now 
i = Ip? + 2Mp'g + Ng”, 


and therefore 
# ()) = L p° + (L, + 2M) p° + (2M, + N) pg? + Nig? 
+ 2(Lp’+ Mg) p” + 2(Mp’ + Ng) 
= (L, — 2LT — 2MA) p” 
+(1,+2M, — 4LT” — 2MT — 4MA’ — 2NA) p° 
+ (2M, + N, — 2LT” — 4MT” — 2M A” — 4NA’) pq”? 
+ (N, — 2MT” — 2N 4”) q’, 
on substitution for p” and q”. Having regard to the Mainardi-Codazzi 
relations, and reverting to the definitions of P, Q, R, S, we have values of the 
derived magnitudes of the third order in the form 
P=L —2(IT + MA) 
Q = L, — 2 (LT' + Md’) 
= M, — (LT' + MA’) — (MT + NA) 
R= M, — (MT + NA’) — (LI” + MA”) 
= N, — 2 (MI' + NA’) 
S= N, —2(MT" + NA’) 
“It is not difficult to verify that these derived magnitudes of the third order 
satisfy the differential relations 
P,— Q = 2(PT’ + QA’) —2(QT + RA) + 2K (FL — EM), 
OERS PI 4+@QA” — (RT +8A)+ K(GL-EN), 
R, — 8, =2(Q0” + RA”) — 2( RI’ + SA’) + 2h (GM — FN). 


41. The derived magnitudes of the fourth order are defined* in con- 
nection with the second derivative of the curvature along the normal section 
from point to point of any curve; they are such as to give 


d (1 is 
AAG B, y, % e Xp, g) 


* See a paper by the author, Messenger of Math., vol. xxxii (1903), pp. 68—80. 


58 DERIVED [CH. II 


By a process similar to that used for the investigation of the values of 
P, Q, R, S, we find 
a= P,—3 (PT +QA) 
BSR AI (ERETON) —3K (FL —- EM) |* 
=Q,- 2(QT + RA) —(PI’ + QA) +4 K (FL — EM) 
y= Q — 2 (QI” + RA’) — (PT” + QA”) - 1K (GL — EN) 
= R,-—2(QI’+ RA’)-(RP +8A) +4K (GL — EN) 
ô = R,—2(QI”’ + RA”)—(RI’ + SA’) -—1K (GM — FN) 
= 8, —3(RT’ + SA’) +3K (GM — FN) 
e = 8, — 3 (RI”+ SA”) 
The derived magnitudes of any order m, thus defined, involve derivatives 
of x, y, z of order m. 


42. The first derivatives of the Gauss measure of total curvature, and of 
the measure of mean curvature, can be expressed in terms of the derived 
magnitudes of the third order. We have 

Vek = LN — M°; 


and therefore 


V°K, = LN + LN, — 2MM, -2 (LN — M°). 


When we substitute for Z,, M,, N, in terms of P, Q, R and other magnitudes, 
also for V,, and reduce, we find 

VK, = NP — 2MQ + Ae) 
and, similarly, 


VK, = NQ-2MR+LS) 

In the same way for H, the measure of mean curvature, we find 
V-H, = GP —-2FQ + fea 

V-H, = GQ —2FR + ES) ` 


Cor. When a surface has the property that there is a functional relation 
between its principal radii of curvature, the relation can be expressed in 
a form 

J(H, K)=0, 
or in the Jacobian form 


HK, — H,K,=0; 
thus its fundamental magnitudes must satisfy the equation 


GP—2FQ+ ER GQ-2FR+ ES 
NP-2MQ+LR NQ-2MR+LS° 


Such a surface is usually called a Weingarten surface, and referred to as 


a surface W: some of the properties will be discussed hereafter (§§ 203— 
208). 
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43. The derivatives of x, y, z of the third order can be expressed as 
linear functions of X, a, æ; Y, Yi» Y2; Z, 2, 2, the coefficients involving the 
derived quantities of the third order and derivatives of H, F, G. Taking the 
equation 

= DX +arl +2,A, 


differentiating with respect to p, and substituting for Xj, &n, 2 in terms of 
X, #,, £, we have 


y= AX + ar+ ap; 


and so for the other derivatives. The results, after reduction, are as follows: 


By = AX + mru+ Zap By = NX +e + Dap, 
Yu =AY + y+ opr, Yo = MY + yr! + Yop’? 
Zm =AZ +24r0+ ZP 2 o= NZ +2N + Zap 


i= NY y ayn” ae asp” ee N” X n ayn” x mp” 
Yi = AY + yd" + Yop p Y= A”Y + yr” + Yop” ) 
Lie = IEA ef ZNA eo Zp" Lose = LY, dh Zine + Zap 


where the coefficients are given by the equations 


A =P+8(IT+MA) 

A’ =Q + MT +NA+2(LT' + MA’) 
A” =R+2(MY' + NA) + LT” + MA” 
A” =S S (MTE NA”) 


Ed + Fp = m — L- yr {Ent — 2Fnm + Gm’) 
1 ? 


Fr+Gp=n,-LM — A {Enn — F (nm + wm) + Gmm’) | 


1 


EN + Fp’ =m, — LM — P [Enn — F (nw + n'm) + Gmm’} 


FN + Gp’ =n, — LN — = {Enn”’ — F(nm” + nm) + Gmm"} >> 
1 


=n, — M? aay 


[En — 2F nm’ + Gm”) 


EX’ + Fp” =m," — LN - - {Enn" — F (nm” + nm) + Gmm’} 


=m — M? — a { Ein’? — 2Fn'm + Gm”) f 
1 / FE 


FX’ + Gp" =n; — MN — =, {En'n” — F(n'm" +n’ mw)+ Gmm”) 


= 
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EN” + Fo” =m” — MN - “ {En'n” — F (n'm” + nm’) + Gmm”) 


1 119 DERRI 119 

FN” + Gp" =n" —N? — Pe En” — 2Fn”m” + Gm”) 

It is easy to see that the derivatives of æ, y, z, of any order greater than 
unity, can be expressed similarly as linear combinations of X, a, æ; the 
coefficients in the combinations involve the derived magnitudes and derivatives 
of the fundamental magnitudes Æ, F, G. 


EXAMPLES. 


1. Two directions at a point P on a surface are given by 
Odp?+26dpdq+¥dq?=0, 

and a third direction is given by 6p, dg, ôs, making angles a and 8 with the former 
directions. Shew that, if 

J=(Eðp+ Fq} Y — 2 (Eôp+ Fdq) (Fbp+ Gòg) + (Fdp + dq)? 8, 

T={(E¥ -2F® + Go)?— 4(EG— F2) (ov — 62, 
then 

ôs? cos a cos B= J), 
ôs? sin a sin B= — i (© 6p? +28 ôp ôq + Y Sg"), 


and 


seeds See E õp +F ôq, F õp+ G sq p 
T | oðp+8òg, Söp +¥dq 


2. Shew analytically that, if Z, M, N vanish everywhere on a surface, the surface is 
plane. 


3. A surface is given by a Cartesian equation in the form 


z=f (2, y); 
the partial derivatives of z are denoted, as usual, by p, q; r, s, t. Shew that 
L=1+p, F=pq, G=1+q@, V?=1+p +g; 


ae EA Pad 
a Lad pty git 
Leah Nove eal p Ti-a 


r 8 t EUPA 1+ +g i 
g- th) 2 2pgst(1+p*) t ee rt—s? 
a++ (+p +e?’ 


and obtain expressions for the derived magnitudes of the third order. 


4. A surface is given by the equation F(x, y, z)=0, so that the direction-cosines of 
the normal are given by 


L6F_10F 10F (FN? /aF\2 /aF\23 
Iw Voy Ze (a) i (=) T G) ? ; 
Shew that the mean curvature H is 
CAe MA, KC OAe. Vea 
-( +z) Z 02 * Z Ge? 
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with two similar expressions, and the total curvature X is 


ah aad yu X), A(X, N 


N OG) OG a) OG, y) 


with two similar expressions. 


K 


5. The parametric curves are orthogonal, and a curve is drawn on the surface making 
a constant angle a with the curve p=constant ; shew that the differential equation of the 
curve is 


6. Obtain the equation of the lines of curvature in the form 
CPG CPE, OANE U 
dz, dy, dz 
ASEENA 
and shew that, if 
u=yZ—2Y, v=2zX—-4Z, w=xY—-yX, 


(so that X, F, Z, u, v, w are the six coordinates of the normal), the differential equation of 
the lines of curvature is 
dudX+dvdY+dwdZ=0. 


7. Shew that, at any point of a surfaee, 
Zs =A? +H? 4+2hPAp +OP 
Isy =A? +E? +2FNp' +p? 
Iry =A"? + BN? +2F Xp" +Gp”? 
Ew =A" 4 EN" +2FN" p" + Gp”? 


where the symbols on the right-hand side have the same significance as in § 43. 


8. A surface is given by the equations 


@ Maree o WP BN 


@ utv’ b uty’? cc uty’ 


shew that the equations of the lines of curvature are 
(l- Qau2+ut) 4 du+(1 ~Qav?+t)-4 dv=0, 


where a=(a? — 26?+c*)/(a?+c?) ; and obtain an expression for the total curvature. 


9. A skew surface is generated by the binormals of a curve. Prove that, at a point 
on a generator distant d from the curve, the total curvature is ~0?(0?+d?)~?; and that, 
at the curve itself, the principal radii of curvature of the surface are given by the 
equation 

PS 2 Gp 
= + caine’ 1 =: 
p 


o 


10. A skew surface is generated by the radii of spherical curvature of a curve. Shew 
that, at the centre of spherical curvature of the curve, the total curvature of the surface 
is — o` 2, where oj is the radius of torsion of the locus of the centre of spherical curvature. 
Shew also that, at the curve itself, the total curvature of the surface is -o,?R~4, where 
R is the radius of spherical curvature. 


62 EXAMPLES 


11. A surface is generated by straight lines which meet the lines y= + tana, 
z=+4c; and the intercepts between the axis of z and the points where the generator 
meets the lines are v and v, functions of a parameter. Shew that, at a point on the 
surface in the plane of xy, the total curvature is 

— 16c? u!? v’? sin? 2a f 
fe? (w 24 2Qu'v’ cos 2a +0?) + (ww +u'v)? sin? 2a}? ? 


and that, at a point on the surface in the first line, the principal radii of curvature are 
given by the equation 


1 K 2csin2a u—vcos2a dw c? sin? 2a (27-0 


j y (+ sin? 2a)? du (+x sin? 2a)? \du 


12. A surface is given by the equations 
x=sin u (cosh? v— cos a cos ų cosh v — 2 cos? a), 
y =sinh v (cos? a cos? u — cos a cos v cosh v — 2), 
z=sin a cos 4 cosh v (cosh v — cos a cos v). 
Prove that the curves of reference are the lines of curvature, and that the principal 
radii of curvature are 
(2 cos a cos u — cosh v) (cosh v+ cos a cos v}? cosec a, 


(2 cosh v — cos a cos u) (cosh v+ cos a cos u)? cosec a. 


CHAPTER IIl. 


ORGANIC CURVES OF A SURFACE. 


THE present chapter is occupied with an account of the chief curves upon a surface, 
with which they have organic relations as being determined, mainly or partly, by the 
nature of the surface itself. There will be no elaborate discussion of the properties and 
characteristics of any of them, though a more detailed treatment of two classes of them, 
viz. lines of curvature and geodesics, will be found in later chapters. 


For the immediate purpose, reference may be made to the first volume of Darboux’s 
treatise, particularly to the first three chapters of the second Book. The subject-matter 
is discussed in the third chapter of Bianchi’s treatise, and in the second section of 
Knoblauch’s treatise, as well as in the first section of Stahl and Kommerell’s Die 
Grundformein der allgemeinen Flichentheorie. 


Orthogonal Curves. 


44. We have seen (§ 25) that the angle œ between the parametric 
curves at a point on a surface is given by 


cos œ = F (EG) È. 


Hence the curves are perpendicular at a point if F=0 at the point; and 
they are perpendicular everywhere if F= 0 over the surface. 


In the latter case, they often are called an orthogonal system; and F = 0 
is the sole condition, necessary and sufficient to secure that the parametric 
curves form such a system. 


Lines of Curvature. 

45. When the surface is referred to any system of parametric curves 
p= const., q = const., and when the fundamental magnitudes of the surface 
of the first order and the second order are denoted by Æ, F, Œ; L, M, N; 
the directions of the lines of curvature through a point upon the surface are 


given by 
Edp+Fdq, Fdp + Gdq |=9. 


Ldp+Mdq, Mdp + Ndg | 
If the parametric curves are themselves lines of curvature, the foregoing 
equation must (as an equation for directions) be equivalent to 
~ dpdq = 9. 
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Hence we must have 


EN-GL+0, 
EM-—FL=0, FN-—GM=0. ` 
From the last two equations, we have 


(EN-GL)M=0, (EN-GL)F=0, 
and therefore 
M=0, F=0, 


are the conditions that the parametric curves should be lines of curvature. 


When the conditions are satisfied, the radius of curvature for p = constant, 
say a, and the radius of curvature for q = constant, say 8, are 


A N E 
The conditions #=0, M=0, are necessary and sufficient to secure that 
the parametric curves are lines of curvature. The condition F = 0 makes the 


parametric curves an orthogonal system; the new condition M =0 makes 
them the special orthogonal system constituted by lines of curvature. 


46. Two well-known theorems can be stated in connection with the 
general formule of the preceding chapter. 


Take any curve on the surface. Let 1/r be its circular curvature; and 
let 1/p be the curvature (defined as in § 31) of the normal section of the 
surface through the tangent to the curve. The direction-cosines of the 
principal normal to the curve are ræ”, ry”, rz”; hence, if 0 be the angle 
between this principal normal and the normal to the surface, we have 

cosO=X ræ" +V.ry’+Z.rz”, 
But 
g" = yp? ae 2a p q y E ae x, p” + oy 
and similarly for y” and 2”; hence 


cos 0 


= Nae Yy"+ ots Lp” che 2Mp'd zr Ng?=1 
P 


This is Meunier’s theorem. 


Next, at any point take a normal section of the surface through a direction 
making an angle W with the line of curvature p = constant. Let the surface 
be referred to the lines of curvature as parametric curves, so that P=; 
M=0; then 

cos y = eA, sin yr = Be. 
The radius of curvature of the normal section is given by 


1 dp\? CON een N avr sin? 
Sin ( p (3) ent Ed E paces aa 
: T +N a p Sm ptg cost 5 + p: 
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Ti; ; : 
which is Euler’s theorem on the curvature of a normal section through any 
direction not coinciding with a line of curvature *, 


The relations of the indicatrix 


& n? É 
ns ak B =| 
to the curvature are at once suggested; they are discussed in text-books on 
solid geometry. Only one remark need be made here, for ulterior use. If the 
indicatrix is an ellipse, p is finite for every normal section. If the indicatrix 
is a hyperbola, p is infinite for each of the directions w= tan (— 8/ a)?, which 
are the directions of the asymptotes of the indicatrix. 

The detailed development of the analysis connected with lines of curvature 
and with associated properties will be deferred until the next chapter. 


Conjugate Durections. 


47. The familiar notion of conjugate diameters (or conjugate directions) 
in a central conic can be extended, through the indicatrix, so as to give rise 
to the notion of conjugate directions (and conjugate lines) on a surfacet. In 
the case of a conic with centre C, a direction given by two points P and Q on 
the curve is conjugate to CR, where the tangents at P and Q intersect in R; 
and the definition makes an asymptote of the conic conjugate to itself. 


In the case of a surface, let a line PR be drawn through a point P 
parallel to the intersection of the tangent plane at P with the tangent plane 
at a point Q; when Q tends to coincide with P (or becomes a point con- 
secutive to P), the limiting positions of PQ and PR are called conjugate 
directions at P. 

The condition that two directions dp, dq; and dp’, dq’; are conjugate can 
be deduced from the definition. Let PQ be the direction dp, dq; and let PR 
be the direction dp’, dq’, so that PR is parallel to the ultimate intersection 
of the tangent planes at P and at Q. Let P be the point 2, y, 2; the tangent 
plane at P is 

(E-a)X+(n-y)V+(S-2)4=0, 
where é, 7, € are current coordinates. The tangent plane at Q, say æ + dx, 
y+ dy, z+ dz, is 
(E—a—da)(X + dX)+(n—-y—dy) (V+ dV)+(€—2-dz)(Z4+dZ) =0. 
But 
X dæ + Ydy + Zdz=0, 
and therefore the latter equation can be taken in the form 


E (£ — x) (X + dX) — dadX} = 0. 


* The result can be established from the quite general formulæ, without any special choice of 
parametric curves. 
+ The extension originated with Dupin, Développements de géométrie (1813), p. 91. 
5 
B; 
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The quantity dzdX is of the second order; hence the line of intersection of 
the two planes is given by 
(E-2)X +(n-y)VY +(6-2)Z =0 
(E- 0) dX +(y- WEE. ryt oil 
Let a. point æ+ dx’, y+dy’, z+dz be taken on the surface, so that it hes 
ultimately on the direction PR; thus da’, dy’, dz’ determine the direction PR, 
and for that direction 


x 


E—a:n-—y:6—-2=dza': dy: dz’. 
The first equation is satisfied identically. The second equation is 
dx’ dX + dy'dY + dz dZ = 0, 
which accordingly is the equation to be satisfied by the direction conjugate 
to PQ. Now 
dx’ = vdp + rdq, dX = X,dp+ X.dq; 
and therefore 
(Xa,X,) dpdp’ + (Èx: X.) dpdq + (a, X.) dqdp' + (Z«,X,) dqdq’ = 0, 

that is, 

Ldpdp' + M (dpd + dqdp’) + Ndqdq’ = 0. 
This is the condition that the two directions should be conjugate to one another. 
As the analysis manifestly is reversible, the condition is seen to be sufficient 
as well as necessary. 


The symmetry of the condition between dp, dq; and dp’, dq’; justifies the 
assumption in the phraseology that the conjugate property is reciprocal. 
When written in the form 

(Ldp + Mdq) dp’ + (Mdp + Ndq) dq’ = 0, 
the condition shews that the two directions are conjugate diameters of the 
indicatrix ; for the equation of the indicatrix is 


2M E ae N 2—] 
(E GÈ n G yj - 

Thus only a single condition requires to be satisfied in order that two 
directions may be conjugate. Hence one direction can be taken arbitrarily, 
and the other is then determined by the condition ; and it is uniquely deter- 
mined, for the condition is lineo-linear in the quantities dp/dq, dp'/dg. Thus 
let a curve be 


e 
pët 


(p, q) = constant, 
so that we have a family of curves when the constant is parametric; the 
direction of the curve at a point is given by 

Op Op 


But the direction dp/dq, conjugate to dp/8q, is given by 
(Ldp + Mdq) 8p + (Mdp + Ndq) &q =0; 
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that is, the conjugate direction at the point satisfies the equation 
(Ldp + Mdg) = (Wap + Ndg) =i 
or, what is the same thing, 
op op op Op \ dq 
pas pa PPE ih ice 
oq S eas aye . 
an ordinary differential equation of the first order, the primitive of which 
gives a family of lines conjugate to the family ¢ (p, q) = constant. If this 
conjugate family be 4 (p, q) = constant, then 
Op OW o oy op oY) Od OW 
L= =- M >= 
oq og Op aq dq op ote Op a 
48. When two directions dp, ôq; dp’, 89’; satisfy an equation 
Adp + 2Bdpdq + Cde = 0, 


2 


then 


Op dp’ _ Spdq' + õqgåp' _ 8q8q'. 
C = 2B A 
and therefore the condition that the two directions should be conjugate is 
CL —2BM + AN =Q. 

The condition is sufficient, as well as necessary, to secure the conjugate 
character. 

The parametric curves p=a, g=b, where a and b are constant, are 
given by 

dpdq = 0. 
Taking A =9, C=0, and B not zero, we infer that the condition necessary 
and sufficient to make the parametric curves a conjugate system 1s 
M=0. 
In particular, the lines of curvature are conjugate to one another. This is a 
consequence of the fact that when the lines of curvature are made parametric 
curves, then one of the conditions is M = 0, which makes them conjugate ; and 
it can also be verified from their general equation 
(EM — FL) dp? + (EN — GL) dpdq+ (FN — GM) dq =0, 

by making A,B,C=EM-—FL, EN-— GL, FN—GM, respectively, in the 
foregoing relation. 

The direction dp’, dq’, which is conjugate to dp, dq, is given by 

dp’ peril A E 
Mdp+Ndq —(Ldp+Mdq) ’ 


say, where 
= (HM? —2FLM + GL) dy? 
+2(EMN — FLN — FM? + GLM) dpdq 


+ (EN? — 2FMN + GM) dẹ = ©°, 


d 
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so that 
ds’ 
= © "A 
Let y denote the angle between the two conjugate directions; then 
dsds' cos y = Edpdp’ + F (dpdq + dqdp’) + Gdqd/ 
= 0 {(Edp + Fdq) (Mdp + Ndq)—(Fdp + Gdg) (Ldp + Mdg), 


0 


that is, 

Ods cos y = (EM — FL) dp + (EN — GL) dpdq + (FN — GM) dẹ. 
Manifestly the only conjugate directions perpendicular to one another are the 
lines of curvature. 


49. The equations relating to surfaces in general, as obtained in the 
preceding chapter, were constructed for any unspecified system of parametric 
curves. When any particular specification is introduced, some corresponding 
simplification in the equations may be caused. When the parametric curves 
are conjugate, we have 

M=0 
in all the equations. This causes a special simplification in three of the 
partial differential equations (of § 34) satisfied by the coordinates, viz. those 
involving £, Yr, Z2- When the parametric curves are conjugate, these 
equations are 
y= aI + 4,0’, Yo= yl’ + yd’, 2.=4,1"4+ ZA; 
that is, æ, y, z are three solutions of the equation 
2 

00 _ pe ne 

opoq p q 
This is a linear partial differential equation of the second order, and usually 
is called Laplace’s equation, being written in the form (with the customary 
notation for partial differential equations) 

s=ap + bq, 


where a and b are functions of the independent variables. 


The primitive* of this equation involves two arbitrary functions; hence 
the most general values of v, of y, and of z, obtained solely as integrals of the 
equations, are expressions each of which involves linearly an arbitrary function 
of p and an arbitrary function of g. The arbitrary functions are not unrelated ; 
for assuming IY and A’ known, we have 


V*I'=4GH,-4FG,, VA’ =4EG,-4FE,, 
as well as the Gauss characteristic equation and the Mainardi-Codazzi 
* For the general theory of Laplace’s linear equation, and for the special construction of the 


primitive when the latter can be expressed in finite terms involving the two arbitrary functions, 
see the author’s Theory of Differential Equations, vol. vi, chap. xiii. 
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relations; and all these conditions must be satisfied when the values of 
æ, yY, z are substituted. 


Even so, a large amount of arbitrary generality will survive in the 
complete solution which, through this stage at least, is rather an investigation 
in partial equations than in geometry. Geometrical applications arise by the 
assignment of further conditions; and illustrations of these, in connection 
with particular surfaces or families of surfaces, will be given from time to 
time. 


The amplest discussion of the equation, together with many compre- 
hensive applications to surfaces, will be found in the second volume of 
Darboux’s treatise. 


50. One particular family of surfaces, referred to conjugate lines as 
parametric curves, is instanced by Darboux* in the form 


E OE a TYE B pE g Eo e= O p Ae gae, 
where A, a, B, b, C, c, m, n are constants. It is easy to verify that 
(q — p) ty = NH, — Mp 
(q - P) Ya = OE 
(q — p) A. = NZ — Mz 


so that, multiplying these equations by X, Y, Z respectively, and adding, we 


have 
M=0; 


and therefore the parametric curves given by p= constant, q = constant, are 
conjugate. 

More generally, the direction on the surface given by òp, dq is conjugate 
to the direction given by dp, dq, if 

m(m—1)dpdp —  n(n—1)dqdq 
(PaO) Me (pe) G—a)g— bq ce). 

The family includes many important sets of surfaces. When m =n, we 

have the “tetrahedral” surfaces 


(4)"@-0) + (4) c-0+6) @-d)=0-) 0-0-0) 


special cases of which arise, in Steiner’s surface for m=n=2, in a well- 
known cubic surface for m =n=-— 1, and in the trivial plane for m=n=1. 
When m=, n=4, we have (as will be seen later) the surface of centres of 


22 
the ellipsoid; when m=4, n=4, we have an ellipsoid; and so for other 


special values of m and n. 


* Théorie générale, t. i, p. 142. 
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Asymptotic Lines. 

51. Various definitions of asymptotic lines are given, according to the 
property selected to characterise them. They are associated simply with 
conjugate directions; an asymptotic line is then defined as a curve on the 
surface whose direction at any point is self-conjugate. The direction dp'/dq’ 
must then be the same as dp/dq; that is, a self-conjugate direction is given 
by either of the equations 

dædX + dydY + dzdZ=0, 
Ldp? + 2Mdpdq + Nde =0. 
Consequently there are generally two asymptotic directions at any point of 
a surface. When the total curvature is positive (so that LN > M°), the 
directions are imaginary and different; when it is negative, they are real 
and different; when it is zero (so that the surface is developable), there is 
only a single asymptotic line through a point, and it is the generator. 


The curvature of the normal section of a surface through the tangent to 
an asymptotic line, being 
Lp? +2Mp'd + Ng”, 
is zero. The tangent to the line then coincides with an asymptote of the 
indicatrix at the point; hence the name. 


Consider the tangent plane at a point (æ, y, z) on the surface. The 
distance of a neighbouring point æ + dæ, y + dy, z2+dz from that plane 


= Xde + Ydy + Zdz 
= 4 (Ldp + 2M dpdq + Ndo) + other terms, 


the other terms being of the third and higher orders in dp and dq. Thus 
any tangent to the surface, being a straight line in the tangent plane, meets 
the surface in two consecutive points; but a tangent to the surface in the 
direction of an asymptotic line meets the surface in three consecutive points. 
The directions of the asymptotic lines are therefore often called the inflexional 
tangents at the point. 


Another method of stating the last result is to declare that the asymptotic 
directions are the tangents to the curve of intersection (which has the point 
for a double point) of the surface by its tangent plane. On a hyperboloid of 
one sheet, they are of course the generators. 


Let y denote the angle between the asymptotic lines 
LdP +2Mdpdq + Nde =0 
at any point; then (§ 26) 
2V (M?- LN)? 
EN-2FM + GL 


tan y = 
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or writing 
1 il 
K= -— = — = 
aß bs H a ot B > 
where a and £ are the principal radii of curvature at the point, we have 
a+ 
cos MS a~ B . 


If the asymptotic lines are everywhere perpendicular on a surface, so that 
X = 47, then 
EN —2FM+GL=0, 


that is, the surface is minimal. 


52. The analytic determination of the asymptotic lines upon a surface 
can be made to depend upon the integration of the differential equation 
Ldp? + 2Mdpdq+ Ndg =0, 
of the first order and second degree. For any surface, what is required in 
this mode of determination of the asymptotic lines is the preliminary con- 
struction of the quantities L, M, N. 


Ez. 1. Ona sphere, we can take 
2=COSpcosg, y=cospsing, z=sinp; 
and then, by simple calculations, we have j 
L=-1, M=0, N=-1, 
so that the asymptotic directions (being imaginary, for the sphere is synclastic) are given by 
dp” + dq°’=0, 
that is, they are 
p+tqg=const., p—ig=const. 
Ex. 2. Prove that, at the origin on any surface 
2z=an? +2hay + by? +terms of higher order in w and y, 
the asymptotic directions are 
ax? + Qhay + by? =0. 
Ex. 3. As a last example, consider the asymptotic lines on Fresnel’s wave-surface * 
af y? z2 


eat A E Roe 


where 7?=2?+y?+2. We have 
an? by? CaP 
rea r?—b r—e 


and so we take 
r=e+y+e=q, 
ax? 4 by? $. cz abe  (0—p)(0—=g9) 
6-a’ 6-b ' 6-c p (0-—a)(0-b)(8-c¢)’ 
as equations defining the parameters p and g, the latter equation being satisfied identically 
for all values of 8. 


* For a full discussion, see Note vi11 at the end of Darboux’s fourth volume. 
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We then have 
9208 (4-9) (a-p) 
p (ab) (a—e)’ 


with similar expressions for y and z; hence 


ie ol a 

ct %p(a—p) 

Lo 1AA ; 
T Bu=ğ 


til 1 (4p — 3a) a 


æv 4 p(a-—p? 


X12 1 a 

v  4p(a—p)(a-q) {’ 
Xo 1 1 

a4 (a=) 


Xx= W(b- c) {be- (b+c) p+ pq} (a—p) (4-9), 
where W is a multiplier, common to X, Y, Z, the value of which is immaterial at present. 
Then, writing 
U=(a—b) (b—c) (e—a@), 
we have 
LÆS Xvi 


x 
=5 Yr, 


L mE (a+b+c)q+ab+be+ca}+abe (q — a 
=-i1WU 
p(a—p)(b—p) (e—p) 


M= XX 
=-iWU, 
N=3 X2 
, —4be+(ab+bc+ca)p-(a+b+c) p*— pq (q- 2p) 
4 WU ; 
(a-g) (6-4) (e-9) 

Inserting the values of ZL, M, N, we at once have the differential equation for the 
asymptotic lines. 


Darboux (/.c.) shews that, by introducing a parameter s in place of p, defined by the 
relation 


P(p—q) (p—s)=(p—a) (p—b)(p—e), 
the differential equation can be obtained in the form 
ds? = dq 
(s-a) (8-b) (6-0) (g-a) (q—8)(q—0)’ 


the primitive of which can be expressed algebraically. 


53. The conditions that the parametric curves should be asymptotic 
lines are easily derived from their general equation 


L dp + 2Mdpdq + Nde =0 


If these are the parametric curves p=4, q =b, the equation must effectively 
be the same as 
dpdq =0, 


and therefore we must have 


L= 0; NO a0. 
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(The complete difference between the condition, that the parametric curves 
should be twò different conjugate directions, and the conditions, that they 
should be two self-conjugate directions, will be noticed.) 


Moreover, as the analysis manifestly is reversible, the conditions are 
sufficient as well as necessary. 


As the asymptotic lines are a couple of systems of curves distinct from 
one another on all surfaces which are not developable, it frequently is 
convenient to choose them as the parametric curves of reference. In that 
choice, we make L=0 and N=0 in all the general equations which have 
been obtained; consequently there is much simplification in the forms of 
those equations. Thus the Mainardi-Codazzi relations take the form 


M,=(T-A‘))M, M,=(A"-T’) M. 
The equation of the lines of curvature (on dropping the non-zero factor M) 
becomes 


Edp — Gdg =0. 
We have 
V, , V, T yi 
ae T+, Daa PRAS, 
always, and therefore (for this particular reference) 
M, V; USRA M, vi 
Ry Cees apy 
jail Vs T Wi Vo 
=- tp A tT 


while, as always, 
VI”=G(F,—46)-4FG, VeA=HE(F,-4#,)-3FE,; 
and the measures of curvature are 


FM TE M? 


Ha aie 4 ya 


54. To illustrate the use of asymptotic lines as curves of reference, 
consider surfaces of constant negative total curvature (often called pseudo- 
spherical). The asymptotic lines are real and, assuming the measure not 
to be zero, are distinct from one another; so they are convenient curves 
of reference. We have, from the definition, 


ee 


2? 


where p is a real constant ; hence 


so that 


T4 PSEUDOSPHERE [cH. mI 


and 
Wp e We 
uv y that is, M= 0. 
Reverting to the definitions of T” and A’, we have . 


mG—-nvF=0, nH—-m'F=0, 


and therefore 


that is, 
EK, = 0, G, = 0. 


Consequently Æ is a function of p only; by changing the variable p to p 


where E?dp = dp’, the new quantity in place of Ẹ is unity, and therefore 
without any loss of generality, we can take H=1 for the surface. Similarly, 
as G is a function of q only, we can take @=1 without any loss of generality 
for the surface. 


The angle between the parametric curves has been denoted by w; hence 
in the present case 
F=cosw, V=sina, 
and therefore 
V smo 


M=—= : 
p P 


Now for any surface we have (§ 36) 


Pas -0°(VA'\.~0 7 VI i 
ao E Sl g )+ YE; 
and therefore, in the present case, we have 
Gone — sin w 
opoq p? ; 


where p is a real constant. 


Upon the integration of this equation, the determination of the most 
general pseudosphere rests. When any solution is found giving œ in terms 
of p and q, we then know 


E(=1), G(=1), L(=0), N(=0), F(=cose), M(=p" sino); 


that is, by Bonnet’s theorem, we have a pseudosphere completely determined 
save as to position and orientation. Thus, as so often happens in the 
differential geometry of surfaces, the solution of the problem depends upon 
the integration of a partial differential equation of the second order. The 
primitive of the equation 

eo 1. 

apg a sin w 
has not yet been obtained. 
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The lines of curvature upon the pseudosphere are given by 
dp? — dq = 0, 
that is, they are given by 
pt+q=u=constant, p—q=v=constant. 
When the surface is referred to the lines of curvature as parametric 
curves instead of the asymptotic lines, so that w and v are the variables of 
reference, the preceding differential equation of the surface becomes 


Co dow l. 
Fu? — Jw? = FA sın w. 
Nul Lines. 


55. The nul lines (or minimal lines) on a surface are defined in connection 
with arcs of zero length ; they are given, as to their variables, by 


Edp + 2Fdpdq + Gdq=0. 
On any real surface, the nul lines are imaginary; and their parameters are 
conjugate complex variables, unless V is zero, a case which usually is 
excluded* from consideration. But it will appear that, though the variables 
are imaginary, they have definite and important relations with real isothermic 
systems of lines upon the surface. 
In order that the parametric curves may be nul lines, the equation 
Edp +2F dpdq+ Gdq =0, 
which is the defining equation of such lines, must effectively be the same as 
dp dq =0, 
which is the general equation of parametric curves. Hence 
E=0, G=0, F+0, 
(and therefore V+0). The expression for any arc then becomes 
ds? = 2F dp dq. 
To determine the nul lines on a surface when they are not the parametric 
curves, we have to integrate the equation 
E dp + 2F dpdq + G dq = 0, 
that is, the equations 
Edp+(F+1tV)dq=0, Hdp+(F-iV)dq=0, 
where we shall assume that p and q are real. Let the primitive of the first 
of these two equations linear in dq/dp be 
u= (p, q) = constant, 
so that u is a complex function of p and q. If wv is the conjugate to u, 
v= 4 (p, q) = constant 


* Darboux (t. i, p. 148) shews that, when V=0, the surface is a developable circumscribed to 
the imaginary circle at infinity. 
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is the primitive of the second of the equations linear in dq/dp. Then 
du=p{Edp+(F+1V) dq}, 
dv =v {Edp+(F- iV) dq}, 

where p and v are conjugate quantities; hence 


ds = E dp? + 2Fdpdq+Gd¢@ 
1 
= ano = Adudu, 


where à is a real quantity on a real surface. 
The nul lines then are given by the equations 
u=0, V=b. 
These variables u and v are often called the symmetric variables. Later it 
will be seen that, while symmetric variables are not unique for a surface, 
the choice of such variables possessing the symmetric character is narrow. 


56. When a surface is referred to nul lines as parametric curves, the 
various equations in the general theory are much simplified. We then have 


E=0, G=0, V-=-r; 
DP i ilk Ole E 
A=0, V=0, AGH ioe. 
The Mainardi-Codazzi relations become 
1 ee Peo: 
L+ pM=M, M+ p M= M,, 


which can be written 


and the Gauss equation becomes 


J DE ae 
= Piet af 1+ 2 ‘ 
IN — M? =F, F 
The mean curvature is 
M 
=9—: 
and the total curvature is 
Fu LN — Me? 
Aa 
1 @ 


The differential equation of the lines of curvature is 
— Ld + Nde =0; 
and the equation of the asymptotic lines is unaffected, being 


Ldp’?+2M dpdq + Ndg = 0. 
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It will appear that the discussion of the geodesics upon a surface is 
simplified, so far as their equations are concerned, by referring the surface to 
nul lines as parametric curves; for only a single fundamental magnitude (F) 
of the first order then occurs in the equations, instead of all three when the 
parametric curves are any general unspecified curves. 


57. As a passing example of the use of nul lines as parametric curves, 
consider surfaces with a constant mean measure of curvature, say 2/h, where 
his a constant. Then 


M2 
PA 
so that 
Mi= ff. 
From the Mainardi-Codazzi equations, we have 
t=O, aN = 0, 


Thus Z is a function of p only, if it is not zero; when we change the variable 


to p’ where I dp = dp’, the new quantity L is unity, that is, we can take 
L=1 without loss of generality. Similarly we can take V=1 without loss 
of generality, when it is not zero. 


The Gauss equation now becomes 


FF, 


1-M=F,,— P’ 


that is, 
(log F)_ 1 F 
opoq F k’ 


a partial equation of the second order to determine* F. Suppose that some 
integral of this equation is known; it gives F, and therefore also M which 
is equal to F/h. Thus we know Æ, F, G, L, M, N; that is, by Bonnet’s 
theorem, there is a surface uniquely determined by these quantities, save as 
to position and orientation in space. 


The lines of curvature upon the surface satisfy the equation 
that is, they are given by 
p+q=constant, p—gq=constant. 
* Writing 
F=he™, h= -2u2, 
the equation becomes 


which is the same equation as occurred (§ 54) in the discussion of surfaces having the Gaussian 
measure of curvature constant. 
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The asymptotic lines on the surface satisfy the equation 


dp? + dg? + 27 dpdq=0, 


that is, they are given by the equations 
hdp + {F + (F? — hP} dq=0. 


58. It is possible to have nul lines in space, as well as nul lines on any 
given surface; and they possess the important property that, from them, it is 
possible to construct minimal surfaces analytically. 


One method of constructing nul lines in space is given by Lie as follows. 
Take any plane 
tæ + uy + v= l, 
subject to a specific relation 
P+w+uv=0 


and to any arbitrary non-homogeneous relation 


Fé, u, v) =0. 
The two relations determine (say) w and v as functions of t; thus the 
equation of the plane contains only a single parameter, and therefore the 
envelope of the plane is a developable surface. The edge of regression of 
this surface is a nul line; and so, by taking any number of different relations 
ff =9, we have any number of nul lines. 


The verification of the statement is easy. A point on the edge of 
regression is given by 
tæ + uyt vz=1 
at+uyt+ vz2=0F, 
uy + v0"2z=0 
with the conditions | 
P+w+v=0, tuwu +w =0; 


and these equations give «, y, z as variable functions of t, so that da, dy, dz 
are not zero. But along the edge, we have 


tdu + udy + vdz + (æ + w'y +z) dt =0, 
da + u'dy+vdz+(u"’y+v"z) dt =0, 
that is, 
tdæ + udy + vdz=0, 
dæ + u'dy+v'dz = 0, 
and therefore 
de _ dy __% 


uv uo v—t tw =u 


= pM, 
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where u is not zero because æ, y, z are variable quantities. Hence the 
element of arc ds is given by 


5 ds? = (uv' — wv + (v — te’)? + (tu' — uy 
=(1 +u” +o”) f (1 +u) He +07) + 2uu'v}, 
on substituting — (uuw + w’) for t. The second factor is 
w +o + (uuw +w Y 


=w+uv+/=0, 
and so 


thus verifying* the statement that the edge of regression is a nul line in 
space. 


59. These nul lines in space are used} by Lie to construct minimal 
surfaces, according to the theorem: 


Let N, and N, be two nul lines in space; let P, be any point on N,, and 
P, any point on N,; then the locus of the middle point of the straight line 
P,P, is a minimal surface. 

The coordinates of P, can be represented by 


G=2A,(=2A4,, ¥,=28,(t)=2B,, 24=20,(t) =2¢,, 
where 
A,? + By? + C7? =0, 
because N; is a nul line. The coordinates of P, can be represented by 
B= 2A(O)= 2A, y= 28,(0)= 2h, 24;= 20,(0) =20,, 
where 
A, BC By? F C,? a 0, 
because N, is a nul line. The coordinates of the middle point of P,P, are 
z= A,(t)+ A,(8), 
y = B, (t) H B, (0), 
z=0, (t)+ 0, (0); 
and therefore, for its locus, we have 
E = $x? = A? + B2 +0 = 0, 
G = Ex = A + B +0 = 0. 


* For the purpose, the Serret formulæ of § 21 can also be used ; in them, we write 


t u 


PERT TE? 


while the u of those formulæ now becomes —1/v. Then we verify that T, which is equal to 
1 
{p+q+(pq' —p'q)"}’, 
vanishes ; and so ds=0. 
+ Math. Ann., t. xiv (1879), p. 337. Lie chooses the middle point; the locus of a point, that 
divides P; Po in any constant ratio, also is a minimal surface. 
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Also 
22,=0, Y= 0, %2.=90, 


and therefore 
M=0. 
Consequently 
EN-2FM+GL=0, 


the equation characteristic of a minimal surface. 

It thus appears that minimal surfaces can be derived from any two 
minimal curves. 

If A,, B,, C, are algebraic functions, and also A,, B», C, are algebraic 
functions, then æ, y, z are algebraic functions of t and @; that is, the minimal 
surfaces then are algebraic. Hence if the arbitrary relation f(t, u, v)=0 
be chosen as an algebraic function in each case, we shall have a succession 
of algebraic nul lines; and thence a succession of algebraic minimal surfaces 
can be constructed. ; 

In particular, if A,(¢) and 4. (0), B, (t) and B, (0), ©, (t) and C, (0) are 
conjugate pairs of complex quantities, the minimal surface is real though 
both the initiating nul lines are imaginary. For instance, let 

t=at bi, 0=a- Bi 

where a and @ are real. An algebraic minimal curve is given by 

a“, = 3t — #, y, = —1(38t4+ B), ERs ich 
and another by 

Rast — CF w= a(se+@), 2-387, 
the minimal surface derived from these as initiating curves is Enneper’s 
minimal surface* (also algebraical, and of order 9) 

c= da+ 308?—e@, y=384+3eB-—8?, 2=3(e@—- p’). 


Isometric Lines. 
60. In connection with the determination of nul lines upon a surface, we 


saw that the element of arc could be taken in the form 


ds? = Xdudv, 


where X is a real constant, 

du=p{Hdp+(F+iV)dq}, dv=v{Edp+(F-71V) dq}, 
„p and v being magnitudes independent of differential elements. On a real 
surface, these symmetric parameters are conjugate complex variables; so we 
can take 

uw=P+W, v= P-Q, 
where P and Q are real variables. We now have 
ds? =X (dP? + dQ); 

and the curves P = constant, Q = constant, are parametric and real. 


* First obtained by Enneper, Zeitschr. f. Math. u. Physik, t. ix (1864), p. 108. 


61] ISOMETRIC LINES 81 


Because there is no term in ds? which involves dPdQ, the parametric 
curves are orthogonal to one another. 


Now take a number of parametric curves in succession, such that the 
variations dP and dQ in passing from any curve to the next curve are 
equal to one another, the common value of all of them being «. Then the 
element of are along Q = constant intercepted between two successive 
P-curves is equal to re, and the element of arc along P = constant 
intercepted between two successive Q-curves is also equal to Mr; and 
the curves are orthogonal to one another. Thus the selected rectangle is a 
square; and so, by the parametric curves as chosen, the surface is divided 
into small squares. Such a system of parametric curves is called isometric, 
sometimes itsothermic, sometimes orthogonal and isometric, the division of 
the surface into small squares being the distinguishing property. 


61. Isometric variables are not unique. Take any function, say 
F(P+7Q), of two variables given as isometric for a surface; and separate 
J (P +7Q) into its real and imaginary parts, so that 


f(P +Q) =P’ + 7Q. 
Let g(P— iQ) be the conjugate of f (P +7Q)—should all the coefficients in 
f(P +iQ) be real, g (P — iQ) is f(P —7Q); then 
g (P —72Q) = P — ig. 
(dP +idQ) f (P + 1Q) = dP’ + 2dQ, 
(dP —idQ) g (P —1Q) =dP’ — idR ; 


Hence 


and therefore 
d =N (dP + dQ?) 


=N (dP? + dQ”, 
N=N S (P iQ) g (Pg), 


so that à is a real quantity. Consequently, the new parametric curves 
P =constant, Q = constant, are an orthogonal isometric system. 


where 


Moreover P’ and Q’ constitute the aggregate of isometric variables when 
complete variety of form is permitted to the function f, a property which can 
be established as follows. Reverting to the initial symmetric variables u and 
v, connected with the isometric variables P and Q, we have the element of 
arc upon the surface in the form 


ds? =r du dv. 


Let any other reduction for the arc-element, expressed by means of symmetric 
variables connected with other isometric variables, be represented by 


de= du dv’. 
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Then w' and v’ are independent functions of the first parametric variables; 


hence we must have 
ou’ 


rdudv=n (3 Ae + du) (Z du +o do), 


for all variations of u and v. Consequently 


au! Oo _ Ww _ 
uu ° ww ’ 
hence either 
(1) = = 0, so that w is a function of u only, and then = 0, so that v’ 


is a function of v only; or 
(11) 2 = 0, so that w’ is a function of v only, and then 2 =0, so that v 

is a function of u only. 
The two cases differ only in an interchange of variables; effectively they are 
only a single case, represented by 

w =f) v=g(v). 

As «w and v are conjugate variables, g (v) is the conjugate of f(u). The 
foregoing relations between P+7Q and P’+72Q therefore produce the 
aggregate of isometric variables. 

It will appear later, in the discussion of the representation of a surface 
upon other surfaces, that the relations express the conformal representation 
of the surface upon itself; and further, that the reference of a surface to an 
isometric surface implies the conformal representation of the surface upon 
a plane, the coordinates in the plane being the parametric variables. 


62. Simple systems of isometric lines are provided by the lines of 
curvature upon a surface of revolution and by the lines of curvature upon 
a central quadric. 

For a surface of revolution, the lines of curvature are the meridians and 
the parallels of latitude. Let r denote the distance of any point from the 
axis of revolution, ¢ its longitude from some meridian of reference, and let 

= f(r) 

be the equation of any meridian curve; then 

ds? = dre + rde? + dz? 

=(14+f")dr?+rd¢. 

Let 

dpa rye: 
then 

£ = r (dp? + do’). 

An isometric system is therefore provided by the curves ¢ = constant (which 
are the meridians) and r = constant (which are the parallels). 
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In the second case, it is known, from the theory of confocal central 
quadrics, that the coordinates of any point on the surface 


elaty/b+2/c=1 

can be expressed in the form 
— y2 = a (a + p) (a + q), 
— yay? =b (b+ p) (b +9), 
— 482? =c (c + p) (c +q), 

where a, 8, y=b—c, c—a, a—b. Then 

T p dp? q dq’ 
EN E N A ES ICET TE 


so that the curves p= constant, q = constant (that is, the lines of curvature) 
are an isometric system. 


63. The conditions that any original parametric curves should be an 
isometric system are easily obtainable. 

In the first place, they must be orthogonal; hence 

F=0. 
Next, the element of are must be expressible in the form 
` (dP? + dQ), 

and p = constant, q = constant, are to be the same effectively as P = constant, 
Q = constant; hence 


E=)f(p), G=rg(q), 


where f and g are any functions of p and q respectively. Thus 


E _f(p) 
G gq’ 
and therefore 
0? E 
Op 0g (iog a) D 


which is the other necessary condition. 


When an element of arc is given in the form 

E dp’ + G do, 
and the necessary condition is satisfied, an appropriate change in the variables 
leads to the form 

(dP? + dQ) ; 
and then the necessary condition is 

BSG: 

But it must be remembered that, for this form of the condition, one special 


isometric system has been chosen. 
6—2 


84 SURFACES HAVING ISOMETRIC feu. it 


Assuming this special choice made, the conditions are 
F207 (E=G=xX. 
We then have 


The Mainardi-Codazzi equations are 
ie M,=5™(L+M), 
W,-M,=5™(L+W) 


The Gauss equation is 
1 il 
LN — M? = — 3 (An + A2) + ot (A? + A’) 


eel loga © log ~) 
aa ( Op? cg 
The mean curvature is given by 


1 
H= LEN); 


and the total curvature is given by 


K= <(LN-M) 


A (E EN 
N Op Goe Je 


64. The reference of any surface to isometric lines as parametric curves 
affects the form of the expression for the arc, and therefore affects the forms 
of E, F, G; but, beyond the necessity of satisfying the Gauss equation 
which gives a value for LN — M?, no condition is thereby imposed upon 
the determination of L, M, N; consequently we cannot expect to have any 
unique determination of a surface. Any postulation of further conditions, 
of course, modifies the problem. 


Accordingly (and especially after the two examples just given in § 62) 
we proceed to consider those surfaces whose isometric curves include the 
lines of curvature. Let the surface be referred to the special isometric 
lines such that we can take 


H=G=), 
of course with the condition F=0. As the parametric lines now are lines 
of curvature, we have (§ 45) both F=0, M=0; thus the aggregate of 
conditions is 


LaG=>r, Feta ite t 
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What is required is the determination (as far as may be possible) of the 
quantities à, L, N. The equations which they have to satisfy are 


M= FNN), 
E 
EN te 1, (“eer 4 Aes) rS, 
2 Op? 0q? 
so that | 
ONON ; 
a | 
IN 
Tey ae 
Writing 
A=NYr, BELLAN p=logr, 
we have 
0A OB re 
oa ae aq =W, AB=%; 
we must eliminate A and B between these three equations. Now 
0A oB 
Bag = 299, — Au, A p = 2X9 DAY, 
2A oB OA F 
ET + 2X3 + WB. — A (Medi + p2) — pa po X’. 
But 
A , 
dp og == fod te fade ; 
hence, equating these values of ta , substituting for = and a , and 


reducing, we find 
0 = 2994. — 29,9, — 29? u po + A (MaX; — pred) + B (m2 — pred). 


Let 

pao = fod = JE 

Pao Sz fade as J, 

3 2997 = 2N = 23? pa fe = D; 
then 
AT + BJ=D. 

Also 

ABEN 
Hence taking 

A? = D? — 41J Y, 


we have 
2A =D +A, 2BJ=D—A. 
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But iss 
0A 
ap 7S A ae eo 
0A d 3B 


Using the values of A and B just obtained, taking account of the value of 
A, and reducing, we find that only two a rA relations survive, viz. 


oD D+A oo. D+A J 

a In ee i +E Epara A 

oDD—A oT Oe ae e X 

ag JA En DIAA a? 
From these, by the relation 

A? = D — 41732, 

we have 

OA D+A 25 SE D+A J 


p aD Or D aD Ea 


oA D—A 2 D-A I y 
ses SNe E S Bias | 
ag SID = — D+ Hea gD DE 

For either pair, we thus have two simultaneous partial differential 
equations; they are of the fifth order in the derivatives of à. When a value 
of X is known, we find A and B from the equations 

2ZAl=D+K, 28S =D x, 
Then Æ (=), F(=0), 4(=d), L, M(=0), Ñ, are known; and so, by Bonnet’s 
theorem, the surface is determinate save as to position and orientation. Thus 
the solution of the problem depends upon the resolution of the two equa- 
tions of the fifth order. 

In connection with surfaces of this character, reference may be made 
to a memoir* by Weingarten and to §§ 435—437 (vol. ii) of Darboux’s 
treatise. 

As an example, we can verify that a surface of constant mean curvature has the 
specified character. 


We have seen (§ 57) that, when a surface of constant mean curvature is referred to its 
nul lines as parametric curves, so that its arc-element is given by 


ds? =2F dpdq, 
the lines of curvature are given by the equations p+qg=constant. Write 
pt+q=2u, p-q=2iv; 
then w and v are parameters of the lines of curvature, and 
ds? =2.F (du*+ dv), 
shewing that the lines of curvature are a parametric system. 


* Sitzungsb. Berl., t. ii (1883), p. 1163. 
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Geodesics. 


65. Among the important lines upon a surface, one class is constituted 
by the curves called geodesics. Unlike lines of curvature, asymptotic lines, 
and nul lines, they are not determined uniquely or in pairs at a point by 
the surface itself. A direction taken at a point determines uniquely a 
geodesic having that direction at the point. The detailed consideration of 
their properties will be deferred until a later chapter. They are mentioned 
here solely because they provide a system of coordinates for the representation 
of the surface, corresponding in notion to the system of polar coordinates in 
a plane; in consequence, these are sometimes called geodesic polar coordinates, 
sometimes geodesic orthogonal coordinates. 


The original definition of a geodesic on a surface is that it is the shortest 
distance measured along the surface between two points on its course. It 
is therefore a curve along which a tightly stretched string would lie at rest 
between the two points on a smooth surface. At any element, the internal 
forces due to the tensions at the two extremities lie in the osculating plane 
of the curve, while the external force is the pressure which acts along the 
normal to the surface; as these balance because the string is at rest, the 
osculating plane of the curve at any point contains the normal to the surface 
at the point. This property, characteristic of geodesics, will later be derived 
also from non-statical considerations. 


Later (Chap. v) we shall see that there may be a limit to the range of the 
curve when it is to be the shortest distance from any initial point to every 
other along its course. When such a limit exists, each extremity of the 
range is called the conjugate of the other; and then, as will also be seen, it 
is possible to draw more than one geodesic between two points when either 
lies beyond the conjugate of the other. For our immediate purpose, we shall 
assume the domain of the surface in the vicinity of a point to be so far 
restricted that it shall not include the conjugate (if any) of the point along 
any geodesic. 


66. Without waiting for the full discussion of the general equation of 
geodesics, it is desirable to notice one simple and important property, viz. 
if a geodesic be a plane curve (which is not merely a straight line), or if it 
be a line of curvature, then it is both a plane curve and a line of curvature. 


When a geodesic is a plane curve, its principal normals intersect, save 
only when it is a straight line. These principal normals are the normals to 
the surface along its course; they therefore intersect, and so the curve is 
a line of curvature. 
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Next, let a geodesic be a line of curvature. Take four consecutive points 
on the curve, say A, B, ©, D. The normals to the surface at B and C 
intersect in some point, say O; these are the normals in an osculating plane 
of the curve at B, so that the points A, B, C, O lie in one plane. Similarly, 
the points B, O, D, O lie in one plane. Hence the points A, B, C, D lie in 
one plane, and so for points in succession; that is, the curve is a plane 
curve. 


But the converse is not true; that is, a plane line of curvature (e.g. a 
parallel on a surface of revolution) is not necessarily a geodesic on the 
surface. 


67. Adopting for the moment the definition relating to the shortest 
distance, and having regard to the statement at the end of § 65, consider 
two geodesics through a point O making an infinitesimal angle 
with one another at O. Along them measure any the same B 
distance to points A and B, so that OA =OB; then* the small 
rectilinear arc AB ts perpendicular to both the geodesics. 

If not, take BG = ABsec ABG; then BAG is a right angle, 
while A BG is an infinitesimal plane triangle and GA, one of the 
sides, is less than ŒB, the hypotenuse. Thus 


0G+GA<0G+GB 
< OB 
< OA, 
for OB and OA are equal. Then the path in the surface along OG and GA 


is shorter than the path along OA, in opposition to the fact that OA is the 
geodesic between O and A. Hence the angles OAB, OBA are right angles. 


GAA 


Now take any number of consecutive geodesics through O; and along 
them measure any the same distance, obtaining points A, B, C,..... We shall 
thus obtain a curve as the locus of points at a given distance from O measured 
in the surface along geodesics through O. The curve is sometimes called a 
geodesic circle; and sometimes, because it is orthogonal to the geodesics, an 
orthogonal trajectory of the geodesics; and sometimes a geodesic parallel, 
though the term geodesic parallels includes the orthogonal trajectories of any 
family of geodesics, whether concurrent or not. But it must not be assumed, 


and it is not in fact the case, that a geodesic circle is itself a geodesic on the 
surface. 


68. The property makes a point, and a geodesic distance, and the inclina- 
tion of this distance to a geodesic of reference through the point, correspond 
to an origin, and a radius vector, and the angle between this radius vector and 


* The proposition is due to Gauss. 
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an initial line in a plane. The associated variables (the geodesic distance 
and the inclination to the geodesic of reference) are called geodesic polar 
coordinates. 

Accordingly, take any number of consecutive geodesics through an origin 
O; and let two of them meet any curve in points P and Q. Let OA, any 
fixed geodesic, be used for reference; let the 
angles at O be 

AOP=q, AOQ=q+dq, POQ=de¢. MQ 

Along OQ, measure OM from O equal to OP; P 
then the small rectilinear are PM is perpendicu- 
lar to OQ at M. Also PM vanishes when P and 
Q coincide, that is, when dq vanishes; hence, as 
PM and dg vanish together, we can take 


PM = Day, 


where D naturally will depend upon the geodesic distance OP and may (and 
usually will) depend upon the variable gq. Also, let 


OP=p, OQ=p+dp; 
_UQ= dp. 
Thus the are PQ of the curve (being any arc on the surface) is given by 
ds? = (QM) + (MPF 
= dp + Ddo; 
so that we have an expression for the elementary arc in terms of geodesic 


coordinates ; and the magnitude D is a function of p and g. Sometimes the 
expression for the arc is taken in the form 


ds? = dp? + gd. 


then 


When we compare this expression for ds? with the general expression 
ds? = Edp + 2F dpdq + Gdq’, 
the line p = constant being a geodesic circle, and the line g = constant being 
a geodesic, we see that the conditions, necessary and sufficient to secure that 
the general expression for any arc should have reference to geodesic polar 
coordinates, are 
Baloo =), 
On a real surface, G = g, = D*, and is therefore a positive quantity. 


In establishing the expression for the arc, no account was taken of 
secondary magnitudes at P or of curvature properties; and so the geodesic 
polar coordinates do not, of themselves (as do the asymptotic lines, for 
example), lay any limitation upon the secondary magnitudes. But, of 
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course, the Gauss equation and the Mainardi-Codazzi relations must be 
satisfied. We have 


BO: I’ =0, DP’ =—4o9n 


A=0, A’=$tg/9, A” =49,/9; 
so that the Mainardi-Codazzi relations are 


The Gauss equation is 


and therefore the total curvature is 
Re > (LN- M?) 


il 
oe 4g? ($991 — 91°) 


2y 0? g? 

ope 

À 
When we use the quantity D in place of g,and we write K = 


T 


1 
ap’ where a and 
8 are the principal radii of curvature at the point, the last equation becomes 


eD  D 


op * aB 
a property first established by Gauss. 


0, 


The mean curvature is given by 
Fico 
g 


One property of the quantity D may be noticed. When P is near O, the 


geodesic OP is appreciably a straight line so that PM = pdq; hence, when 
p is very small, we have 


D= p + higher powers of small quantities, 
and so, at O, we have 


oD 
ap 


As already stated, the detailed developments of the analysis, connected 
with geodesics and their properties, will be deferred until Chapter v. 
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Summary. 


69. It may be convenient to make a summary statement of the different 
sets of conditions satisfied by the fundamental magnitudes when the para- 
metric curves belong to one or other of the various classes of curves 
considered in this chapter. The curves are 


G) orthogonal, if F=0; 

(i) lines of curvature, if F=0, M =0; 
(iii) conjugate, if M=0; 

(iv) asymptotic, if L=0, N=0; 

(v) nul, if H=0, G=0; 


(vi) isometric (or isothermic) orthogonal, if E = G, F =0 (with a special 
selection among the variables); if the special selection is not 

0° 

made, then F=0, pa (E= 0; 


(vii) geodesic polar, if E =1, F = 0. 


EXAMPLES. 


1. Obtain an equation of asymptotic lines of the surface given by the equations 
w=(b—¢)(p—a)(q—a), y?=(e—a)(p—b)(g—b), #=(a-b) (p-e) (g-o). 
2. Shew that the asymptotic lines of the tetrahedral surface 
(ala) + (y[b)”+ z/c)” =1 
are determined by the equation 
a(alay™ + B(y/6)2™ +y (elo? ™"=0, 
where a, 8, y are arbitrary constants such that a?+ 8?+%2=0. 


3. Prove that a conjugate system of curves on a surface remains conjugate when the 
surface is submitted to any projective transformation. 


4. Prove that the condition, necessary and sufficient to secure that the parametric 
curves are conjugate, is that all the four coordinates in a homogeneous system should 
satisfy an equation 

ét AG, + BE, + C=O, 
where A, B, Care functions of p and g only. 

Shew that an equation of the same form (though with different values of A, B, C) 
must be satisfied by each of the coordinates in a tangential system. 


5. Two families of spheres are defined by the equations 
+Y +e- pit — py- ps2-p,=0, P+ y?+2— q -gY — 932 — Ga=0, 
where 7, ..., p4 are functions of p only and q, ..., q4 are functions of g only ; shew that 


the envelope of the radical plane of any sphere of the first system and any sphere of the 
second system is a surface possessing two families of conjugate plane curves. 
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6. A sphere of radius unity is referred to nul lines as parametric curves. Shew that 
the parameters u and v can be chosen so as to give 
F=2(1+ur)-2=-¥, L=0, N=0; 
so that the nul lines are also asymptotic, and the equation for the lines of curvature is 
evanescent, 
Prove also that the equations of geodesics on the sphere then are 
i ae va 
w? luv? — v1 +’ 
where w'=du/ds and v'=dv/ds; and obtain a primitive, other than the integral 
4u'v' =(1+uv)*, in the form 


au+bv=uv—1. 
Verify that the curve so determined is part of a great circle. 


7. Shew that the only developable surfaces which have isometric lines of curvature 
are either conical or cylindrical. 


8. Shew that the variables of the nul lines satisfy the equation 
z(a) argat p) =e 
9. A surface is given by the equation 
ds'={ f(p+9)—9 (p—9)} dp dg; 
and its Gaussian measure of curvature is constant, and not zero. Prove that either 
O S(pt+g)=«O(p+q) g (P—Q)= (p -9), 
where @ denotes the Weierstrass elliptic function; or 
(ii) f(p+q)=« cosec?(p+q), g(p—g)=« cosec?(p—g); or 
(ii) f(ptgi=«(pt+g-% = g(p-g)=«(p-9)?. 
10. Shew that the developable surfaces, given by the equation 
d? ={f(p+9)-g(p- 9); dpdg, 
can have one or other of the following expressions : 
G) f(pt+q)=«cosh(pt+q), g(p—q)=« cosh (p—q); 


(ii) f(pt+g)=Kerts, 9 (p-g=Ker-4; 
(iii) f(pt+q)=« (p+), 9 (P-Q)=«(p-)3 
(iv) f(p+q)=«(pt+q), 9 (p-Q)=k(p- Q)3 


and obtain the most general form. 


11. Shew that the circumference of a small geodesic circle of radius pis 2rp(1—1Kyp), 
and that its area is wp? (1 - 3} Ko p°), where Xo is the total curvature of the surface at the 
centre of the circle. 


CHAPTER IV. 


LINES OF CURVATURE. 


CONCERNING the topics about to be discussed—viz., the determination of the lines of 
curvature on a surface, the configuration of the lines of curvature near an ordinary 
umbilicus on a surface, and some properties of the double-sheeted centro-surface belonging 
to an ordinary region of any surface,—some references are given in the course of the 
chapter. The student should also consult Darboux’s treatise, t. iii, pp. 334—356, and 
Bianchi’s treatise, chapter Ix. 


70. Some of the immediate and elementary characteristics of lines of 
curvature have already been given, mainly to fix them individually in the 
scheme of organic curves upon a surface. Among these are the properties 
that, along a line of curvature, consecutive normals to the surface intersect ; 
that, at any general point, there are two lines of curvature which are perpen- 
dicular to one another, and that there is a centre of curvature for each of the 
lines at each point of the surface; that there is a surface of centres, being the 
double-sheeted locus of the centres of curvature; and so on. We now proceed 
to consider some developments of such results, as well as other properties of 
the surface which are specially controlled by the lines of curvature. 

In the first place, it is important to obtain an integral equation or integral 
equations for their analytical expression. We know that, when the surface 
is referred to two parametric curves, the directions of the lines of curvature 
at any point satisfy the equation 

(EM — FL) dp? + (EN — GL) dpdq + (FN — GM) dq = 0, 
which is definitely non-evanescent except at an umbilicus. Accordingly, it is 
necessary to integrate (directly or indirectly) this equation which, being of 
the first order and the second degree, is equivalent to the two equations 


2(EM — FL) dp + {EN — GL —V?(H?—4K)} dq =0, 
2(EM—FL)dp+ {EN — GL+V?(H?-4K)?| dq = 0, 
each being of the first order and the first degree. Let the respective 
primitives of these equations be 
w= constant, v = constant ; 
then these primitive equations give the lines of curvature. Thus the deter- 


mination depends upon the solution of a couple of ordinary equations of the 
first order, when we know a parametric representation of the surfaces. 
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The same result can otherwise be expressed in terms of partial differential 
equations of the first order. When a line of curvature is given by 
u = constant, 


its direction at any point is given by 
udp + u.dq=0; 
and the ratio of dp/dq thus determined must satisfy the general equation. 
Hence 
(FN — GM) u2—(EN — GL) ww + (EM — FL) u? =0 
The same equation is satisfied by v, when the other line of curvature is 


given by 


v = constant. 
Hence the lines of curvature are given by two functionally independent 
integrals of 
(FN — GM) 62 —(EN — GL) 0,0, + (EM — FL) 0? = 0, 
which is a partial differential equation of the first order, in two independent 
variables. This has to be integrated (say) by Charpit’s method; when the 
solution admits analytical completion, we have equations for the lines of 
curvature. 
Umbilici. 

71. The equation for the directions of the lines of curvature thus leads 
definitely to equations for the lines after some process of integration, always 
on the assumption that the equation exists. But the result cannot be inferred 
when the equation ceases to exist through becoming evanescent; and so this 
possibility must be considered further. 


At such a place on a surface, called an umbilicus, we have 
TFE M Ne eee 
Wf Bie a ig 
say. The curvature of a normal section of the surface through any direction 
dp/dq, being 
Ldp? +2Mdpdq + Ndg? 
Edp + 2Fdpdq + Gdo’ 
there becomes 1/«, and consequently is independent of the direction. Thus 
the two principal radu of curvature at the point become 1/«—it will be 
remembered that a principal radius of curvature of the surface usually is not 
the radius of circular curvature of the corresponding line of curvature itself— 
and the radius of curvature of every normal section also is 1/«. Thus there 
seems no specific line of curvature at the point; and so we inquire into the 
form of the lines of curvature in the immediate vicinity *. 


* The subject was first investigated by Cayley, for the umbilicus of an ellipsoid, Coll. Math. 
Papers, vol. v, pp. 115—130: and more generally by Darboux, in Note vu, at the end of the fourth 
volume of his treatise. See also, in a note by the author, Messenger of Math., vol. xxxii (1903), 
pp. 75—80. 
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72. At first sight, it might appear convenient to take the lines of curva- 
ture as parametric curves, because F and M would then be zero over the 
surface and the equations would be simplified. But the lines of curvature at 
and near an umbilicus have not yet been determined, and their determination 
is the matter at issue; we must therefore choose other parametric curves. 
It is equally impossible to choose asymptotic lines for the purpose; being 
the asymptotes of the indicatrix-conic, which is a circle at an umbilicus, 
they are not definite there. We might choose isometric orthogonal lines. We 
shall however leave the parametric curves quite general and unspecified, 
merely noting the simplification which would arise had isometric orthogonal 
lines been chosen. 

Writing dp/dq = t, and 

A=EM-FL, B=EN-GL, C=FN-GM, 
so that A, B, Č vanish at an umbilicus p,, qo, we have 

A+ Bt+C=0 

as the equation of the lines of curvature. Ata point p +p, qo +q, very near 
an umbilicus, we have 

A=A,p+ A.qgt+4(Anp? +24, pq t+ Ang) +..., 

B= B, p + Baq + 4 (Bip? + 2B. pq + Bug’) +..., 

C= Cip + Cq +4 (Cap? +20. pq + Cng)+...; 
where the coefficients of the various powers of p and q are the values, at the 
umbilicus, of the derivatives of A, B, ©. For the present purpose, the first 
derivatives are critically important. Now 

A= EM + EM,- F,L-— FL, 
= EQ- FP, 
on substituting for M, and L, in terms of the derived magnitudes of the third 
order (§ 40) and using the umbilical relations L/E = M/F = N/G; and similarly 
A,=ER—FQ, 
B,=ER-GP, B,=ES—-GQ, 
C.=FR-GQ, C,= FS —-GR. 
We have, always, 
EC- FB+GA=0; 
and therefore, at an umbilicus, 
EC,—FB,+GA,=0, #C,—FB,+GA,=0. 

(Had special isometric orthogonal lines been chosen as parametric curves, we 
should have had E=G, F=0; and then A,+C0,=0, A,+C,=0. These 
special relations give no essential simplification.) 

Owing to the form of the occurrence of ¢ in the differential equation and 
to the fact that full variation of some variable is needed, we make ¢ the 
independent variable. Following Darboux, we use a contact-transformation 

a p= 
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so that q = dé/dt, p= tdé/dt — £; and p and q are to be expressed as functions 
of t. We are to have p and q small; and so & and dé&/dt must be small. 
Substituting in the differential equation, we find 


d 
(A,f+ Bt+ 0) (+ — €) + (Agt? + Byt + Ch) = mee A) 


where the unexpressed terms contain squares and higher powers of & and 
d&/dt; and therefore the terms of lowest order in the equation* are 


; d | 
(Ai? + (B, + A) O+ (C4 B)t+ 0) E= (A+ Bitt Q)et .... 
Consequently, when we require values of € that are small (given in the 
present case by having an arbitrary constant small), so that we keep in 
the immediate vicinity of the umbilicus, the governing part of & satisfies the 
equation 


(A,f + (B, + As) #+ (0, + By) t+ oS = (Ae + Bt + QE. 


Let 
A, + (B, +4) P +(C,+ B)t+C, = Ai(t—4)(t— tb) (t— t); 


and suppose that the quantities ¢,, t», t are unequal, and that no one of them 


is a root of A,#@+ B,t+C,. Then let 
A,@+ Bt+C, mM, Ms Ms | 


ACB AN C+ bite, f6 gon 


we have 
mM, +mM,+m;= 1. 
The governing part of £, say £, is then given by 
E=c(t—t)™ (¢— t,)™ (t— t5)™, 
where c is an arbitrary constant; and, as £ is to be small for the investigation, 
we take c to be small. Then 


= Latte ee 


Mg (te — ty Ms (ts — t 
p-a=] Pa ee °} i 
(hoot nee 
pe ght fr 2 zh) ta zi 7 
Mm (t, —t ta — t 
p-g=] ME dpt Ne 
it being always remembered that c is a small quantity. 


a Sees (= Moty meh | 


* For the general properties of such equations, see the author’s Theory of Differential Equa- 
tions, vol. ii, chap. v. 
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73. The configuration of the lines depends upon the values of m,, Ma, ms, 
which satisfy the relation 
M +M,+ Mm; = 1. 
First, suppose that the quantities m are real. Then they also satisfy the 
inequality 
Mi MM; >Q, 
which can be verified as follows. We have 


EC, —FB,+@A,=0, EC,—FB,+GA,=0, 
so that 
asd en . 
Ae Oe OR nO 


hence 


(C,.A, — C,A,)? + (A,B, — A,B,) (B,C, — B,C,) = — 02 V? < 0. 


But 
= A,t? + Bi +, 


"aT AGA) 


and so for m,, ma; hence 
(A,t,? + Bit, + C) (4t? + Bita + 01) (Ait? + Bit, + 01) 
— Aj? (t — tY (t — tY (ts — hh)? 
_ (0,4, — —C,A,)?+(A,B,— A,B,) (B01 — B Cs) 
=A (t —t,) (te =b) (ts — t) 
and therefore m,m,m; is a positive quantity, as stated. As mi, Mo, M; are 
real, there are two general possibilities, viz. 


Ma Ma Mz = 


(a) all the quantities m,, m,, m; are positive and less than 1; 


(8) one of the quantities, say m,, is positive and greater than 1, while 
the other two are negative. 


When a quantity m, is positive and greater than 1, then for values of 
t nearly equal to t, we have aie 
q = k (¢—+t,)™1+4 higher powers of t— t, ie 
p— qh = k(t — t)™ + higher powers of t — 4, 
and therefore p and g remain small for such values of t, while A 
Mı 
POEG Fig. i. 

near the origin. The lines of curvature therefore are as in fig. i. 


When a quantity m, is positive and less than 1, then (in —7 mı 


spite of the small factor c in £) both p and q tend to become 

large while p — qf, remains small; that is, the line p— qth =0 M 
is an asymptote to the curves. The lines of curvature there- 

fore are as in fig. ii. ii. Fig. 


F. 7 
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When a quantity m, is negative, then (again in spite of the small factor 
c in E) both p and gq, as well as p — qt, tend 
to become large for values of t nearly equal to 


t, while near the point re el 


Pp — Qe = ng", 
m,|(m,—1) of course being positive; that is, 
we have a parabolic asymptote. The lines of 
curvature therefore are as in fig. ii. 


Nile 


Combining these results, the whole arrange- Tp 
ment for (a) is shewn in fig. iv, and the whole 
arrangement for (8) is shewn in fig. v, these giving the dispositions of the 
lines of curvature near the umbilicus. 


Fig. iv. Fig. v. 
The results and the diagrams were given first by Darboux. 


The preceding investigation is the same as Darboux’s, already cited (§ 71), 
in substance though it is formally different in analysis. Darboux refers the 
surface to the tangent plane at the umbilicus, so that its equation has the 
form 

z= $k (æ +4?) +4 (aa + 3bay + 3b'ay? + ay) +... 
The equation for the values of ¢ is 
b+ (2b-—a')#+(a—-2b)t-b=0; 
and 
m =— th) d+ ht) 
: (G-t) i-t) ’ 
with similar values for m, and m. 


74. It was assumed that m,, Mo, M, were all real. The alternative is that 
only one of them, say m,, is real; then m, and m, are conjugate. As 
rn V2 
Aj! (ti — te)? (4 — ts)? (t — 63)’ 


Mı MM; = 
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it follows that m,m,m, is negative. Now m,m, is the product of two con- 
jugate quantities and therefore is positive; hence m, is negative. 


Then for values of ¢ nearly equal to t, we have p, q, p—tg all large, 


while there is a parabolic asymptote 
mMm, 


Cag 


and so the configuration of the lines of curvature is as in fig. vi. 


Fig. vi. 

75. The suggested determination of the lines of curvature, by means of 
the differential equation of the first order which they satisfy, presupposes 
a knowledge of the fundamental magnitudes; and this may be neither given 
nor obtainable easily in the absence of obviously suitable parameters. Yet 


it may be necessary to have some integral equation giving the lines of curva- 
ture; and we can then proceed in one or other of two modes. 


By the first, we make two of the Cartesian coordinates the parameters— 
say x and y; the parametric curves are then not orthogonal (save at special 
places), though their projections on the plane of z are orthogonal. Then 
with the usual notation for derivatives of z with respect to æ and y, the 
fundamental magnitudes* are 

E=1+p, F=pq, G=1+¢@, 
N 
APT 


and so the differential equation of the lines becomes 
(1 + p’) s — pgr} da + (1 + p°) t — (1 + g’) r} dody + { pat- (1 + g°) s} dy? = 0. 
The primitive of this equation will give the projection of the lines of curva- 
ture upon the plane z=0; when it is combined with the equation of the 
surface, we have equations sufficient for the analytical expression of the lines 
of curvature. 

* See Ex. 3, p. 60. 
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76. The other mode of proceeding depends upon the use of another form 
of the equation; and it is effective with some special classes of surfaces. 


Let u, v, w denote three quantities proportional to the direction-cosines 
of the normal, so that j 
UU RAUEN Y: Z= E- : 2 
if the equation of the surface is (a, y,z)=0; then any point on the normal 
is given by 
E=a+lu. n=ytl, =z+ Ww, 
where J is a variable parameter. Take the consecutive normal at a point 
along a line of curvature; denote by £, n, € the point where the two normals 
meet, and by £+ dE, ņn + dn, +d the point where the second normal is 
met by the normal at a second consecutive point along the line of curvature. 
Then dé, dn, df is an element of the normal, so that 
dE _ dn _ dE 
uo a 
say; hence 
pu = dæ + ldu + udl, 


that is, 
0 =de + ldu +u(dl— u); 


and similarly 
0=dy+ ldv + v (dl — u), 
0 = dz + ldw + w (dl — p). 
Hence 
dx, dy, dz |=0, 
du, adv, dw 
a, Uy wo 
an equation satisfied in connection with variations along a line of curvature ; 
it is a differential equation of the lines of curvature. 


If, with the concurrent use of œ (a, y,z)=0 and derivatives from it, we 
can obtain a couple of independent integrals 


F]YHN=P, I%W2)=4 
where p and q are arbitrary quantities, these are the equations of the lines of 
curvature; p and gq are the parametric variables of the lines. The difficulty, 
of course, lies in obtaining such integrals; there is no general process by 
which the integration is reduced to mere quadratures. 
As an example, let us find equations for the lines of curvature on the cubic surface 
gyz=l. 
We can take 
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The differential equation is 
| dw, dy, dz |=0, 


me? yr ZB 
1 1 i 
ee ae 


and so quantities A and B exist such that 


1 B 1 B 1 B 
po (445) da, 57 (4+) dy, == (443) dz, 


that is, if B=), 
dx 1 dy 1 dz 1 


oe O en? y ~ PEN? z Z+ 


But any direction on the surface is such that 
dy d 
do UNa 
Gi A 
Hence there are two values of à, each associated with a line of curvature; and they are 
given by the equation 


0. 


1 1 1 


Pi TAR 


IHN Y+ 5 


Take the line of curvature d'x, d'y, d'z which is perpendicular to dz, dy, dz, so that 


du d'xe-+dyd'y+dzd'z=0; ’ 


then, along that line, 
sda  yd'y zdz 


LHA YHN raa 
Also 
dÀ dÀ dA 
+X sey ree ae ee 


adding and effecting a quadrature, we have 
(a?+2) (y? +A) (4 +A) =constant. 
Let à; and à, denote the roots of the equation 


AANA aia 
LAA YHA BHA 


0, 


regarded as a quadratic in \; then the lines of curvature on the surface zyz=1 are given 
by 
(22+) (Y? +A) A TR] 
` (22+) YHN) (P+) =g) 
where p and g are the parametric variables. 
Changing p and q into 4p and 4g, Cayley shewed that these equations are equivalent 
to 
w+ oy? +02 =3 (p? a 
? 
a+ 0%? + o= (pË TO 


where oœ is an imaginary cube root of unity. 
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77. We have already seen that the conditions necessary and sufficient 
to make the parametric curves lines of curvature are 
F=0, M=0, 
the first of which makes them perpendicular and the second of which makes 
them conjugate. We then have 


_ TED oe Tea ee 
2 SOR? Yi ee 

IA Sa LG, ee eee 
mney Hikes ORE ee 


Also, since M = 0, we have 
Vo = C + tA’, 


Ya =I + yA’, 
Aaa A Le Zale 
Hence, if @ denote any one of the three coordinates a, y, z, the equation 
TO 110H00 110400 _ 
opoq 2H dq op 2G dp oq 


is satisfied, when the parametric variables p and q belong to the lines of 
curvature, a result first given by Lamé. We can verify at once that 
0=27+y'?+2 also satisfies the equation. 


But the fact that v, y, z satisfy an equation 
00 00 00 

apg dp "dq 

is not a consequence that comes only when lines of curvature are parametric 
curves. The equation is of the same form when the parametric curves are 
merely conjugate, without being perpendicular; in the latter case, however, 
the values of à and p (being I’ and A’) have the general form given in § 34 


and not the above special form; and @=a*+y?+2 does not satisfy the 
equation. 


0 


The Mainardi-Codazzi relations, when F = 0 and M=0, become 


Lana +1 =3($4G) EB 


Pure 
vd RATA al 
N eain +WA'=35(5+7) G, 


The principal radii of curvature are a, along p= constant, and £, along 
q = constant; thus 


so that 
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But 


=5 3 6-3) 


ara- 

TINUT AE \8 Sa)? 

hence the Mainardi-Codazzi relations can be written 
DAN A R OE 
eG) el ames, op 


and similarly 


PAN amie 


el eee 


The Gauss characteristic equation is 


1 1 
LN =-4(En+ Gn) + gg (Ene + G2) + gg (BiG + Ei). 


But x 
G-man 
op \pt 3p) ontgt Apie GY 
ue elias 1 ee ae 
dqg\qt og/ opm ” 4Higs\# G4)’ 


and therefore the Gauss equation becomes 
a ae EE, CaN 
Op E @p/ ôq a a 
EZG? 
a cae 


which can also be obtained directly from Liouville’s form (§ 36). 


The derived magnitudes of the third order are 


Q= ty BBB) —3)= Fa (a) 
R= M—- Gam (3-30 pla) 
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78. Consider, in particular, the formule for a central quadric 
a ah anil 
ALOE 
they will be required later in dealing with its surface of centres. We know 
that the lines of curvature are the intersections of the quadric with the 
confocal quadrics 
g? y? 22 $ g2 y? z2 = 
arp btp op ? TR 64g herae 
so that p and q are the parametric variables of the lines of curvature upon 
the given quadric. The coordinates of a point on the quadric are given by 
— Byat=a(a + p)(a+q) 
Sty OOS PURDA 
—aßze =c (c +p)(c +q) | 


? 


where 
a, B,y=b—c,c—a,a—b. 


Then, if r is the distance of a point on the quadric from the centre, and 
if æ is the perpendicular from the centre on the tangent plane at the point, 


ee ee Pq 
ao? a? 6? Cc abe 


item | 


We have 
1 P(p-4q) 
Ar) C HD GER 
Ge q(q—P) 
CET 
MEO 
Also 
_f_be (a+p)(a+g)è? 
Aaa 
f By Pq 
refa (b +p) (b ro 
ya Pq 
_{_ ab (c+p)(c+9)\? 
A Í a8 PY 
and 


bole 


ents 
(a+ p)(6+p)(¢+p) 


1 
54 
f ET p-4q 
4 
0 


Nm 
(a +q) (b+) (c+ q) 
M= 
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The principal radii of curvature (say a’ and 8’) are 


L-g. (29 

a G PUNE 

dei Lio ae 

BH \pq) p’ 
The umbilici are given by 

PRs 

but the quantities p and q are separated in general by — a, — b, — c, according 
to the values of these quantities; and so, at an umbilicus, p =q = — a or — b 


or —c. Thus, on an ellipsoid for which a >b >c > 0, the umbilici are given 
by p=q=—6. 


The magnitudes of the third order are 


79. Among the many simple properties of relation between a surface 
and the surfaces derived from it by inversion, we have the property* that 
when a surface is inverted, its lines of curvature are transformed into lines of 
curvature. 


Let c be the radius of inversion, and take the centre of inversion as origin. 
Denoting by &, n, € the point which is the inverse of a, y, z, we have 


x zZ 
E=’ =°, beea ENA EYE 
Then 
hip Cx U5 Cx 
Weipa ea f= 2M 


with similar values for m, 72, 6, & 3 while 
TY, = LL, A YY, +221, Tro = LH, + YY2 + 222. 
Hence, for the inverse surface, 


4 
HY =EP + f+ G=<E, 

7 Gi 
F =f + mmh + Gb = za F, 


ct 
G= FP + ne + G = G; 


and therefore 


* It appears to have been noted first by Hirst, Ann. di Mat., t. ii (1859), p. 164. 
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For the direction-cosines X’, Y’, Z’ of the normal to the inverse surface, we 
have 


ee 2 
AK = p mnh- mh) =W- X, 


Y'= Gi- Gh) = Ayw- Y, 


r? 


RL toy 
Z' = p Em- Em) = 2 W Z, 
where 
W =X +yY +2Z, 


and W is the perpendicular from the origin on the tangent plane. Also 


Again, 
De PA Cx Cx 
=?— —4?—7,+6 — r?-2 —r 
11 r2 r? 1 ri 1 r? ll> 
with corresponding values of nn, &,, while 


Tru = Ly + YYy + 22, + E-r?; 
hence 


L= AE, + Y'a T Li 
==) 2 Zsén— LXE, 


2 2 2 3 5 > 
-2 (- 8G +3 Sre- m)-(ŻL+6 Lew- 25 rW) 
ex r E 1 i 


r? y2 r? 
2e W CA 
Torm 7 4. 
Similarly 
2 2 2 2 
E L Ss Te AU E 
i z T jia 
Consequently 


E'M'-F'I' =- 2 (EM — FL), 
E'N'—- GI =-5 (EN - GL), 


F'N' -@'M'=—5 (EN - GM); 
and therefore the lines of curvature of the inverse surface, being given by 
(E'M — F'L’) dp + (E’N' — GL’) dp dq + (F’N’ — GM’) dq = 0, 
that is, by 
(EM — FL) dp? + (EN — GL) dp dq + (FN — GM) dq = 0, 


are the same as the lines of curvature upon the original surface. The pro- 
position therefore stands. 
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We may further note that 
G) the angle between any two curves is unaltered by inversion ; 
(i) nul lines are inverted into nul lines ; 
Gii) conjugate lines are not generally inverted into conjugate lines ; 
(iv) asymptotic lines are not generally inverted into asymptotic lines. 


Let the principal radii of curvature of the new surface be a’, along p= con- 
stant, and 8’, along q = constant. Then 


apa OL W el Er y U 
E A TAN EE Tee A 
TARDI P71 
so that ee (- = ) 
a’ Bi c2 a B r) 
and therefore wmbilici are inverted into umbilici. For any normal section, 
1 mi W 


2 
Hiei HA r: 
c c 
and the total curvature of the new surface is 
ré 2 We 
e A AA 
c c c 


Surface of Centres. 


80. We have already defined the surface of centres of a surface (some- ` 
times called its evolute, sometimes its centro-surface) as the locus of the 
centres of curvature along the lines of curvature given by the intersection of 
consecutive normals. Usually it is a two-sheeted surface which may have 
singular lines even when the original surface is free from singularities; but in 
the case of a surface of revolution one of the sheets degenerates into the axis 
of revolution; in the case of a developable surface one of the sheets lies 
entirely at infinity; and similarly for some other surfaces. We proceed to 
consider some of the simpler results belonging to centro-surfaces. 

Let P be any point on a surface, referred to its lines of curvature as 
parametric curves; let PQ be the line p = constant, PR the 
line g=constant; and let Q7, RT be the other lines of 
curvature through the consecutive points Q and R. The 
lines PAB, QAB’, RA’B, TA'B’ are the normals to the 
surface at P, Q, R, T, intersecting as in the figure. 


Because the consecutive normals along a line of curvature 
intersect, the normal planes to the surface through the 
tangents to a line of curvature have, as their envelope, a 
developable surface of which the normals are generators. 
The edge of regression of the developable surface is the locus 
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of the intersection of the normals, that is, a curve upon the centro-surface, 
and so it is the intersection of the centro-surface and the developable 
surface. At the point P, we have 


BG 
=a 
It will be convenient to call the sheet of the centro-surface given by the 
centres of curvature along the lines p=constant the first sheet, this being 
the locus of the points A for all the points on all these lines; and similarly 
the sheet for the centres of curvature along the lines q= constant will be 
called the second sheet, this being the locus of the points B. 


PA=a PB==7. 


The normals at P and R, meeting at a point B on the second sheet, touch 
the first sheet at A and A’ respectively; thus AA’ is a tangent line to the 
first sheet. Also PAB is a tangent line to the first sheet; consequently the 
plane PBR is the tangent plane at A to the first sheet. The normal at A 
to the first sheet is perpendicular to this plane and is therefore parallel to 
PQat P. Similarly the plane PAQ is the tangent plane at B to the second 
sheet; and the normal at B to the second sheet is parallel to PR at P. 
Hence the normal at any point on either sheet is parallel to the tangent to 
the corresponding line of curvature ; and the normals to the two sheets at 
the two centres belonging to any point on the surface are perpendicular to 
one another. 


But AA’ is not necessarily nor generally parallel to PR, nor is BB’ 
necessarily or generally parallel to PQ. We are not therefore in a position 
to assert that AA’ and BB’ are perpendicular to one another; as will be seen 
later, it is only exceptionally (in one or other of two directions on the surface 
at P) that associated arcs on the two sheets of the centro-surface are’ perpen- 
dicular. 


Next, consider the osculating plane of the edge of regression at A. It 
contains two consecutive tangents to that edge; that is, it contains two consecu- 
tive normals to the original surface along the line of curvature and therefore it 
contains the tangent to its line of curvature. But at the point on the sheet, 
the normal to the sheet is parallel to that tangent to the line of curvature. 
Consequently, the osculating plane at any point of the edge of regression 
that lies on the first sheet contains the normal to the sheet; it is therefore 
(§ 65) a geodesic on the sheet. The same holds for the second sheet. Hence 
the edge of regression on the developable surface generated by the normals 
to the given surface along a line of curvature is a geodesic on the corre- 
sponding sheet of the centro-surface. 


81. As regards the analytical formule, let £, n, € be the coordinates of 
A, a point on the first sheet; and let £, 7’, & be the coordinates of B, a point 


81] CENTRES 109 
on the second sheet; A and B being the associated centres for P. Then 
we have 

a+ BX, =0, £ + aX, = 0, 

y,+ BY =O, Ya+aY, =0, 

2+ BZ,=0, Z+aZ, =0. 


But 
E=ax2+aX, E =+ BX; 
hence 
dE = («, + aX) dp + Xda 
a 
= Ü (1 - 3) dp + Xda, 
dt! = (a + BX,)dq + Xd 
= B 
=a, (1- ©) dq+ Xap; 
and so 
d= (1- $) dp-+ Xda dë =a (1 - ©) dg+ Xag | 
dn=y, (1 - 5) dp+ Yda }. dy = y, (1 — Ê) dg + Yag 
dg=2,(1- $) dp + Zda ` dt = 2, (1- P) dq + Zag 


In the first place, we notice that 
dédE' + dndn’ + dédé’ = dad£ ; 
and therefore associated arcs on the two sheets are perpendicular only if da 
or df is zero, that is, only for directions 
Pdp + Qdq= 0, Rdp + Sdq=9, 
on the original surface (§ 77). 


In the second place, we notice that along the geodesic on the first sheet, 
which is the edge of regression of the developable surface generated by the 
normals along p = constant, we have 


òE = X òa, òn = Y ôa, 86 = Zba. 


If the orthogonal trajectory of this curve on the sheet be given at the point 


by the foregoing values of dé, dn, df, then the necessary and sufficient 
condition 


ESE + dndn + ds = 0 
leads to 


da= (0; 


that is, the orthogonal trajectories of the regressional geodesics are given by 
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the curves on the sheet corresponding to the loci on the surface at which the 
curvature of the associated line of curvature is constant. 


We can at once verify from the formulz that the normal at any, point to 
a sheet is parallel to the tangent to the associated line of curvature. Thus, 
for the first sheet, we have 


E= a, (1 2 ah OX aye S 
a 


m= (1- g) + Ya, maS Yo; 


at the point, the direction-cosines of the normal to the sheet are propor- 


tional to 
| é, Ni» 6 I 
: É, No, z | 
that is, to 
ee Yis A | ; 
XPZ 


that is, to #, Yə 2, which are proportional to the direction-cosines of the 
line of curvature p = constant. Similarly, for the other sheet. Let these 
direction-cosines be A, B, C for the first sheet, and be A’, B’, O” for the second 
sheet; then 

A=G@-%m, B=G@-%y, C=G-tz, 

A'=E-t2,, B=H-ty,, eee 

Let do denote an elementary arc on the first sheet, and E, F, G denote 

the fundamental magnitudes of the first order for that sheet; and let do’, 
E’, F’, G’ have the similar significance for the second sheet. Then 


do? = dé? + diy? + dg? = E (1 — a) dp? + do, 


da” = dé + dn? + dE”? = de? + G (a -PY ag, 


a? ; 2 
paces | Sasa t 
F == A, A, ! : F’ =_= BiS: 
G= On | E’ = Be 
It is to be noted, from the form of the expression for do, that the curves 
p= constant are geodesics upon the first sheet, while the curves a= constant 


are their orthogonal trajectories—in agreement with former results; and 
similarly for the curves q = constant and 8 = constant on the second sheet. 


so that 
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Let L, M, N denote the fundamental magnitudes of the second order for 
the first sheet; and let L’, M’, N’ have the similar significance for the second 
sheet. Then 


L = AEn + Bon + Con = —-4G72 (1 j 


sy a L,= 5 B? A 
M= Aé;, ae Bre k Cos = 0, 


N = AẸn + Bra + Cla =- @ 2; 


and similarly for L’, M’, N’. The whole set of values is 


GB 
La ay gO Ne 
M=0 s M'=0 ; 
3 , 1 Pi 
N= Gs Li=— E23 


The values of the fundamental magnitudes for either sheet are deduced 


from the set for the other sheet by interchanging simultaneously p and q, 
E and G, L and N, a and £. 


Manifestly, neither F=0 nor F’=0 save in the special circumstances 
that a principal radius of curvature is a function of one of the parameters 
only. But M=0 and M’=0; hence the two curves on either sheet, that 
correspond to lines of curvature on the original surface, are conjugate to one 

another, but in general are not lines of curvature on the sheet. 


The total curvatures for the two sheets are 


= il Eh a. 1 a, 


Ean A Tas SG 


and the measures of mean curvature are 


l(c, ) E Ge 
G2 (a—8) Eaa (a— B} aa,’ 
Pedi of oy e oye Bt 


 Et(«-B} GBB(a-8) BB, 
82. The lines of curvature on the first sheet, being in general 
(EM — FL) dp? + (EN — GL) dpdq + (FN — GM) dq? = 0, 
are, on substitution, given by the equation 
5 Pe dp + aa, G3 de 


P 
ooe TE a. yp eB |dpdg = 0. 


A, 
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The lines of curvature on the second sheet similarly are given by the 
equation 


Bp: BS dpe + Bab: OE ay 
+|{er+e(1-)} BE + FF ape | dpdg=0. 


These two equations are the same if the coefficients are proportional to one 
another. Writing them momentarily in the form 


adp + bdpdq + cd = 0 
a'dp + V'dpdq + c'do? = 0 

we have the necessary conditions given by 
CMD a 


The condition © => leads to a relation 


Bi Bi. 
a, a Á 
: ae caus (OG ee: ; 
and, when this relation is used, the condition 7 =2 leads to a relation 
: a, = Bi; 
that is, we have 
= Bı =0,_@— f= 


Consequently we must have 
a — 8 = constant, 


and so we have the theorem due to Ribaucour*: 

When the lines of curvature on one sheet of the centro-surface correspond 
to the lines of curvature on the other sheet (that is, when they are determined 
by the same analytical relation for the two sheets), the difference of the principal 
radu of curvature of the original surface is constant. 


Moreover, we then have 


on 


AL 
that is, the Gauss measure of edna Sete ian and negative and the 
same everywhere on each of the sheets. 
83. The asymptotic lines on the first sheet, being in general 
Ldp? + 2Mdpdq + Ndq’=0, 

are, on substitution, given by the equation 

LeB.dp? — GB’a,dq? = 0. 
Those on the second sheet are given by 

Ee B, dp? — Gade = 0 

* Comptes Rendus, t. lxxiv (1872), p. 1399. 
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These two equations are the same if 


a, 8, — a8; = 0, 
f(a, 8) =0 


subsists between the principal radii of curvature of the original surface 
without the occurrence of other variable quantities. Such surfaces are called 
Weingarten surfaces (§ 42) and are to be discussed later. Meanwhile, we 
have the result* that the asymptotic lines on the two sheets of the centro- 
surface of a Weingarten surface correspond to one another; and, conversely, 
af the asymptotic lines on the two sheets of a centro-surface correspond to one 
another, the original surface is a Weingarten surface. 


that is, if a relation 


84. As an example of the general theory, consider the centro-surface of 
an ellipsoid 


and suppose that a >b >c, all three quantities being positive. The expressions 
for x, y, 2, X, Y, Z, and for the principal radii of curvature have already (§ 78) 
been obtained. The radii of curvature are positive on the concave side of 
the surface (§ 31); hence the centres of curvature are 


ee nce 
Ing (OO + PY +9) 


(c+ p} (¢+49) 


apy 
pa © + 7) (b+ 99 


E j 
pesmet 
p =o-dX =f- AEETI 
ie } 


SPOR Gr) 


Elimination of p and q among the values of £, », € leads to a relation 
between £, », € which is the equation of the first sheet. But elimination of 
p and q among the values of &, 7’, ¢’ manifestly leads to the same equation ; 
that is, there is a single equation representing the two sheets of the surface. 


Now we have 


a & bn? Ce 
+ = 0, 
(a+ p} O+py (+p) 
a £ bn? c Se 


, 


+p Op Ctp 


* The result is also due to Ribaucour (l.c.). 
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and the equation would be obtainable by the elimination of p between these 
two relations. The elimination can be effected as follows. Take the 
equation 

E a 


prairie ena wer gts 


where @ is a disposable parameter. It is a quartic in ¢; and the two pre- 
ceding equations express the two conditions that the quartic should have a 
triple root. Write the quartic in the form 
“+ 4k, t? + 6hot? + 4k;t + ky, = 0, 
where 
4k, =0 +A-X, 
6k,=0A+B-Y, 


4k; = 0B + C—Z, 


ky =0C, 
A=a+bte, A= 2 yt E 
B=be+ca+ab, Y=(b+c)&+(c+a)7?+(at+b) &, 
C = abe, Z = be& + can? + abl. 


The conditions that the quartic should have a triple root are that the quadrin- 
variant and the cubinvariant should vanish ; hence 


k,— 4kık; + 3k? = 0, 


I Le k I= 0. 
ki, ky, k; 
ka, ks, kı 


The former gives 
No? + NOFANO 


and the latter gives 
po’ aA + 10 + ue = 0, 
where A, and pm are of degree 0, A, and p of degree 2, à, and u, of degree 4, 
and yu, of degree 6, in the variables, each of them being an even function in 
its own degree. Eliminating 0, we have 
| Ào, Ao» Aas 0 > 0 a 0 
0 > No» de; Ma; 0 


0 , Ho , Ho bs > Me 


as the equation of the centro-surface. Manifestly it is a surface of the twelfth 
order. 
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To obtain a notion of the form of the centro-surface, consider it near the 
plane ¢= 0 and, in particular, its section by that plane. In that plane we 
must have —p=c, or -g=c. When —p=c, then 

— apy = (a — c} (a +q) = — B (a +q), 


— byan? =(b—c)(b+q)= a(b+4q), 
so that 


an ellipse, being the locus of points where the normal to the ellipsoid along 
the principal section is met by the normal at an adjacent point on the other 
line of curvature. For small values of § near that ellipse, we take c+ p=- P 
where P is small; then, approximately, 


oe o 


ay f 28 


ree OB 


so that there is a cuspidal edge of the centro-surface at the ellipse. When 
—q=c, then 


(ay) =a +p, (byn =b+p, 


UER +O = of, 
the evolute of the principal section of the ellipsoid. For small values of ¢ 
near that evolute, we take c +q =-— Q where Q is small; then 


TapE =la tP? OCR-R), -bya =(b+p}(a-Q) —caser=—(c+ pd, 
so that the plane ¢= 0 is normal to the surface and the evolute section is an 
ordinary curve upon the surface. As regards the degree of the intersection, 
the degree of the ellipse must be counted thrice because of the cuspidal edge, 


and the degree of the evolute is six; hence the degree of the intersection is 
twelve, as is to be expected. 


so that 


Similarly for the other coordinate planes. The sections are: 
R 2 b 2 7 z 
ing=0o EE (ag + O=, 


mg=o heat, (tep =al, 


y? B 2 
2 2 2 
ing=0, $a =1, (PR Hap = 88. 


The form of the two sheets of the surface in the positive octant is as shewn 
in the figures. In the left, a+c >2b; in the right, a+c< 2b. The point G 


8—2? 
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corresponds to an umbilicus on the ellipsoid. The dotted line GH is a nodal 
curve where the sheets intersect; and they touch one another at G. 


` 


The nodal curve is given by the equality of & 7, Ẹ for one set of values 
of p and q to &’, ’, &’ for another set of values p’ and g. Thus 
(a +p} (a +9)=(a +p) (a +g”, 
(+p)? b+q)= +p) +y, 
(c+tpP(c+g=C+p')(c+q); 
and so p,q, p’ could be expressed in terms of q’; or all four quantities p, q, pig 


could be expressed in terms of one parameter. As q and p’ occur linearly in 
the equations, they can be eliminated at once; we have 


a(a+q/)—a(at+p), (at+q', (at+py | = (). 
b(b+q—bb+py, (+q), (b+py 
oleta = etp (c+q' (c+py 

Removing a non-vanishing factor (a — b) (b — c) (c — a) ( p — q}, and writing 
A=a+b+c, B=ab+bc+ca, C= abc, 


we find 
3pq' (p+ q) +Al(p +gY + 2pq'} +3B(p +q) + 20=0, 
as a relation giving p in terms of q. To express them in terms of a single 
parameter g, we take 
3pg' + A (p +g) + B= 2c, 
and then 
Ap + B(p+q)+C=-a(p+q) 
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that is, 
Ap¢ + (B+c)(p+q7)+C=0. 
Hence 
py a (agi eel 
AC-— B+ Ba-—2c7 AB-—2Ac—3C 3B+4+30-— A?’ 
thus p and q’ are the roots of the equation in P 
(3B — A? + 30) Pe + (380 — AB + 240) P + AC — B? + Bo — 20° =0. 


The values of q and p’ are then given linearly by the original equations; 
they are 


if 


q p 
e ET E CQp-7)-A+pt+q)p 

_ 38B-A?4+3e 

PGO ABP AG) 
There are two nodal lines, each closed, each passing through the centres of 
curvature at two umbilici; they are symmetrical with reference to the surface; 
and they do not intersect upon the centro-surface unless a + c = 2b, in which 
case they touch at two points. 


For further details and properties of the centro-surface of an ellipsoid, a 
memoir* by Cayley may be consulted. 


Derived Surfaces. 


85. In addition to the surface of centres, there are various surfaces 
specially connected with the centres of curvature which suggest themselves 
for consideration. Thus there is the middle evolute, which is the locus of the 
point midway between the two centres. There are also the parallel surfaces, 
being the loci of points taken at a constant distance along the normal from 


the given surface. 


Consider, generally, a derived surface obtained by measuring along the 
normal a variable distance J from the surface; thus / will be a function of p 
and q and, unless the surface be a Weingarten surface, / can be regarded as a 
function of « and 8. Let the point thus associated with æ, y, z be denoted by 


Ein, 6; then 


E=ae2+1X, F=yH LY, C=2+12Z. 
We have 


E= an+ 1X, + Xh=-(l- 8) +Xh, 


E= a+ 1X,+ Xh=- (l-a)? + Xh, 


* Coll. Math. Papers, vol. viii, paper 520, where other references are given. 
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and similarly for derivatives of 7 and & Let LZ, F, @ denote the fundamental 
magnitudes of the first order; then 


Moe are 
B= ("4") E+ 
B 
F=ll, 
@-(= 
a 
Also let X, Y, Z be the direction-cosines of the normal to the new surface, 


and write 
— @\? = 
l? E; 
7) e+ a(S 


e) G+ 


2 2 l 
= 5-4) (py + le ( 
then 


VX = mb, SS EGT 


~ (Px - ra) Gta ae) - (faz) (rna) 
Iae E 


= 


y s G 

= zl0-9 l-E ee = 7) 
oe E A 
PY= (la) (1-6) Snt E pr) 
Pare a G l E 
ee er —" Fath se ro 


When the normal to the derived surface coincides with the normal to the 
original surface, we have X = X, Y= Y, Z= Z; and so 


L=0, L=0, 
except for special surfaces and special values of / such that 
t=a, 4=0; or 4=0, 7=P8: 


Thus, in general, l= constant; or a surface parallel to the given surface is 
the only surface, which is derived by taking points along the normal and has 
its tangent plane parallel to the original tangent plane. 


When the normal to the derived surface is perpendicular to the normal 
to the original surface, we have XX + YY + ZZ=0; and so 


(l-a) (1-8) =0. 


The centro-surface is therefore the only surface thus derived, which has its 
tangent plane perpendicular to the original tangent plane. 


And generally, the inclination ¢ of the two normals to one another is 
given by 


Peos $= (l-a) (I-A. 
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For the fundamental magnitudes of the second kind, say L, M, N, we 
have 


a l= l 
r N (5) + Xin + ih 


B 
Be eile Kl) Onda aN 7 B, 1-8 
=X fl, zC B) n lop +2- T Fo 


on reduction (§§ 34, 77); also 


z PAN ad-e 
EET a EE N op a 
£ ; “(op a +3) “(5G B ib 


ae G G, la Gath Sores aii 
g = gore — — — Ú: 2 chee 
; {i a a} gi G ite aoe 


a 


with corresponding values for the second derivatives of 7, €& Thus 


VL = i F VY mu F g 


H-A- ke 23 el- 2a) -y (l-a) (UB) 
ie, 8 E am Te VE, 
Ha —- ) 7 v+ (£) 


a 2B 2G 
Vif = 73 (1-4) (1-8) ~ hh Ay OTe a 
see oe ES 3G 
VN =In73(t—a) (1-8) ls Cl- 28) - ator (l-B) 
Ge) BB (ag SBP? 


It is clear that, in general, the lines on a surface thus derived, which 
correspond to the lines of curvature, are not perpendicular, for F is not zero; 
and they are not conjugate, for M is not zero. If however / is a function of 
only one of the two parametric variables, then F is zero while M is not zero ; 
then the lines, which correspond to the lines of curvature on the original 
surface, are perpendicular to one another. And if / be constant, so that the 
derived surface is a parallel surface, then both #’ and M are zero; that is, the 
lines of curvature on all parallel surfaces correspond to one another. 


86. Various simplifications arise in regard to these derived surfaces when 
special values are assigned to the quantity l. 

We have already considered the cases when / is made equal to one or 
other of the principal radii of curvature; the derived surface is the centro- 


surface. 
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When l=4(a +£), the derived surface is the middle evolute; it was 
apparently first considered by Ribaucour* and discussed subsequently as 
to its properties by Appell and by Goursat. The latter, in particular, dis- 
cussed the inverse problem of determining a surface or surfaces which have 
an assigned surface as their middle evolute; the resolution of the problem} 
depends, as many inverse problems in differential geometry depend, upon 
a knowledge of the most general integral of a partial differential equation 
of the second order. 

For a Weingarten surface such that a + 8 = constant, the middle evolute 
1s a parallel surface. A minimal surface is its own middle evolute. But for 
surfaces not of special character such as Weingarten surfaces, the properties 
of the middle evolute are not of conspicuous importance. 


87. One property of parallel surfaces—the persistence of the lines of 
curvature through all the surfaces which are parallel to a given surface— 
has already been indicated. The normals at associated points coincide; and 
the lines of curvature on the two surfaces correspond. But the asymptotic 
lines do not correspond, nor do the nul lines. 


As regards the measures of curvature, we have 


B= (8) a, P=0, a=(="\ a, 


The principal radii of curvature, being G/N and Ẹ/L, are a— land 8 -— l, as 
is to be expected. Also 


eal 1 H-2K 
she aes amps og 83 82) 72 © 
1 K 


NI 


~(a—-D(B—-l) E A 
In particular, if K be constant and equal to 1/a?, and we take l= +a, 
then 


H=f 


’ 


ale 


that is, a surface parallel to a surface of constant total curvature 1/a? at 
a distance a is a surface of constant mean curvature. This result, one more 


link between surfaces having constant measures of curvature, is due to 
Bonnet. 


* Liouville’s Journal, 4™° Sér, t, vii (1891), pp. 5—108, 219—270. Other references are given 
by Darboux, Théorie générale, t. iv, p. 327. 
+ Goursat, Amer. Journ. Math., vol. x (1888), p. 187. 
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EXAMPLES. 


1. Obtain the lines of curvature on the surface wy=az, where a is constant, in the 
form 


pata ilet), g= (PHa (24y) 
2. Shew that the lines of curvature upon the surface 
OY REE, 


where /, m, n are constant, and a is a parameter, are given by the equations 


x2 l 2 m [22 n a2 l 2 mM /z2 n 
CESES Ga) En) Ea 
where à and p are the roots of the equation 


l m n 


regarded as a quadratic in 6, the parametric variables of the lines of curvature being 
p and q; and prove that the principal radii of curvature are pk and gk, where 


k = (|x? + m2/y? + n?e. Prove also that the surfaces a= constant, p = constant, 
q = constant, are orthogonal to one another. 


3. Shew that the ellipsoid «?/a?+¥?/b?+2/c?=1 has real umbilici at the points 
_ a? (ab) poe -e 


y¥=0. x? z 5z 3 
A aaa. moe 


pi 


on the assumption that a>b>e. Discuss the lines of curvature in the vicinity of any 
one of these points; and shew that they: have the configuration in fig. vi (p. 99). 


4. Verify that the lines of curvature on the quadric 


2 
LE 
aC 
are the intersections by the confocal quadrics 
y? 2 
ria a 


Trace their course upon the surface; and find the principal radii of curvature in terms of 
the parameters of the confocal quadrics. 


5. A surface is inverted with respect to any centre. Shew that the quantity r/p+p/r 
is unaltered, save as to sign, where r is the distance of a point from the centre of inversion, 
p is the perpendicular upon the tangent plane, and 1/p is the curvature of the normal 
section at the point in any direction. 


6. A surface is referred to its lines of curvature as the parametric curves; shew that 
EX, => PX — (P+ LT) BI LAX, 
LX p= —(Q+ LY’) a, - LA'x, 
GX i= -NTa —-(R+Na') x, |’ 
GX = — N2X — NT" 21 —(S+ NA") a2 


with corresponding formule for derivatives of Y and Z. 
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7. A sphere of diameter @ rolls on the outside of a closed oval surface of volume V 
and area S; and the parallel surface, which is its outer envelope, has volume V’ and area S’. 
Shew that 

V'— V=sa(S'+8)- 270%. 

8. A surface, parallel to a given surface, is generated as the envelope of à sphere of 
constant diameter æ rolling on the surface. With the customary notation for magnitudes 
on the given surface, shew that the fundamental magnitudes for the parallel surface are 

H'=(1-@R) E+ (eH -— 2a) L L'=(1-aH) L+aKE 
POTER Fst at} M'=(1-aH) M+akP 
G’=(1-a@?K) G+ (eH—-2a) N WN'=(1-aH) N+ak@ 


9. A distance /, equal to the harmonic mean of the principal radii of curvature, is 
measured along the normal to the surface; and do denotes an elementary arc on the 
surface, which is the locus of the point so obtained. Prove that 


eve 
do*=dl? 2-8) ds?; 
ani 
and give a geometric interpretation of the result. 


10. Prove that each sheet of the evolute of a pseudo-sphere is applicable to a catenoid. 


CHAPTER V 


GEODESICS. 


Tar literature connected with geodesics is very copious. Only a few important 
references will be given here ; fuller references will be found in the authorities quoted. 


For geodesics on surfaces of revolution in particular, a full treatment will be found in 
the first chapter of the sixth book in vol. iii of Darboux’s treatise; and reference should 
also be made to Halphen’s Fonctions elliptiques, ch. vi. 


For the general properties of geodesics and the use of the notion of geodesic curvature, 
the fundamental memoir is that of Gauss*; and full treatment is given, as usual, by 
Darbouxt. 

The method of determining geodesics by means of the solution of partial differential 
equations of the first order is expounded by Darboux in his third volume, pp. 1—39 and 
pp. 66—85. At the end of the fourth volume he has appended a Note (11) by Keenigs, 
dealing specially with geodesics which can be obtained through quadratic integrals and 
summarising a number of results deduced in another memoir. 

One portion of the subject-matter has been omitted deliberately—the analogy between 
theoretical dynamics and the theory of geodesics. It was developed first by Jacobi$; and 
an excellent account is given by Darboux in the last two chapters of the second volume of 
his treatise. 

Reference may also be made throughout to the sixth chapter of Bianchi’s treatise. 

At the beginning of this chapter, various propositions from the calculus of variations 
are stated. In their application to the theory of geodesics, they are used especially in 
connection with the range along which a geodesic is actually the shortest distance on the 
surface. 


88. The definition and a few elementary properties of geodesics have 
already been given; these curves will now be discussed in fuller detail, and 
three main methods of discussion will be indicated. 


A geodesic upon a surface has been defined as a curve of shortest length 
measured in the surface between two points; and a descriptive property was 
deduced to the effect that the osculating plane of the curve contains the 
normal to the surface. The curve may be produced to any length on the 

* Disquisitiones generales circa superficies curvas, Ges. Werke, t. iv, pp. 217—258. 

+ See, in particular, the second volume of his treatise, pp. 402—437; and the third volume, 
pp. 113—192. 


+ Mém. des Sav. Etr., t. xxxi, No. 6, (1894). 
$ See his Vorlesungen über Dynamik. 
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surface, and the deduced descriptive property will be possessed at every 
point; but the curve is not necessarily the shortest distance between any 
two points however far it is produced. Thus on a sphere a great circle is 
a geodesic curve; the shortest distance on the sphere between two pints 1s 
the smaller arc of the great circle through the points, and not the greater 
arc, though the latter everywhere possesses the deduced property. Hence 
we must possess some method of determining the limits, if any, between 
which a geodesic curve is actually the shortest distance, and outside which it 
may cease to be the shortest distance, though it possesses everywhere the 
deduced property. For this purpose (as for other connected purposes) the 
calculus of variations will be used; fortunately, the expression of an arc 
involves only derivatives of the first order, and so only the simplest 
propositions will be required. 

In a second range of investigation, the property (which will sometimes be 
called the geodesic property) that the osculating plane of the curve contains 
the normal to the surface is used, initially to obtain equations for the geodesic, 
and later to determine their properties, especially when the geodesics are 
drawn as tangents to non-geodesic curves. For this purpose (as also for 
other connected purposes), the Gaussian analysis for surfaces will be used. 


In a third range of investigation, the analytical association with theoretical 
dynamics is used. Thus, to take only the simplest instance, we know that a 
particle, moving on the concave side of a smooth surface under the influence 
of no forces other than the pressure, describes a geodesic. More generally, 
the Lagrangian equations of motion of a particle in a conservative field 
have the form characteristic of the equations of a geodesic as deduced by 
the calculus of variations. The theory of partial differential equations of the 
first order is much used in the developments of those Lagrangian equations ; 
and so it may be expected that the theory will be useful in deriving some 
properties of geodesics. Some illustrations, especially as connected with the 
actual determination of the curves, will be given in due course. 


Application of the Calculus of Variations. 


89. Without pretending to give a full summary of the results obtained 
in the calculus of variations for problems of the first order, it will be sufficient 
for our purpose to state the essentially useful propositions, as they can be 
applied to geodesics on a surface*. It is the length of the are between two 


* The proofs will be found, with varying elaboration, in any one of the more modern text- 
books on the Calculus of Variations, such as those by Bolza, Hadamard, Hancock, Kneser. 
Some of the propositions are of old standing. Thus the simplest case of the first (or, what is the 
same thing, the fifth) is due to Euler. The second is due to Legendre, and the third to Jacobi. 
The fourth is due to Weierstrass, who reconstructed the subject and whose lectures, in authorita- 
tive form, are not yet published. 
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points on the surface which is to be made a minimum; so we have to consider 


integrals 
f (Ep” + 2Fp'g + Gq’)? dt, | (E +2F0 + GO) dp, 


where, in the first, p and q are to be made appropriate functions of t, while 
p =dp/dt and q = dq/dt; and, in the second, 0 = dq/dp, and q is to be made 
an appropriate function of p; always so as to secure the minimum. The 
propositions are as follows. 


I. When the quantity to be made a minimum is 


I fP, 4 p, g) dt, 


where the function f is homogeneous, and of the first order, in p’ and q’, the 
quantities p and q must satisfy the equations 
Cpe at icp)... 0g dtiog) 

Because f is homogeneous and of the first order in p’ and g, these two 
equations are equivalent to the single equation 

oy toy i I Pee 

mapeg = orp S OP Mam”, 
owing to the relations 


the quantity fı being 


Thus either equation can be treated alone. In any of the forms, it is the 
characteristic equation; the primitive gives a possible minimum. 

It is an addition to the proposition that, even if the curve should suffer a 
sudden change of direction at a free (and not fixed) point in its course, the 
values of df/ép’ and df/dq’ are continuous in the passage through the free 
point. 

II. The preceding quantity fı must be positive everywhere along the 
curve if a minimum is to exist. 

This condition is necessary, though not sufficient, to make the second 
variation positive. The preceding condition is necessary and sufficient to 
make the first variation zero. 


III (1) When the primitive of the characteristic equation can be deter- 
mined, let it be denoted by 


p=¢(44,b), q= ve, b), 
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where a and b are arbitrary constants ; and write 


ap, Op _ Op _ 
=g (t), a, = b(t), ap = s(t), 


Op as a mee es ON 
T = y (a); 0G mg vy (t), Ob Wo (é). 


Construct the functions 
w =Y OAO-¢OWO) =u, 
un =" (t) po (t) — P (t) ha (t) = x: @), 
© (t, to) =x (É) Xe (to) — X2 (t) Xı (to) ; 


and take the independent variable ¢ as increasing throughout the range of 
integration. Then a range of integration, beginning at tẹ, must not extend 
so far as the root of ® (t, t) =0 which is next greater than t. 


A geometric expression of the condition is due to Jacobi. Take a curve 
satisfying the characteristic equation and passing through the lower limit of 
the integral represented by t; and take a consecutive curve (that is, one which 
makes an infinitesimal angle at t with the preceding curve) also satisfying the 
characteristic equation and passing through the same initial point. Let the 
first point after the initial point at which these two curves ultimately inter- 
sect (if they do intersect) be called the conjugate of the initial point. Then 
the range must not extend as far as the conjugate of the initial point. 


III (i). When the primitive of the characteristic equation is not known, 
it may happen that some special integral is known. In that case, the critical 
function © (t, t) must be obtained by another process. Let 


= i id hae ie Se ee d of fe 
f= ge te q fi dt ao aks 
and form the equation 


(AG) wine 


where u is the dependent variable, inserting the values of p’, q', p”, q” derived 
from the special integral. This linear equation in wu of the second order has 
to be completely integrated ; its primitive is 


U = CU + CU, 


= cy: (t) + x(t), 


where c and c’ are arbitrary constants. The critical function is © (t, t), 
where 


© (t, to) = X1 (€) X2 (to) — Xa () Xi (to); 


the condition, as regards the range of integration, has already been stated. 
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IV. Let 

o PA E AB 

= g (pgp g), Z =g (p, g p q); 
and construct the function @ such that 

C= ing P’, Q) -9 (p, wg} P 
+ (9: P, g P’, Q) — go(p, g p^ g) Q. 

This function @ must be positive everywhere along the geodesic curve for all 
directions given by P’ and Q’, other than P’ =p’ and Q’=q’. The functions 


gı and g, are homogeneous of order zero in p’ and q’; for the function @, the 
independent variable can be taken to be s, the arc of the curve. ` 


These tests are sufficient and necessary to secure that the curve provides 
a minimum; that is, the integral receives a positive increment for small 
variations of p and gq. These variations are called weak, when dp, ôq, dp’, èq’ 
are small and tend to zero; they are called strong when òp’ and ôg are 
not small, though òp and ôg are small and tend to zero. The first three 
tests are sufficient to secure the minimum property for weak variations; the 
additional fourth test (the excess-function test) is necessary and sufficient to 
secure the minimum property also for strong variations. 


V. When the integral, which has to be made a minimum, has the form 
[wa bdp 


where 0 = dq/dp, the first three tests have a simpler form; and they represent 
the older stage of the calculus of variations, when the variations considered 
admissible were of the type called weak. 


The characteristic equation in (1) is 
d (9 7) Lc fx 0 
dp ( 00 Oi oni 
The test contained in (II) is that the quantity 
ew 
00? 


must be positive everywhere. 
For the test in (IIT), let the primitive of the characteristic equation be 


q= 9 (p, a, b). 
Then the quantity 


oY _ pI 

A ah 
where A and B are arbitrary constants, must not again acquire in the course 
of the range the value that it has at the beginning; so that the range is thus 
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limited. But if the primitive is not known, while some special integral is 
known, then the equation 

W d (ew d (W du 

| 3 dp (aa) ~ dp a ip) “fae 
(when for g and @ their values derived from the special integral are substi- 
tuted) must be completely integrated. Let the primitive be 

u = Au, + Buy. 

Then the quantity Aw, + Bu, must not again acquire in the course of the 
range the value that it has at the beginning. 


x 


Such are the tests needed for our purpose. We proceed to apply them, 
first, in general to all geodesics as far as possible and then, later, to some 
particular geodesics when they can be applied only upon a knowledge of 
details. 


90. The element of arc upon the surface is, as usual, 
ds? = Edp + 2Fdpdq + Gde. 
When the curve is a geodesic, some relation must exist between p and q so 
as to define the curve; or, what is the same thing, p and q must be expressible 
in terms of a single parameter, say t. Then if p’ = dp/dt, q' =dq/dt, 0 = dg/dp, 
the arc is given in either of two forms, viz. 


ds? = (Hp? + 2Fp'q + Gq”) de, dv =(H + 2F0+ GO) dp’; 
and therefore, when the arc on the surface between two points has a minimum 
length, the integrals 
i (Ep? + 2Fp'd + Gq) dt, | (E + 2F0 + G0) dp, 
must satisfy the minimum tests provided by the calculus of variations. 


Two of the tests are satisfied for all geodesics on all surfaces, it being 
remembered that we are dealing with portions of surfaces which are devoid 
of singularities. 


Consider the test in (II). When we write 
S=S (pw p’, 1) = (Ep? +2Fp'g + Gq), 


where we naturally take the positive sign for the real radical, we have 


ete 

f PY Op og 
V2 
are 


on reduction. This is always positive on a real surface; and so the necessary 
condition is satisfied. 
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When we write 
W =W (p, q, 0) =(E + 2F0 + GO$, 
again taking the positive sign for the real radical, we have 
Was 
0 Ws? 
which always is positive; so that the condition is satisfied for this form also, 
as is to be expected when it is satisfied for the other form. It follows that, 
in the discussion of geodesics, we need pay no further attention to the test 
in (II). 
Next, consider the excess-function test in (IV). We have 
Ep’ + Fg d dg 
p= E ; 1=-E +r? 
Fp + Gg d d 
E raot, 


and therefore 
@ = {EP + FQ — (Ep + Fg) P+ {FP + GQ — (Fp + Gq’)} Y 
=] — cos Q, 


where Q is the angle between the direction p,q and the direction P’, Q’. 
Thus the excess-function is positive for all directions given by P’ and Q’, other 
than P' =p and Q’=4q’. The test is satisfied for all geodesics on all surfaces; 
and therefore we need pay no further attention to the test in (IV). 


Accordingly, we now have only to consider the characteristic equation 
and the determination of conjugate points. 


91. When we develop the characteristic equation 
ar E 
dt Ge ie op. i 
where f= (Ep? + 2Fp'g + Gq)?, we have 
7 av + Pg )}- wpe" + 2Fip'g + Gg") = 


that is, j P , y P 
d p q Al r p dg 1) = 
25,(z Par) mF C a ma? 
oe d d dp d dq\? 
dp q al PY, a 4 DAZ) = 
that is, 


E 


ip, dg P Tapia oT ae 
eth tela tzm E i as ae 


130 GENERAL EQUATIONS OF [CH 


Similarly, when we develop the characteristic equation 


‘)-¥-0 


og k 
dp g?g a] ,dpdq y ei 
= E S l ==} 0); 

Fast @ gat” (a) 2" Gat” (as) 
These two equations are the equations of geodesics in general. 'They serve 
to determine p and q in terms of s, taken as a parameter; when s is 
eliminated between the determinate values of p and q, a single relation 
survives which is the integral equation of geodesics on the surface. 


we find 


As regards the significance of the equations, we note that 


ae dp\? dp dq dq\? dp dq 
Te a (gs) +2 dt (d) tA da tA ae 


ds 


with similar expressions for d?y/ds? and d’z/ds?, these relations holding for 
any curve. Hence 


=m (E) + 2m’ os +m” (a +E as + pea 
s ds ds? ds? 


when the curve is a geodesic; and similarly 
aa dy dz 
Hence 
1 die Ling ica 1 d?z 
Ya —AYa US? Zila — 0,2, A BY — Yt As?” 


that is, 
ld 1ldy e A 
Xdse Yds Zds?’ 
so that the principal normal of the curve coincides with the normal to the 


surface, in accordance with the earlier inference (§ 65) that the osculating 
plane of the curve contains the normal to the surface. 


We may remark here that this property is sometimes made the basis 
of a definition of a geodesic. 


92. Other forms can be given to the general equations. In their first 
form, they are 
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dg 


when they are resolved for cP and Jez? Ve find 
d*p dp dp dq | pn (qv? _ 
ea +r te") =o 
dq dp dp dq yt dq aN 
ata) a, ds qa (a) ay 


These also are therefore general equations of a geodesic, and they prove more 
useful than the general equations in their initial form. 


Moreover, we are to expect. that the two characteristic equations are 
equivalent to one only; and we know that the integral equation of a geodesic 
is a single relation between p and q, so that the single characteristic equation 
ought to be a relation between p and q which (owing to the form of the 
general equations) should be an ordinary differential equation of the second 
order. Now 


dpdq_ dq dp\’ dq _ dp dq _ dq dp 
dsdp ds’ (ze) dp? ds dè ds 18 
hence 
dq 
dp’ 
which is the (single) general equation of geodesics on a u 


=r” (32) +eT'- -an (F Po 2a) -A 


One important inference can be made from this form of the equation. 
Consider a region of the surface devoid of singularities; then the quantities 
T, I’, T”, A, 4’, A” are finite and (even when they are not uniform functions 
of p and q) have regular branches in that region. It is known* that a unique 
solution of an ordinary differential equation of the foregoing form exists, which 
gives g asa uniform function of p and is such that, for an assigned value of p, 
both q and dgq/dp have arbitrarily assigned values; in other words, a geodesic 
through any ordinary point on a surface is uniquely determined by its direction 
through the point. Thus we have a justification (among other things) for the 
use of geodesic polar coordinates. 

It is to be noted that all the forms of the general equations of geodesics 
involve, among the fundamental magnitudes of the surface, only those of the 
first order and their derivatives. Hence when a surface is deformed in any 
way, without stretching and without tearing, so that the arc-element is 
unaltered, the geodesics remain geodesics on the deformed surface; for the 
quantities Æ, F, G are unaltered during any such process. And the result is 
essentially contained in the deformations of the type indicated. 


Further, it is to be expected that the nul lines on a surface will possess 


analytically the geodesic property of being the shortest distance between two 
points on a surface; thus the relation 


fo , 1o\F 
f= (Ep? + 28 p'g + Gq")? = 0 
* See the author’s Theory of Differential Equations, vol. iii, § 209. 
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should satisfy the characteristic equations. It is easy to verify that, from the 
first form of the characteristic equations, we have 


j j d s n ix 1H /2 
(Ep + P) = {Ep + Fo! +4E,p° + Ep’ g + (F40) th 


/ , d ov 1 12 II 12 
(Fp + Gq) 7 = (Fp" + Gg” + (F, - 4E) p” + pd +3Gg hf, 


which clearly are satisfied by 
f=0, 


that is, by the nul lines on the surface. 


Geodesics on Surfaces of Revolution. 


93. The general equation of geodesics does not appear to admit of 
integration in finite terms for all surfaces. But it is possible to integrate, 
wholly or partially, the equation for many classes of surfaces; and special 
methods, sometimes individual to a class of surfaces, sometimes general in 
scope and effective in particular cases, are used to obtain the primitive. 
If by any method we can obtain an integral equation containing two 
independent arbitrary constants, it is effectively the primitive of the general 
characteristic equation. All that then remains, in order to complete the 
process at present under consideration, is the determination of the range 
between conjugate points. 

Among surfaces which thus admit integral expression for their geodesics, 
one conspicuous class is constituted by surfaces of revolution. We proceed 
to consider them briefly in this regard. 

Take the axis of z as the axis of revolution ; and let the equation of the 
surface be 

P= 2 + y?=2Qu(z) = 2u. 
Let c=rcos¢, y=r sin ġ, so that ¢ is the azimuth of a point on the 
surface; and let the geodesic cut the meridian at an angle w; then 


_,. oh 
sny=r ae 
Also, we have 
rdr=w'dz, 


so that 
ds? = dr? + rde? + dz 


=r d+ (5 + 1) dz’. 


Thus, for the characteristic equations in ¢ and z, we have 


f= eo" + & + 1) “| 5 
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This quantity f does not involve ¢ explicitly, so that 0//¢ = 0; thus the 
characteristic equation in ¢ becomes 


d (2) 0; 


dt Op’ 
hence 
Legs 
f T lo) = h, 
that is, 
dh _ 
r? as = i 


where h is an arbitrary constant. (When we are dealing with the motion 
of a particle upon the surface, as indicated in § 88, the quantity h is a 
constant multiple of the moment of its momentum round the axis.) We 
thus have a first integral of the equations; it can also be written 
rsin y= h, 
Further, we have 
dhe tt eh NG 
= — > HL 2 

a 5a + (5+ ) es 

and therefore 


Qu + u”? r? 4 w? 
ds = ( ) de =( ) dz. 


Qu — h? r? — h? 
Hence i 
dp="d 
r+? 2 hdz 
z — = T) m? 
so that 


say, where y is an arbitrary constant of integration. We now have an 
integral equation containing two independent arbitrary constants h and y; it 
is the general integral equation of geodesics on surfaces of revolution. 

When a geodesic curve between two given points on the surface is 
required, the constants h and y for the curve are obtained from the 
conditions which result from substituting the coordinates of the points in the 
integral equation. 

In order that the curve may be real, we must have 

PEM 
If and when r = h, we have 
sina 1; 
that is, the geodesic touches the parallel at the point which thus is a highest 
point or a lowest point on the geodesic. 
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Moreover as r may not be less than A, it is necessary to take account of 
the range of values of h. 


94. First, consider the vicinity of a parallel of minimum radius c; we 
there have a neck of the surface, the parallel itself being a geodesic. 


I. Leth=c. Near the neck, let the surface be 
[= Ct Nee elec 
there being no first power of z because of the neck ; then 
W NGS ek 5 


P+ur=C + (At A?) 2+ ..., 


2 $ 
c NE 
$-v=l ae a =) s 


A Tr 
= |/— G + positive powers) dz, 
ry? \2 


and so 


so that p becomes large; that is, the geodesic on such a surface near the 
neck-circle is asymptotic to that circle. Such is the fact at the neck of a 
hyperboloid of one sheet. 


II. Let h>c. Then as we are to have r >h for reality, we must have 
r>c, so that the geodesic never meets the neck-circle. It touches the 
parallels given by r =h; and otherwise lies above the upper parallel or below 
the lower parallel as in the figure. 


III. Let h<c. Then as r>c, we have r>h, and so sin is never 
unity; thus the geodesic crosses the neck-circle, cutting it at a finite (non- 
zero) angle. 


Hence near the neck of a surface there are three kinds of possible 
geodesics. The first of the classes indicated is a boundary between the 
second and the third of the classes. 


95. Next, consider the vicinity of a parallel of maximum radius a; when 


the surface is symmetrical with respect to the plane of the parallel, we have 
an equator, 


As siny=h/r, and r cannot be greater than a, it follows that h cannot be 
greater than 4. 


95] GEODESICS 135 


I. Let h=a. Then g is the only possible value of r, in order that the 
curve may be real; we have the parallel of maximum radius a, which is 
itself a geodesic. 


II. Leth<a. Then y is real so long as r is not less than h; it is $7 
when r = h, that is, the geodesic touches the parallel 
or parallels given by r=h; and it is sin“ (h/a) at 
the parallel of greatest radius. Also, as r changes con- 
tinuously from h to a, ẹ decreases continuously from 
$7 to sin (h/a); and as r then changes continuously 
from a to h, W increases continuously from sin (A/a) ` 
to 47. Thus the geodesic undulates between the 


two parallels, which are given by r=h, nearest to the parallel of greatest 
radius. 


Take the plane of the parallel r=a as the plane z=0. Above the 
plane 7? = 2u (z), and below the plane 7? = 2u (— 2); hence, as 


r? +u”? 2 dz 
p-y=h|(U 25) Pe? 


the difference of longitude, say D, between a place of highest latitude and 
the nearest place of lowest latitude is 


- 1 s , 1 
= Š fr? F u? (z) 5 1 ie T U 3 (= z) z es , | 
af p r — h? | rw (z) t r — h rw (— z) dn 


If the parallel » =a is an equator, so that the surface is symmetrical with 
respect to its plane, then 


TE an f" ieee a a 


Such a geodesic is not usually a closed curve; but it is a closed curve * if 
D is commensurable with 7, that is, if 


D=mr, 
where m is a commensurable number. Take the latter symmetrical case. 
Let a new variable ¢ for integration and a new constant g for a limit of 
integration be defined by relations 


i il il 1 
PAETA E E 
and write 
Pee aut 
ag =% (t); 
EI XO 
then re 
yes eA KE XO g f 
0(h—t)? 


* For this investigation, see Darboux’s treatise, t. ili, § 582, 
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Now m is purely numerical ; consequently* we must have 


ry (t) = mt~?, 


that is, 
Fe aie ee OLE 
‘ ETTE EA pye 5 
and therefore 
de\? (m?—l)a+r 
(F) i a2 — r? ‘ 


But z is a maximum or minimum (so that dz=0) when r =A; hence m ts 


less than unity, and 
ENE OAF 
(T) Sars 


which is the equation defining the surface of revolution that possesses closed 
geodesics undulating across the equator. 


As regards this surface, its element of are ds is 
ds? = dr? + rde? + dz? 


2 f2 
z a dr? + rdo’. 


Now =a? (1 — m’); let 
r=asnu, Q= mo; 
then 
ds? = ma? (du? + sin?u do”). 
But the last expression is the square of the arc-element on a sphere of radius 
ma; hence the surface of revolution in question is deformable into a sphere, 
which is Darboux’s result. 


96. But it may happen that, in the vicinity of the parallel of maximum 
radius a, there is no parallel given by r=h; as our only condition is that 
h <a, it might happen that on the whole surface there is no parallel given 
by r=h. In either case, the geodesic crosses the parallel given by r=a at 
a finite non-zero angle; in its march away from that parallel across parallels 
of decreasing radius, it crosses the meridians at a constantly increasing angle, 
which however remains less than a right angle unless and until it reaches 
a parallel given by r=h. 


97. It now becomes necessary to investigate the range along the geodesic 
curve for which the curve is actually the shortest distance between the 


extreme points, or, what is the same thing, to determine the conjugate of 
a given point. 


* The result can easily be established. It is an example of a theorem given by Abel (Guvres 
completes, 1881, vol. i, pp. 14, 15) in a memoir now regarded as a pioneer in the subject which, 
under the name integral equations, has attracted many investigators in recent years. 


97] CONJUGATE POINTS ON GEODESICS 137 


There are two cases to consider. In the first, h is not zero and the curve 
1s not a meridian; in the second, h is zero and the curve is a meridian. 


In the former case, we have 


r? + a) 3 dz 
pona aj ea E 
provided that the geodesic curve is not : by the very special case r= h, 
dz=0, that is, provided it is not a parallel of maximum or minimum radius 
(an which event, the method of treatment is similar to that adopted for the 
case of geodesic meridians). Then 


Ob _ 1 Ope MO wi 


Ce ot dz ; , 
ory oh (7? — he)? 
and the condition is that, in the range, the quantity 
op op 
aru 


shall not again attain the value which it has at the beginning of the range ; 
that is, the quantity 

op 

a 
must not again attain its initial value. 

Suppose that there is no parallel given by r=h (so that every point on 
the surface is at a distance from the axis greater than h). Then the subject 
of integration in d¢/dh is always finite and positive, and dz has the same sign 
along the curve; thus 0¢/dh is always increasing or always decreasing along” 
the geodesic, and so it cannot again acquire its initial value. There is no 
finite limit to the range of shortest distance along the curve; no point on the 
geodesic has a conjugate at a finite distance. 


Suppose that there is a parallel given by r=h. Then from the initial 
point of the range until the parallel is neared, the subject of integration is 
finite and of the same positive sign while dz is of uniform sign. In passing 
through contact with the parallel, the relations 


T 
r? +u’? dz (7? + D 
dp=h (=p) pee (=) - dz, 


r? á (r? — hË 
op ed 
shew that ay, Passes through an infinite value and always increases as $ 
increases in passing through the contact; that is, 2 changes its sign in 


passing through the infinite value and begins to increase from — œ. After 
some stage it will increase to its initial value; at that stage, we have the 
conjugate of the initial point. But the actual analytical determination of the 
conjugate in precise expression depends upon the particular surface. 
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The same result can be obtained by regarding the conjugate of the 
initial point as the ultimate position of the next intersection with a con- 
secutive curve through the initial point. In order to have such a consecutive 
curve, we need values h+dh, y+dy of the arbitrary constants; in the 
figure, let this curve be represented by the dotted lines (for positive and 


negative values of dh respectively), while the original curve is represented 
by the continuous line. Then the point C is the conjugate of A for the 
direction AC; and a range along the geodesic, beginning at A, is the shortest 
distance for all points from A to C short of C. Similarly B is the conjugate 
of A for the direction AB. 


Note. In dealing with the critical function 


(t+ us? 
(ey 


2, 


it proves necessary to exercise care in the choice of the current variable for 
the integral, so that it shall admit of continuous increase (or continuous 
decrease) throughout the range of integration that corresponds to the con- 
tinuous range of the curve. 


98. Consider, for example, the non-meridian geodesics on an oblate 
spheroid*. The surface is 


so that we can take 


z=ccos0, r=asin0, x=asin@cosd, y=asin ð sin ġ. 


* See two notes by the author, Messenger of Math., vol. xxv (1896), p. 84, p. 161. References 
to Jacobi, Halphen, and Cayley are given on pp. 94, 95, (Le.). 
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We know that a non-meridian geodesic undulates between two parallels; 
so let Æ be the highest point of our geodesic EP, 

and let CH, CP be the meridians through Æ and P. C 

We thus have a geodesic triangle CHP, right-angled genom E 

at E; the angle ECP is ġ. Let CPE = y4; and let 

a be the value of 0 at Æ. Then (§§ 93, 95) — 


(i 
AaS i = 
and therefore 
a sin?@ a$ = SiN a, 
ds 


which is a first integral of the characteristic equation, 
This leads to 
(l-e sin’? 6)2 sin @ 


(sin? — sin?a)? sin 6 


dé, 


which can be regarded as the differential equation of the geodesic. The 
explicit integration requires elliptic functions and can be effected as follows. 


Let 


cos 0 = cos acnu, 


where u is a new variable vanishing when 0 =a, and where the modulus k 
of the elliptic functions is given by 


p Sosa 
E 
Then 
TES (1 — e sin? a)? dn? u 
a sin a 1l+cot?asn?u ’ 
so that 
_d—e sin? a)? g dn? u 
ia sin a ol + cot? a sn? u 
= U, 
say. 


The general equation of geodesics, without the initial choice of the 
meridian of reference, would be 
PEU 
containing two arbitrary constants a and y. 
As regards the arc of the geodesic, we have 
ds _ sin? 0 n 


a sin a 


aor 
= (1 — e sin? a)? dn?u du, 


140 GEODESICS ON [CH. V 


and therefore d 
s =a (1 — e sin? a)? E (u), 


where Æ is the second elliptic integral; the are being measured from the 
place u = 0, that is, from the point Æ. es 


As CPE = y, we have (§ 93) 


rsinw=h=asina; 


hence 
sin @ sin = sin a. 
Hence 
eae sin a <n 
(sin? @—sin?a)2 Siu 
and 


tan 0 cos Y = tn u. 


Manifestly, some of the relations for the parts of the geodesic triangle 
CPE on the spheroid are similar to those of a right-angled triangle on a 
sphere; for the respective surfaces they are 


sin sin Y = sin a sin @ sin y = sin @ 

cnucosa = cos 0 cos u cos a = cos 0 

tan ysn u =tana |, tan y sin u = tan a 

tan @ cosy = tn u tan 0 cos y = tan u 
s (l-e sinta)? = aE (u) GM 


But it should be noted that, on the spheroid, @ is not the angle subtended 
by CP at the centre, as it is on a sphere; nor is a the angle subtended by 
CE at the centre, as it is on a sphere. 


On the auxiliary sphere of the spheroid (that is, a sphere having the same equator), 
take the projection of the spheroid orthogonal to the equator. Let 0’, Z’, P’ be the 
projections of C, Æ, P; the great circles O'P’ and CO’ LZ’ are the projections of the meridians 
CP and CE; while H’P’, the projection of the geodesic EP, is not a great circle. The 
angles subtended by C'E’ and C’P’ at the centre are a and 6; also E’C'P’ is ¢, and 
C'E'P’ isa right angle. Let the angle “’P’O’ be denoted by y”, and the arc Z’P’ by s'; 
then we have the equations 


3 am u, 


s =a (1 — esin? a) 
sin 6 sin y'=sin adn w, 
tan yy sn w=(1 —e? sin? a)? dn v tan a, 


tan @ cos yy’ =(1—e? sin? a) ~ 2 tn v. 


The establishment of these relations is left as an exercise. 
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Also, we have 


i sr a 1 fù” dnu—dn?u 
NS 2 eet acs : ae 
$ (l — e sin? a) vas ee a/ sinaJo l+ cot? asn? u 
on the spheroid, and 
tan u 
= t —] si 
$= tan (= =) 


on the sphere. 


The geodesic undulates between the two parallels determined by 6=a, 
0=m—a Where it cuts a parallel determined by 6 = 8, we have 


cos 8 =cos acnu; 


thus the successive points are u =u, w=4K — u, u=4K +m, and so on. 
The difference in longitude between the highest point and the nearest lowest 
point of the geodesic is 


(1 — e sin? a)? fr — 


1 ile dn u — dn? u 
sinajy 1+cot?asn?u Jj’ 
and is therefore less than r. 


To find the conjugate of any point on the geodesic, we take the general 
integral equation in the form 


(1 — ẹsin? 8)? sin a 


nO (sin? 6 — sin? a)? sin 0 

Then 
PE ay 
oa 0a” Oy 


The critical function A a +B $ is not again to acquire its initial value, that 


is, T is not again to acquire its initial value. Now 
ol f(A- esin 6)? sin 6 cos a 16 
da (sin? 0 — sin? a)? 
ere 
(1 —e’sin?a)? fdn?u 
= —— du, 
cos a sn? u 


on introducing the elliptic functions; and 


T ae ee 


sn? u sn wu 


Hence, if u, be the conjugate of w, we have 


A codo _ CN Uy dn w 
eS) eee wW — Æ (w) no) , 
so that 

sn (th — Uo) 


SN U SN Uy * 


E (w — w) — k” (u — w) = 
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The required value of u, is the root of this equation, regarded as an equation 
in uw, which is next greater than wu. By tracing the curves 


as sn (x = Uo) Es a = JPW gp 
~ snwsnuy ’ Pa is NUS) 
it is easy to verify that, when 0 < w <2K, then 
4K > uw > uw + 2K. 


99. In the second case mentioned in § 97, when the curve is a meridian, 
h is zero, and ¢ is constant. We cannot deduce the critical function from 
the value of ¢, and must proceed to obtain it as the primitive of the linear 
equation of the second order given in § 89, III (ii). Returning to the general 
surface of revolution, we have always 


d 2 
f= f (as cal +5, +1} 4 
the are being i fdz, hence, denoting d¢/dz by ¢’, we have 
OY a5 7 
iat mo? a baaM Te 
for f does not explicitly involve @; and 
Cele a 
Op? (w? ae rye j 
when we insert the zero value of ¢’. The equation for the critical function 


U is 


d PARN a a, 
dz (u24 ye dz : 
and therefore 


yi B+A furs oh, 


The range is limited by the condition that U must not again acquire the 
value which it has at the beginning of the range; in other words, the 
quantity 


1 dz 
pig) grea 
[ors oS 
must not again in the range acquire its initial value. 


Another form of the function is 


fess Loar 
Kc 2 i EN 


It will be noticed that the form of the function coincides with the critical 
function in the earlier case when h is made zero therein. 
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Note. As before, so here, in dealing with the critical function 


, 1 dz 
[ew 2 +172)? E 


it proves necessary to exercise care in the choice of the current variable for 
the range of the integral, so that it may increase continuously (or decrease 
continuously) throughout the range. 


Ex. 1. In the case of a circular cylinder 7 = constant, uw’ =0; the critical function is 
s , and along a (rectilinear) meridian this function never resumes its initial value. There 
is no limit to the shortest-distance property. 

Similarly for a circular cone. 


Ex. 2. In the case of a sphere, we have 


r=a'—Z2, w= -—z, 


| adz 
(a=) 


that is, Ttan- 2 E, Hence the conjugate of any point z on the meridian is given by z% +ar, 


so that the critical function is 


that is, the diametrically opposite point on the meridian; and therefore (as is to be 
expected) a great circle is the shortest distance for any length less than half the circle. 


Ex. 3. In the case of a paraboloid of revolution, the axis of the parabola being the 


axis of revolution, we have 
R= Ua W=, 


so that the critical function is 


dr 
Jeret F 
that is, r 
(Ppr 1, eee 
ee a7 sinh 7 


Hence any arc of the meridian, whatever its length when it does not include the 
vertex, is a shortest distance. When an arc of a meridian does include the vertex, and 7 
is the distance of any point from the axis, then the shortest distance along the arc must 
not extend so far as a point distant 7, from the axis, where 


; IP 5 
sinh-1714 sinh-! 2 = + (24rb4— Er. 
4 7 Ty T2 
Ez. 4. In the case of an anchor-ring, we have 
z=asind, r=c+acos ð. 
a dð 


The critical function becomes | CLs: , which is 


- —* (ew— asin p), 
(c2— a2)? 


where 


-aÊ 
tan w=(25) tan 30, 
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and, in the function, has to lie between — 4r and +37. In the march of the function 
with the increase of 6, the angle y increases; when it increases beyond $2, we must take 
7 in its place. 

Thus the conjugate of a point on the meridian is the point half-way round the 
meridian. be 

Ex. 5. A meridian is drawn on an oblate spheroid; and any point on it is denoted by 
r=asin 6, z=ccos 6. Shew that, if 6; be the conjugate of 4), then 
ear ee oe sn (%4 — w) 
E (uy Up) (1 g ) (u Uo) + 6, sin bo? 


where 
am %=6;, am w= bo 


and where e, = (a? — ¢2)/a, is the modulus of the elliptic functions. 


The Gauss Theory of Geodesics. 


100. We proceed now to the discussion of geodesics upon a surface and 
their relation to other curves on the surface, without any special regard to 
the range within which they are the shortest distance between two points. 
The fundamental property is that the principal normal of the curve coincides 
with the normal to the surface at any point. This property is sometimes used 
as the explicit definition of the curve (§ 91); it has been derived (§ 65) from 
statical considerations; it has been shewn to be a consequence (§ 91), under 
the calculus of variations, of the definition by the shortest arc-distance. 

Under the last method, it was deduced from the characteristic equations 
in the calculus of variations. It is important, however, that the establish- 
ment of these characteristic equations should not be based solely upon that 
method ; so, accepting the geodesic property (whether as a definition, or as 
derived from statical considerations), we can establish the general equations 


as follows. Now 
a” =2,p?+ 2a pq’ athe iQ? ats a, p” ae UO 


where dashes now denote differentiation with regard to s; and therefore, on 
the assumption of the characteristic property, and taking the sign of the 
radius of curvature of a normal section as in § 31, we have 

= a, p? + wp + aq i mp + aq", 

and similarly 
= Yup? + Zya pg + yng? + yp" + Yag”, 


= 2p? + Qe. pg + 20g? + ap” + ng" 


PIN əl əl 


Multiplying by X, Y, Z, and adding, we have 
1 
pees ctu EA 


the customary formula for the curvature of a normal section; it therefore 
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gives the circular curvature of the geodesic at the point. Again, multiplying 
by #, Jı» %, and adding; and multiplying by a, Yz, 2, and adding; we have 
Ep” + FQ’ a. mp”? + 2m'p'q + moa 0) 
Fp” + Gq” a np? + 2n'p'q’ pf nq? = 0J ? 
which are the general equations of a geodesic on a surface. 
From these, as before (§§ 91, 92), we have 


@q _ (dq Ow Ais! 
IT! (as) +2" —A ie 


as the single general equation of geodesics on the surface. 


J+ T-2474, 


In all the forms of the equations as given in § 92, the parametric variables 
are general and the parametric curves are completely unrestricted. Some 
simplification arises when the parametric curves are specialised. 


101. As an example, consider the geodesics upon the quadric* 


x? 2 Zz 
oy 2 


aD ee 


Let the quadric be referred to its lines of curvature as usual; then (§ 78) 


we have 
E=}(p-9)P, F=0, G=1(q-p)Q, 
where 
Pz £ Oe q 
(a+ p)(b+p)(¢+p) (a+ q)(6+QM (c+ q) 
Hence (§ 77) 
— =i i 5) a EE 
2 p= 9) ep: 2(¢—p) Q’ 
tie wi 
in ee ae Nes aa 
2p-4q 2q-p 
z ee) Pa L eee 
= eS ; mia (et > 
2(p—@) P E 6) 
where P’=dP/dp, Q'=dQ/dq. Writing 
,_ dq neg 
~ dp’ dp?’ 


we have the equation of the geodesics in the form 
n 12 , s Wat D 
2 (p—q) PQy’ = (Qq2— PQY - P)— (p - 4) PQI oe -4). 


To integrate this equation, introduce a new quantity u such that 


EL gf Shar ieee 
d= 


UEP 


Utd 


* For a discussion of geodesics upon quadrics not of revolution, see a paper by the author, 
Proc. Lond. Math. Soc., vol. xxvii (1896), pp. 250—280. 


F. 
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Then 


P wt+il 9 ee +7 _9 

eee yy meneame ge 
Substituting for u, and inserting the value of q” from the differential equation, 
we have 


w o 
o ap 
that is, 
u = 0, 
and so 


u = constant = 0. 
Thus a first integral of the equation of geodesics on the quadric is 


Pop Qd@ 


Let 
R(p)=p(at+ p)(b + p) (c +p)(8 + p), 


R (4) =q (a +g) © + 9) (c +9) (8 + q); 
then the equation is 


i= T 
(Ro)? ROP 
where the lower sign is chosen for a geodesic along which p and q increase 


together or decrease together, and the upper sign is chosen in the alternative 
cases. Now 


pdp_, qd _4 


pdp? qd 4ds? 
(a+p)(b+p)C+p)_(at+g(b+9)(C+9)_ pq 
0+ 0+q p= 
and therefore 
2ds _ pdp — gqdq 


Pd (RO? ROP 
Let the upper sign be chosen; then 


dp dq 9 ds é =) 9 as 
p 


a tas, 

Ro (Ro) Pg 
Accordingly, the first integral of the equation of the geodesics can be taken in 
the form 


__ ap PAE ee 

2{R(p)}? 2 {R0} | 
pdp , gd) _y | 

2RR 2{R@E O) 


101] CENTRAL QUADRIC 147 


being the canonical equations for hyperelliptic integrals ; and* 


ds = — pg dv. 
Also we have ps 


aee CEP OEO a LADCE 


2 {R (p)}? 2 {R (4)}? 
= (bc — pq) dv, 
so that 
ds = dT — bedv, 
that is, 
s—s =T — bev. 


The integration of the equations thus requires the use of hyper- 
elliptic functions of the simplest class}, just as elliptic functions are required 
for the oblate spheroid, and circular functions are required for the sphere. 


Let the quadric be an ellipsoid, so that a, b, c are positive; and suppose 
that 


a>b>e. 
Then we have 


a>—-p>b>-q>c. 


The curves, p=constant, are the intersection of the ellipsoid with the 

confocal hyperboloids of two sheets; and the curves, q = constant, are the 

intersection of the ellipsoid with the confocal hyperboloids of one sheet. To 

secure real values, we must have R (p) > 0, R(q)>0; hence 

-p>0>-—q, 

and so 
a>—p>0,b>-—-q>c. 


Because 0 and b lie between — p and — q, there are three cases according 


as 0=b, 0<b, C 


(i) When @=5, the geodesic passes through an umbilicus and, when 
continued, through the diametrally opposite umbilicus. 


(ii) When 0<b, the geodesic touchés (but does not cross) a line of 


curvature given by @=—q; it undulates between the two lines of curvature 
given by q=- 0, and these are lines upon the confocal hyperboloid of one 
sheet. 


(iii) When 0 >b, the geodesic touches (but does not cross) a line of 
curvature given by @=—p; it undulates between the two lines of curvature 
given by p= -— 0, and these are lines upon the confocal hyperboloid of two 
sheets. 

* This agrees with the form given by Weierstrass in 1861; Ges. Werke, t. i, p. 262. See also 
Cayley, Coll. Math. Papers, vol. vii, p. 493, vol. vili, p. 156, p. 188. 

+ The expressions for the coordinates and the length of the are in terms of the current 
parameter v are given in the author’s paper, already quoted. It may be added that only elliptic 
functions are required for the equations of umbilical geodesics. 


10—2 
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Ex. Let w denote the perpendicular from the centre of the ellipsoid upon the tangent 
plane at any point; and let D’, D” denote the semi-diameters of the ellipsoid, parallel to 
the respective directions of any geodesic through the point and of a line of curvature 
through the point. Prove that wD’ is constant along the geodesic and that wD” is 
constant along the line of curvature. Is the converse true for either line or for both? 


Discuss the configuration of the curves 
aD=k?, 
where & is a parametric constant, and D is the semi-diameter of the ellipsoid parallel to 
the tangent to the curve at the point. 


102. Returning now to the general equation of geodesics, let ¿ denote the 
angle, made by a geodesic with the parametric curve q =b through the point, 
and measured towards the curve p=a. Then (§ 26, @’ now being denoted 
by i, and @ later by 7), we have 

E? cosi= Ep’ + Fg, 
and therefore 


Obes ae 
—sint 
s 


5 (Ep' + Fg)=4E 3 (Ep + Eq) cos i — EÈ 7 


1 / \ (Fin! ; di, 
=p EL + Eg) Ep + Fy) -VT g> 


consequently, along a geodesic, we have 


/ fi i yi 1 / / / 1 / } 
p (Exp + Rpg + Gq!) = gp (Bip! + Bag!) (Ep + Fy’) -Ve E. 
Hence 
di VK 1 Pa A ee 1 A 
ro erata A-ho raga ah) 
ATIA ie VA 
mi niaaa Dad 


Thus, along a geodesic, we have 


E ; 
y% =- Adp — A'dg, 


together with 
ds cosi = E~? (Edp + Fdq), dssini=E~*V dq, 


where 7 is the inclination of the geodesic to the parametric curve q= b. 
Similarly, if j is the inclination of the geodesic to the parametric curve 
p=a through the point, measured towards the curve g=b, we have 


yUy=-Tdp-T"dg, 


together with 5 
ds cosj=@~?(Fdp+G@dq), ds sinj =G ÈV dp. 
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These results are in accord with the relation (§ 36) 


V~~(p+@)@-(+ g) 


for the variation of the angle between the parametric curves. 


Geodesic Curvature of Curves. 


103. We now are in a position to develope a notion as to another curvature 
of curves on a surface. We have already considered the circular curvature 
and the torsion of any twisted curve, and therefore of any curve upon a 
surface. In the case of a plane curve, we regard the curvature in connection 
with the deviation of the curve from its tangent. Geodesics on a surface 
have much analogy with straight lines in a plane, even when the surface is 
not developable; and so it is natural to consider a curvature of a curve 
upon the surface in connection with the deviation of the curve from its 
geodesic tangent. 


Accordingly, let a curve at any point cut the parametric curve q =b at an 
angle 7; and at the point draw the geodesic tangent to the curve. At a 
consecutive point on the curve, let 7+dz be the inclination of the curve to 
the parametric curve, q = constant, through the point; and let 1+ 87 be the 
inclination of the consecutive geodesic tangent at the consecutive point to 
that consecutive parametric curve. Then the angular deviation (measured 
from the parametric curve g=b towards the curve p=a) of the curve from 
its geodesic tangent is di — 62, that is, 

VA Va’ 
dt + ,- g P to 
This is called the angle of oe contungence of the curve; the rate of arc- 
variation of this angle is called its geodesic curvature. Denoting* the latter 
by 1/y, we have 


dq. 


ds VA VA’ 
dit E E dp + Tee dq. 


Similarly, we have vr’ Jy 


where j is the inclination to the parametric curve p=a, and the geodesic 
contingence as measured from that curve is 6j — dj. 
Of course, when the curve itself is a geodesic, its geodesic curvature is 


zero; hence 


di VAdp. VA dq 
FELL ig lear Doe 


* Sometimes the symbol py is used, instead of y. 
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is the equation of a geodesic. When the value of 7 is inserted, this equation 
reduces to the earlier general equation of geodesics. 


Let 1/y” be the geodesic curvature of p=a, and 1/y be the geodesic 
curvature of g=b. The element of arc along p= a is G? dq? hence 


Zz = da + dq, 
y E 
$ 7 
G2 ip = AN dq, 
y G 
that is, 
L__ypra-t 
1 OO a AN 
We aa a 1 
Y ôg EG? 
Similarly, 
a VARGA 
y: 
DaT eee 
y P FIG 


Now, in general, we have 
1 d | VAdp “i! VA’ dq 
y ds has TB ede 
di GA A’ 


=k mejd S 


The simplest case arises when the parametric curves are orthogonal. Then 


and so 
1 di. cost. sinz 
y ds 


4/ > 
which effectively is Liouville’s formula*. 


Further simplification would occur if we could choose the parametric 
curves so that 1/y' and 1/y” are zero, that is, if there were two orthogonal 
families of geodesics on the surface. In that case G,=0, Z,=0; that is, Æ 


* In his edition of Monge’s Application de V Analyse a la Géométrie, p. 575. The signs of 
Yı Y, Y” in the text differ from those in Liouville’s formula; they agree, when the geodesic 


contingence is taken to be di—di instead of di-— ôi. 
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is a function of p only which can be absorbed into dp, while @ is a function 
of q only which can be absorbed into dq? ; thus 


ds? = dp? + dq’, 


and so the surface is a developable surface*. Thus the suggested simplifica- 
tion cannot be effected in general. 


104. We can obtain another expression for the geodesic curvature by a 
different method, due to Liouville also. 


Let AB, BC be two consecutive equal elements of arc, which can be taken 
as infinitesimal straight lines. Produce the line 
AB to D so that BD= AB, and let DE be the 
normal to the surface at E; join BE, EC. Cc 


Then ABE is the geodesic having the arc- 
element AB in common with the curve; that B 
is, it is the geodesic tangent to the curve. 
Also ABDC is the osculating plane of the 
curve; and ABDE is the normal plane to the A 
surface. Hence 


D 


angle HBC = angle of geodesic contingence, 
PATR DBC = angle of circular contingence, 


aae DBE = angle of contingence for normal section. 


Let w denote the angle between the principal normal of the curve and 
the normal to the surface, measured from the former towards the latter, so 
that œ can range from + m to — r ; in the figuref, the angle CDE = œ. Also, 
now let 


p = radius of circular curvature of the curve, taken positive as in § 4; 


ea ENO wer satan eth eons ; 
GEE as vided os curvature of normal section of the surface, taken as in § 31. 
Then re 
DE= BD. angle DBE= 5, 
2 
DC = BD. angle Droa ; 
1 AB? 


EC = BE. angle EBC =5 57 

9 

* See also § 114. 

+ The figure obviously assumes that the normal section is such as to give p’ positive and 
that 0<@<4m. The figures for the possible alternatives are easily constructed ; they lead to 
the same analytical results, regard being had to the sign of p’ and the range of a, 
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But f 
DE = DC cosw, EC= DC smg; 

hence , 

1 eosa 1 sma 

[3 , = . b 

P P oy P 
The first of these two results is Meunier’s theorem. The second is a new 
expression for the geodesic curvature. 


The direction-cosines of the binormal of the curve are 


Pli: 


pyl ey), plea” —a'2"), p(ay”—y'o") 
and the direction-cosines of the principal normal are pæ”, py”, p2”; hence 


cos w = X pæ” + Ypy” + Z pz", 


so that 
1 _ COS o 
Pave 
= Xa” a Yr’ ae Wie 
= Ip? + 2Mp'g + Ng”, 


the familiar result. Also 


eS A i Loe d À 


sin w = Xp(y2"— zy") + Yp (2'a" — g'z") +Zp(a'y" — ya"), 


so that 
1 be sin aw 
‘vie tp 
=| X, Y, Z 
LS ones 
yan) tee 74 


=V {pg -g p + Ap* + (2A'—-T) pq + A E 
on substitution and reduction. 
The expression on the right-hand side is 
p (E+ Ap? + 2A pig +Ao)— ao (nt les 2 pg lg), 
and so vanishes when the curve is a geodesic. Also w=0 or m, when the 


curve is a geodesic. Thus all the forms are verified in connection with the 
necessary property that 1/y is zero for a geodesic. 


105. Two expressions for the geodesic curvature have been obtained, 
viz. 
di = VA dp VA' dq 
ds Ek ds E ds’ 


V [pqg — dp” dis Ap? + (ON iB. T) pg ak (A" = 21”) PY- ig, 
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and these should be equal to one another. Now 

EŻ cosi = Ep’ + Fd’, E* sin i= Vd; 
hence 


Ep” a Koga ee E, p? iar (E he KR) pd Ta TE 


+4} (Ep + Bag) cosi- Eè sini $, 
Vq" =- Vip'd — Vag? +487? (E p' + E,q')sini+ E? cosi a 


Multiply the latter by E? cos i, the former by E? sin i, and subtract; then 


ihe df te A di Laon A t / / 
EV (p'q" — yp") = EF- Vp'g + Vag”) (Ep + Fy) 
+ {Ep” + (E+ Fi) pd + Fag”) Vg. 
Now (§ 34) 


V,=V(TC+A, Va= V1" + A”), 
E,=2 (ET +FA), F,=#IY+ F(T +4) +GA, 
B, =2 (EI + FA), F,=ET’+F(I"+A”)+ Ga’; 
substituting and reducing, we find ~ 
EV (p'q’-qp")=E n + VAp (2Fp'g + Gq?) + VA'g (Ep? +2Fp'g + Gq”) 
— EV (24’ — T°) p°g — EV (A” — 27") p’g? + EVT” 9”, 
which proves the equality of the two expressions for the geodesic curvature. 


Another expression, due to Bonnet, for the geodesic curvature of a curve 
is required when the equation of the curve is given in the form ¢(p, q) = 0. 


Let © denote the positive square root of Ep? — 2F¢,¢,+ Gh; then, as 
dip’ + poq’ = 0, 


A , 


pith) ot Beil: 
Q: — Qı 0’ 


thus assigning the direction along the curve that is positive. Also 


pp” + paq” + dup? + 2pup'g + peg” = 0, 


we take 


and therefore 
0 (pg — 7p") + dup? + pup g + 29? = 0. 


Now 
ae an) 


= V? {p'q" — g'p” + Ap? + (24’—T) pq’ + (A” — 21") pg — 1g", 
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on using the preceding relations; and therefore 


Teel f? es = A 0 Ge — an), 


YVO (©) og © 
which is Bonnet’s expression for the geodesic curvature * of the curve 
(p, q)=0. 
106. From the two relations 
1 cosa 1 _ sno 
i, wae Py oe 
we have 
E ss 
poe 


consequently, inserting the values of p’ and y that have been obtained, we 
have an expression for the circular curvature of any curve on the surface. 
Thus, for the curve p= a, we have 


epee us 
D PT Ge G ? 


and for the curve q =b, we have 


1 Ad? V2A2 
2 Eo Toe © 


The curvature of torsion of the curve could be derived from the formula 


/ 


/ . 
Ro A o Y 


TIR E 
l a h Wie: TAK 
but the expression is complicated, requiring the use of the derived magnitudes 
of the third order. Another and more convenient (but equivalent) expression 
for the torsion, connecting it with the torsion of the geodesic tangent to the 
curve, can be obtained as follows. Let dr’ be the angle of torsion for the 
geodesic tangent; so that, in passing to a consecutive point, its osculating 
plane (being the normal plane to the surface) turns through an angle dr’ 
about the tangent. The inclination of the osculating plane of the curve at 
the point to the osculating plane of the geodesic is w; the inclination at 
a consecutive point is œ + dw, so that the osculating plane of the curve has 
turned, round the tangent, through an angle dw relative to the osculating 
plane of the geodesic; and these rotations are in the same sense. Hence 
the angle through which the osculating plane of the curve has turned in 
space round the tangent is dr’—daw; and therefore 

ee dr da 

c ds ds’ 
the expression in question. 

* See also §§ 135, 142. 


107] GEODESIC 155 


107. The quantity os is the torsion of the geodesic ; sometimes (but less 


often than formerly) it is called the geodesic torsion of the curve. The analogy 
of this name with the geodesic curvature of a curve (which is the are-rate of 
deviation of the curve from its geodesic tangent) is not justified by any’ 
intrinsic property of the magnitude; so we shall not use this descriptive 
name which implies that the magnitude specifically belongs to the curve. 
The actual magnitude of the torsion of the geodesic can be expressed 

analytically in a simple form as follows. At a point on the surface, let the 
configuration be referred to the indicatrix with the lines of curvature as the 
directions at the point of the axes of reference ; and suppose (as in § 46) that 
the geodesic makes an angle W with the line of curvature associated with 
the principal radius a. The circular curvature of the geodesic (being the 
curvature of the normal section through the tangent) is given by 

1 co’ sin? 

;= SF s 

P a B 
The equation of the surface in the vicinity of P is 


trek pete 
22 = Pane B + higher powers. 


The direction-cosines of the tangent to the geodesic at P are cos v, sin y, 0; 
the direction-cosines of its principal normal (being the normal to the surface) 
are 0,0, 1; hence the direction-cosines of the binormal are sin y, — cos y, 0. 
The direction-cosines of its principal normal at a neighbouring point, distant 
ds from P, are 


—F cosy -G sin A Oe 


hence the direction-cosines of the consecutive binormal (which, of course, is 
perpendicular to the first tangent) are 


sin y, —cosy, ds G — 3) sin y cos yr. 


The last of these direction-cosines is cos ($7 + dr’), when we take the tangent 
to the curve, the positive direction (§ 31) of the normal to the surface, and 
the binormal to the geodesic as a set of lines similar to the customary 
rectangular configuration. Hence 


(3-3) cos W sin yr, 


which is the expression for the torsion of the geodesic. 
Manifestly the torsion vanishes at a point on a geodesic where the 
geodesic touches a line of curvature; and it vanishes at an umbilicus for 


every geodesic through the umbilicus. Manifestly also two geodesics at 
right angles have equal and opposite torsions. 
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Families of Geodesics and Geodesic Parallels. 


108. We have seen that, when geodesic polar coordinates are used upon 
a surface, the element of are on the surface can be expressed in the form 
ds? = dp? + Ded@ ; 
in this form, the parametric lines q =b are a family of geodesics. But it 
so happens that, in the deduction of this form, the geodesics are a family of 


concurrent curves; and it might be desirable to have one set of parametric 
curves composed of a family of non-concurrent geodesics. 


Accordingly, consider generally the possibility of having one set of para- 
metric curves, say q = constant, constituted by geodesics. Then the relations 


gq=b, p=k oy 
where 6 is an arbitrary constant, must satisfy the general equations, which 
are characteristic of geodesics, viz., 


d , , Pe UNS 
2 q Er + Fq) = (Fa, Fi, Ade’, dY, 


d / / £ / 
2 J (EP + Gq’) = (E, Ez, G0 p: qY- 
The former becomes an identity. The second equation gives 
ONEEN AT LRO tr 
and therefore some function 0 of p and q exists such that 
1 00 Ff 00 


“ip Tae 
Thus, for the element of arc on the surface, we have 


ds’ = Edp + 2Fdpdq + Gdg? 
> (2) PR LF ee 


Op Op og 
= d? + gdq’, 
where 
00\2 
Bip a 
g aq 


It is manifest, from the form of the expression for the are, that the curves 
0 = constant, q= constant, 


are perpendicular to one another. The curves q =b are geodesics; the curves 
0 =a are the orthogonal trajectories of the geodesics. But, further, the 
element of arc along any geodesic q =b is given by 


ds = dð; 
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that is, the geodesic distance between two 6-curves, given by 

Wlkp Oe O 
is 0, — @, and so is the same for all geodesics q = constant (which, of course, 
cut the @-curves orthogonally), The curves @=a are called a family of 
geodesic parallels. The members of the family are given by the parametric 
values of a; and the geodesic distance between two members of the family 
is the difference between the values of their parameters. 

The equations are thus the same as when we use geodesic polar co- 
ordinates. In other words, the arc-element and everything that depends 
upon the expression for the arc-element are the same whether the geodesics 
are concurrent or not concurrent; and the orthogonals of the geodesics are, 
in both cases, geodesic parallels. 

Note. The question as to whether the orthogonal geodesics of any family 
of geodesic parallels are, or are not, concurrent, can be settled by proceeding 
to form their envelope, if any. They are concurrent, if the envelope is a point. 
Thus it is found that, on the surface 

ds’ = 4f (p — q) dpdq, 


geodesic parallels are given by 
a(p+4q) - fie —f (i)? dt = constant, 
where a is an arbitrary constant; the orthogonal geodesics are 
Lep +q) - fie — f(t} -2 dt = constant; 


where, in both equations, t denotes p — q. 
Along the geodesics, we have 


a \2 
dp + dq — ey (dp — dq) = 0, 
so that, if & =dq/dp, we have 


a? -f 1 a E 2 

Ti G + $) 
as the differential equation of the first order, satisfied by geodesics. The 
envelope (if any) of the curves is obtained by assigning equal roots to £; 


hence it is given by 
f=, 


which in general is a curve (real or imaginary) and not a point. Thus the 
geodesics in the family indicated are not concurrent in general; when they 
happen to be concurrent, we have geodesic polar coordinates. 

The meridians on a surface of revolution are a family of concurrent 
geodesics when the axis of revolution meets the surface in real points. 


109. One remark, partly in connection with the general notion of parallel 
curves on a surface, may be made here. It is not possible to take any 
arbitrarily assigned family of curves 8 (p, q) = a, where a is the parameter, as 
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a family of geodesic parallels; and the reason is simple. Measure a small 
distance ôn along the surface normal to any curve of the family 0 (p, q)=c; 
as the tangential direction along the curve is given by @,dp + @.dq = 0, the 
direction of the normal distance ôn is given by 
Go OGiirek 's on 

GO = K0 H0,—F0, V (£02 — 2F0,0, + GODE 
If the other extremity of this normal distance lies on a curve of the same 
family, then, as i 


0 (p + Sp, q + èq) = 0 (p, q) + 0p + O20q 
=Ç + = (E0? zes: 25010; ah GO,2)2, 


x 


we must have 
77 (HO? — 2F6,0, + GOP = function of 8, 


in order that it may belong to the same family. This condition is not 
generally satisfied, either by the equation of a family of curves, or by the 
equation of any member of the family taken in the foregoing form. 

The matter however suggests the general idea of curves, parallel to any 
assigned curve of the family; but the parallel curves, thus derived from 
any curve, form another distinct family which, as will be seen, are geodesic 
parallels. 


110. Take any curve; and through successive points on the curve draw 
the geodesics which cut it orthogonally. When 
we measure a length ¢ along the curve from a 
fixed point O, say to M, and take a length l 
along the geodesic normal at M, say to P, we 
have a uniquely determined point P on the 
surface. The locus of P, for a constant length / 
measured along the geodesic normals, is said to 
be parallel to the original curve; and, by taking 
any number of different lengths J, we obtain any number of curves parallel 
to the original arbitrarily assumed curve. 


All these parallel curves cut orthogonally the geodesic lines drawn as 
normals to the original curve; and so the parallel curves form a family of 
geodesic parallels. The property can be established as follows. 

Let a consecutive point NV be taken; and along the geodesic normal at 
N, let another length 1+ dl be measured, so that MN = dt, QN =1+ dl. 
Taking RN =l, we have QR=dl. Denote the angle QRP by œ; and let 
PR, which is not necessarily equal to MN, be denoted by rdt, where the 
variable quantity r is equal to unity when /=0. Then the are PQ on the 
surface is given by 

ds? = dl? — 2rdtdl cos w + dt. 
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Now the equation ¢=constant, under our construction, gives a geodesic; 
hence as Æ = 1, the condition in § 108 becomes 


Z (r cos w) = 0, 


so that rcos@ is a function of t alone. To find this function of t, consider 
the position at M; we there have w=47, r= l, so that the function of t is 
zero. Thus o=$7, and the locus of P is normal to the geodesics MP. 
Moreover, 

d2 = d? + r°dt?; 
thus the curves l= constant, being the curves parallel to the original curve, 
are a family of geodesic parallels. 


Ex. Consider a sphero-conic given by 
V+P+P=r, ag? + by? +e2=0, 
assuming that no one of the quantities a, 8, y(=b—c, c—a, a—b respectively) vanishes. 
On the sphere, draw great circles orthogonal to the sphero-conic ; and along the great 
circles measure any the same distance subtending an angle w at the centre of the sphere. 
A new curve is thus obtained, parallel to the sphero-conic ; let 2’, y', z' denote the point 
on the parallel curve corresponding to the point x, y, z on the sphero-conic ; prove that 
ae 5 z %=0, L'aut yy +z2=r? cos y, 
and verify from these equations that the locus of w’, y’, z cuts orthogonally the great 
circles orthogonal to the sphero-conic. Shew also that the locus of 2’, y’, z is not a 


sphero-conic ; so that the family of curves on the sphere, parallel to the sphero-conic, are 
not a family of sphero-conics. 


It thus appears that any assigned curve can be taken as initiating a 
family of geodesic parallels. The result is not in contradiction with the 
result of § 109; for the locus of P is given by an equation of the family of 
parallels, while the equation of the original curve is not generally, as given 
initially, some particular case of this equation. Let the equation of the 
original curve be @(p, q)=0; and let the equation of the family of parallels 
be ¢(p, g)=4, where / has the same significance as before. The equations 
0=0, ¢=0, can be simultaneously satisfied, though there is no functional 
relation between 6 and @¢ alone; the condition of § 109 is satisfied for 
$ =L or 0, while it usually is not satisfied for 8 = 0. 


Ex. In a plane, H=1, F=0, G=1. The equation of a parabola 6=y?—4x2=0 does 
not satisfy the condition of § 109, for 6;?+6,? is not a function of @ alone. 


Let the curves parallel to the parabola be drawn ; the curve at a distance c is given by 


the equations 
wep (2—a)—y=0, p?(2—- 2) —Bpy +2 +y- =O, 


p being a parameter, and also by the equation 
8 — uc tug- (y? — 4a)? fy? + (a — 1)? =0, 


where the values of u; and ug, polynomials in v and y, are not immediately important. 
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The equation of the family of parallels is c= (a, y). It can be verified directly (with less 
labour from the two equations than from the single equation) that 


PUSE EHNE 
(es) + (G9) =» 
for all values of c. Manifestly the original parabola is given by c=0; we then have 
(a, y)=0, which is satisfied solely through the real curve 6=y?—4x7=0, though there 
is no functional relation between h and @ alone. 
It will appear later (§ 115) that the necessary and sufficient condition, in 
order that a family of curves 0 (p, g)=a may be geodesic parallels, is that 


E0} —2F6,0,+ G02 = EG — F”. 


111. We have seen that when a family of geodesics (whether concurrent 
or not) and their orthogonal geodesic parallels are taken as parametric curves, 
the arc-element is given by 

ds? = dp? + D?dq’; 
and so (§ 68) the Gauss measure of curvature is 
1 18D 
a8 D apr 
Consider any closed area on the surface; when an infinitesimal element dS 
of this area is taken, its total curvature is 
ds . 
aß , 


and so the total curvature of the closed area on the surface is 


Wee 


the double integral extending over the whole of that area. We proceed to 
obtain the expression, due to Gauss, for the total curvature of a geodesic 
triangle on the surface. 


112. A preliminary property of geodesics must first be established. 
When the element of arc on the surface has 


the form 
ds? = dp? + Dedo, i 
we have (§ 68) 
P08 T= 0: TARDD j 
A=0, A’=D/D, A” = DJD; A 


and so (§ 92) the general equations of geodesics are 
4 P (sty - Zoe (D E EE, 

d : ds = (z ) = l 
Let A be an angular point of our geodesic triangle, and T'P the opposite 
geodesic side; and let AP be a geodesic (q = constant) from A to a current 
point P on the opposite side, so that AP =p. Then if ẹ be the angle APT, 


we have 


cos y="? sin = DE, 
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and therefore the first of the two equations becomes 


d dq . 

gq C8 ¥)— D sin p= 0, 
that is, 

oD 
d = — =- — 
yr D,dq Bp dq, 

which is the property in question. The second equation (as may easily be 
verified) leads to the same result. 


113. Now consider a geodesic triangle ABC; we shall use geodesic 
polars. An element of area is dp. Ddq; 
and so the total curvature of the geodesic 
triangle is 


Integratifig with respect to p, and re- 


membering (§ 68) that, at A, op is equal 


[0-2 


as the integral; that is, the integral is equal to 


[eat ap, 
Now f dq, for the triangle, is equal to the angle 4; and | dip, for the triangle, 


to unity, we have 


is y — x, that is, C—(7—B). Hence the total curvature of the geodesic 
triangle is 

A+B+C-n, 
a result first established by Gauss. 

When the surface is a sphere, the result is Girard’s theorem on the area 
of a spherical triangle. When the surface is everywhere synclastic, the specific 
curvature is positive; when the surface is developable, the specific curvature 
is zero; and when the surface is everywhere anticlastic, the specific curvature 
is negative. Thus the quantity A + B+C-—~7 is positive, zero, or negative, 
according as the surface is synclastic, developable, or anticlastic. Two 
geodesics, diverging from a point on an anticlastic surface, cannot again 
intersect; the range (§ 89) of a geodesic on such a surface is unlimited. 


If the surface is such that we can take a closed geodesic returning upon 
itself, and if we stop at the point of return, we have a special case. Then 


f dq=2r; and y’= x, because y returns to its initial value; hence the total 


curvature is 27, that is, one-half the surface of the indicatrix sphere. 
ll 
F. 
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114. It is reasonable to expect that, through the notion of geodesic 
distance, it will be possible to construct for a surface relations which have 
some analogies with relations in a plane. 

Thus, suppose a family of geodesics given, and let them be cut by any 
two curves. Let PQ and P’Q be two neighbouring 
geodesics of the family, cut by the curves PP’ and QQ’; 
and let the geodesic parallels through P and Q be PM 
and QN. Then if p and p+ dp be the geodesic-distance 
coordinates for P and P’, while p, and p,+ dp, are those 
for Q and Q’, we have 

PQ=p-—p. = MN, 
ds =PQ — PQ 
= {p + dp — (po + dpo)} — (P — po) 
= dp —dp,. 
But if PP’ = dt, QQ’ = dt, we have 
dp = P'M =dt cos PP'M, dp = QN = dt, cos QQN ; 


and therefore 


ds = dt cos PP’M — dt, cos QQ'N, 
being the expression for the increment of the geodesics cut by the curves. 


Again, let P be any point on the surface; and from P drop two geodesic 
perpendiculars PM and PN upon a couple 
of selected curves, one belonging to one 
given family of geodesic parallels and the 
other belonging to another given family 
of geodesic parallels. When P describes 
a locus on the surface such that 


PM + PN 
is constant, then, if P’ be a consecutive point on the locus, we have 


dPM+dPN=0, 


so that 
PP con PP OM tr Ee cond, | veh, 
and therefore 
cos PP’M’ + cos PPN =0. 
Hence the tangent in the surface to the locus of P bisects the angle MPN, 
either externally or internally. Such loci are known as geodesic ellipses (for 
external bisection) and gecdesic hyperbolas (for internal bisection). 


To give analytical expression to this descriptive property, we choose 
initially, as coordinates of P, the geodesic distances u and v from the two 
curves; then 

dè = edu? + 2fdudv + gdu. 
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Let w’ = constant represent the geodesics which are orthogonal to the geodesic 
parallels u = constant ; then we have 


ds? = du? + Dedu”, 


so that ds — du? is a perfect square, when regarded as a function of the 
differential elements, that is, 


(e— 1) du? + 2fdudv + g du? 


is a perfect square, when regarded as a function of du and dv. Hence 


?=g(e—1). 
Similarly, because v is a geodesic distance, 
P=e(g—1). 
Consequently 
e=g, f?=e(e—1); 


and thus, taking e=cosec?, so that f= cos w cosec?w, the arc-element 
becomes 


ds? = (du? + di? + 2dudv cos w) cose? w. 


To indicate more explicitly the analogy between ellipses in a plane and 
geodesic ellipses, we take 


utv=2U, uw—v=2/; 
then the arc-element takes the form 


eee ud a 


sin? $æ costo’ 


The quantity œ depends upon the particular geodesic parallels chosen as the 
base of the geodesic perpendiculars, as well as upon the surface itself. 


We have a special result (originally due to Liouville) to the following 
effect: if a surface admits two families of geodesics which cut at a constant 
angle, the surface is developable. For if œ is constant, e, f, g are constant; 
their derivatives are zero, and so LN — M? vanishes; that is, the specific 
curvature vanishes, which establishes the result. 


The Equation Ad=1. 


115. We have seen that, in one method of determining the integral 
equation of geodesics upon a surface, it is necessary to integrate the general 
equation, which is an ordinary non-linear ordinary differential equation of the 
second order between p and q. But the fact, that the arc-element on the 
surface can be expressed differentially in a form which arises most simply 
when geodesic polar coordinates are used, can be employed to determine 
systems of geodesic parallels and the associated systems of orthogonal 
geodesics. 

11—2 
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Let a family of geodesic parallels on a surface be represented by the 


equation 

$ (p, q) = constant ; 
and let the equation ` 

Wr (p, q) = constant 
represent the family of orthogonal geodesics. Then, after preceding ex- 
planations, we know that the arc-element on the surface can be expressed 
in the form 


d + Ddy”, 
where D is free from differential elements ; hence 
Edp +2Fdpdq + Gde = de? + Dd’, 

and therefore 

E=ġè + Dy, 

u= OROA A Daji, 

G= p? ak Dp. 

(E — $)(G— $2) —(F—- dif. = 0; 


Go, — 2F¢,¢. + Ep? 
V2 


Consequently 


or, if we write 


> 


Ad= 
we have 
Ag =1, 


as a necessary condition. 
It is also a sufficient condition. For, when the relation 
(E — $1’) (G — $:°) —(F— oda = 0 
is satisfied, we have 
ds — dg? = (E — p?) dp? + 2 (F — $14.) dpdq + (@ — 6) dg. 


The right-hand side, regarded as a function of differential elements, is a 
perfect square because of the relation; and therefore 


dè — dq’? = (A dp + Bdg} = D'dy*. 
The condition therefore is sufficient as well as necessary ; and so we have the 
result :— 


The general solution of the equation Ap =1 determines a family of geodesic 
parallels cut orthogonally by a family of geodesics. 


The function A¢ is called* the first differential parameter of the 
function ġ. 


Now this equation Ad = 1 is a partial differential equation of the first 
order in two independent variables. To integrate it, we can always use 
Charpit’s method, though in special cases we may use simpler methods all 


* After Beltrami who introduced it in his Bologna memoir of 1869, hereafter to be quoted, 
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of which can be exhibited as special standard forms of the general method *. 
The procedure in the general method is as follows. The subsidiary set of 
equations 


dp £ dg _ dh _ I$ 
2 2 ot ey Fa oe 
yi (Gbi- Fb) (Bb. Fb) -EAG - 7 (A$) 


is constructed. One integral of the set is required which, while distinct from 
A¢ =1, must contain ¢, or ġ or both; let it be 


SO L Gry $2) =. 
This relation is combined with Ad = 1 to express ¢, and ¢, in terms of p and 
q; when their values are substituted in 


dp = didp + $:d9, 
the right-hand side becomes an exact differential; and the integral of this 
equation is obtained, by quadratures merely, in the form 


$=$(p, % a) =. 
Here a and 6 are arbitrary constants. Our desired geodesic parallels are 
given by 


$ (p, q, a)=b. 
It will be noticed that, for their complete expression, we need one integra- 
tion of a set of ordinary equations and one quadrature. 


116. When a family of geodesic parallels, satisfying the equation A¢ = 1, 
has been obtained, the family of orthogonal geodesics can be constructed in 
two ways. 

It might happen that a somewhat special family of geodesic parallels is 
obtainable in a form 

$ (p, q)=b, 
where ¢ contains no arbitrary constant a. Then 
Dya=(E- p°}, Dyw=(G= pi); 
and so the corresponding family of orthogonal geodesics, y = constant, is 
given by ‘ S 
(E— $7)? dp + (G - p?) dq =0. 
The integral equation of the special family of geodesics is then obtained, not 
by a mere quadrature but by the integration of this equation. 

When, however, it happens that the general families of geodesic parallels 

are obtained in the form 
$ (P, 4 a) =b, 
where ¢ now contains an arbitrary constant a, the orthogonal geodesics can 
be constructed by a direct process. We have 
ds? = dẹ? + D> dy’. 
* See the author’s Treatise on Differential Equations, 3rd ed., $ 201. 
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On the right-hand side occur the quantities p, q, dp, dq, which are current 
variables, and also a, which is a parametric variable; while ds? does not itself 
explicitly involve a. Hence 


0= doa? + n dy + Da) Ddy, 


all over the surface. Along ae geodesic, we have 


dy =0; 


and therefore, along each geodesic, we have 
Ob _ 
dod ae 0, 
so that 


g% Op _ 
dp =0, or d~ =0. 


Now we cannot have dy=0 and d@=0 together, for Ww and ¢ are 
functionally independent of one another. We therefore have 


= Op _ 
dy=0, d =0, 


simultaneously; so that W is a function of - alone. Merging the derivative 


function in the multiplier D, we can take 


in other words, the geodesics, which are orthogonal to the general Families 
of geodesic parallels (p, q, a)=b, are given by 

Op _ 

a e 
where c is an arbitrary constant. Moreover, as œ is not a purely additive 
constant in ¢, this equation of the orthogonal geodesics contains two arbitrary 
constants æ and c. 

Further, the inference has already been drawn (§ 92) from the theory of 
ordinary equations of the second order that a geodesic through an ordinary 
point on the surface is uniquely determined by its direction at the point. The 
inference can be established as follows, without recourse to that theory. 
For the purpose, it will be sufficient to shew that the geodesic parallel 
(p, q, a)=b can be made, at the point, to adopt an assigned direction— 
of course, perpendicular to the assigned direction of the geodesic. The 


direction of the geodesic parallel is settled by the ratio ¢,/¢,; if this ratio 
were independent of a, so that 
gi = dor, 


where à is a function of p and q alone and is not a function of a, the two 


equations 
Ad = JS Qı = 
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would determine ¢, and ¢, as quantities independent of a; and then 
$ (p, q, a) would not involve a, contrary to hypothesis. Thus ¢,/, involves 
the arbitrary constant a; this ratio can be made to assume any value, by 
taking all possible values for a; and so the geodesic parallel (and conse- 
quently the geodesic) through the point can be made to lie in any assigned 
direction at the point. 


As regards the multiplier D, we have 
o= dpd? + + PD dy + DAY) Ddy, 


everywhere on the surface. But 


0 
dy=a È; 
substituting, and dividing out by he we have 
o=dp+ D? a? + paf? 
on the surface. Hence 
A oD dd, Qı 
0 m, hı + Ja 0a + D Oa? > 
oD ð 
sm BER gee a 
and therefore, writing 
, 06 ee 
$ 0a’ $ E ae 


and so on, we have 
put S _ Ie" $) 
J($', $’)’? ~ oa S(h', $")’ 


where J(u, v) is the Jacobian of u and v with respect to p and q. Con- 
sequently 
a {FG #1 9 TH 
da (JIE, 6")) IE, 6)” 
BI (p, PAIE, P) =I, PITE, p”) 


A first integral, proper to the surface, of this equation of the third order 
in a, is 


and therefore 


Je (ġ, $) = V2 
af (p p”) ed 
which can be established independently. 


It is easy to verify that the curves 


$ = constant, op = constant, 


oa 
are orthogonal. The direction dp/dq of the former is such that 


pdp + d.dgq = 0. 
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The direction dp/dq of the latter is such that 
ae pee aaa = 7 Od = 


These directions on the bee are ke if ` 


a E F (4 e A =o. 


Eo? — 2F ¢, p: + G2 =V?, 


and Æ, F, G, V do not contain a; hence the condition, necessary for ortho- 
gonality, is satisfied. 


But we have 


117. One other result may be noted. Suppose that the general equation 
of geodesics is given in the form 


Y (p, q a) =c, 
where a does not occur in a merely additive form in y; it is desirable to have 
the geodesic parallels. Now along any geodesic, we have 


Wn dp + pòg = 0; 
consequently the orthogonal direction dp/dq, being that of the geodesic 
parallel, is given by 


(Lif, — Fry) dp + (Py, = Grr) dq=0. 


Thus a quantity u, independent of differential elements, must exist such 
that 


p (E4 — Fy) dp + (Py. — Gyr) dq} = do ; 
and ¢ is such that Aġp=1. Hence 
H (Ey, — Fyr) = fi, H (Fyr pr Gyr) =e do; 
p (Li? — 2B, + Gy’) = 1; 


pi = (Ey = Fyn) Bè = Priya + Gn’) *, 
p= (Frye — Gyn) (Eè — 28 pips + Ga)? 
so that, with these values inserted, the equation 
pdp + $.dq = 0 
represents the geodesic parallels, when v= c represents the orthogonal geodesics. 


A quadrature alone is necessary in order to have the integral equation 


(o (p, q, a) = b. 


A simple equivalent form can be given to the expressions for ġ, ġ, and go. 
Along the geodesic we have 


Widp + W.dq = 0, 
Ya (Bye -2Pii + G2)? 


therefore 


and therefore 
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Hence 
> op ôq 

Gan =a Se +h Se? 

dy F re args - 7 
and therefore 

ne (E + Fq) dp + (F+ Gq’) dq 
nf > 
(E+ 2Fq' + Gq)? 


where g’, =—,/., gives the direction of the geodesic. Now g’ involves a 
and therefore the integral involves a; thus 


2 OF 
Op _ 4 da (d a 
oa Jepara o E 
If then we regard 
yı 


‘m—+"=96 » J, Q 
q yA (p, q, a) 


as a first integral of the general equation of geodesics, a second integral (and 
therefore the primitive) is given by 

sul Ke 

a SS (4 OF 6 + GO! Ja 
This is a known theorem of Jacobi’s connected with the theory of the last 
multiplier *. 


od q— dp). 


Ex. 1. Consider surfaces such that Æ, F, G are functions of only one of the parametric 
variables, say p. Let 
= Ed, - 2F$ign-+ Ob: - (HG F?)=0. 


The subsidiary system for the integration of @=0 is 


dp dq Ip _ dbo 
2(Gþı -Fp 2(Eb2—Fo:) _ 68° «8 
ap Og 
In the present case, 29 i; hence we must have dd.=0 in the subsidiary system, that is, 


o 
an integral is g2=a. (The integral can be obtained by expressing the equation © =0, for 


the present case, in one of the standard forms indicated in § 115.) This integral is to be 
combined with @=0; so we find 

Go, =aF' + V(G— a). 
Consequently, 


p= | ody +da 
mre fe faF+ V(G—a2)3} dp; 
and therefore the geodesic parallels are given by 


1 
ag+ | g UF+V (G-a) dp=t, 
where q and b are arbitrary constants. 
* See the author’s Treatise on Differential Equations, 3rd ed., § 174, Ex. 3. 
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The orthogonal geodesics are 


that is, 


where a and c are arbitrary constants; and this equation accordingly is the general 
equation of geodesics upon the particular surface. 


Let 
VG- È? dp=du, dq+ É dp=v; 
then the element of arc on the surface becomes 
ds*= du? + G dv, 


where G, a function of p alone, is a function therefore of v and not of v. Thus the surface 
is deformable into a surface of revolution. 


The equation of the geodesics becomes 


| adu 

v— |————__, =¢, 

(4 (G-a) 

Let œ be the angle at which the geodesic cuts the meridian ; then 


ds sin o=? dv, dscosa=du, 
so that 


or 
ene 
G? sino=a, 


which (§ 93) was the former first integral of geodesics on a surface of revolution. 


Ex, 2. Consider the geodesics on the Liouville surfaces given by 
ds?=(P—Q) (R? dp? +S? dq?), 


where P and R are functions of p only, while Q and S are functions of q only. (It is 
clear that the parametric curves yield an isometric system.) 


The differential equation Ap =1 is now 


U g Tat: 
Po (mbt g $s!) w 


ut ins 
P— Fp br =O+ a he", 


a standard form of equation. An integral is known to be 


so that 


Ws. 1 
P-pbi=a Qty dbiaa; 
this result being derivable also from the subsidiary system in § 115. Hence 


p=Rk(P-a), g.=S(a-Q)?; 


therefore 


=fr (P - a)? aps fs (a — Q)3 dq. 
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The general equation of geodesics, being 0¢/da=constant, now becomes 


y= [RP dp- |S- Q)"bag=e, 
where a and c are arbitrary constants. This is the primitive of the general equation of 
the geodesics ; a first integral is 
R pes 
(P-a) (a—@) 


i dq=0. 
Let œ be the angle at which the geodesic cuts the parametric curve, g=constant ; 
then 
ds cosw=R(P-Q)%dp, dssinw = S (P— Q)? dq, 
and therefore, along the geodesic, we have 


COS w sin w 


(P-a (a-@)* 


that is, 
Psin? o +Q cos? o=a, 


which may be regarded as a first integral of the general differential equation of the 
geodesics. 


Further, we have 
R S 


= 1 dp — 
(P-a?  (a-@ 
do = R (P-a)? dp +8 (a- Q)? dq, 


dy 


yA dq, 


so that 
dg? + (P—a) (a—Q) dy? =(P- Q) (Rdp? + S° dg’) 
Gh 
which puts in evidence the fact that the curves, y=constant, are a family of geodesics 


while the curves, @¢=constant, are their orthogonal geodesic parallels. 


It is manifest that the geodesic curve touches a parametric curve given by P=a, if this 
equation has real roots, and a parametric curve given by Q=a, if this equation has real 
roots. 


Note. The surfaces include, as special cases, planes, spheres, central quadrics. The 
applications to these surfaces are developed by Darboux*. 
Ex. 3. Obtain, by Charpit’s method, an integral equation of geodesic parallels on the 
surface 
1 1 
d=- dp? + -= dq? 
2 p p 1 
in the form i 
q`? sin? o—p~ * cos? o=a, 
and an associated integral equation of geodesics in the form 
q7? cos? otp * sin? @=¢, 
where a and c are arbitrary constants, and œ is the angle at which a geodesic cuts the 


parametric curve, q= constant. 


* Tn his treatise, vol. iii, pp. 12—16. 
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118. Much simplification is introduced into the analysis connected with 
this branch of the theory of geodesics by referring the surface to its nul lines 
as parametric curves. The arc-element then (§ 56) has the form 


de? = 4ndpdq. 
The ordinary equations for geodesics become 
Ap’ +A, p2?=0, Ag’ tMg? = 
dq __»s (52) ` dq 
dp? ` \dp `à dp 
The partial differential equation for geodesic parallels is 
pı: = $F =À. 


Consider, however, the ordinary equation for a geodesic. Along the curve, 
let ¢ denote dq/dp; and suppose that a first integral has been obtained in a 
form 


~q 


t =g (p, q, a), 
where a is an arbitrary constant. Now 
dt 0g Og _ ot OE 
dp = ope oq “apt aq? 


hence, as the ordinary equation of the second order has to be satisfied in 
connection with the Bee) first integral t=g, we have 


oe ey 
bay Preece ae 


zog} 


satisfied along the aads Now, along any arc on the surface, we have 
ds? = 4 dpdq. 
Along a geodesic, the element of arc is given by dẹ, so that (as tdp = dq) 
do =2 (at)? dp 
1 
2 
= (nt)? dp + (=) dq. 

The last expression is a eee differential because of the relation 


zo A 


which has just been ree hence the element of arc is given by dẹ, so 


that (as tdp = dq) 
b= [jo dp + (7 a ay. 


ip 
and therefore 
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Thus the value of ¢ can be obtained by quadratures; and we manifestly 
have 


1 
No 
h=, p= (=) 
in accord with the partial differential equation of the geodesic parallels 
dy =r. 
Hence we have the theorem *:— 


When a first integral of the characteristic ordinary equation of a geodesic 
is known, the geodesic parallels can be obtained merely by quadratures. 
Further, the theorem of § 116 can be deduced at once. Let 
Y (p, q, a)=0 


be the general equation of geodesics; then along any member of any of the 
families, we have 


hti EH E=, 


ôq 
But 
ð$ 1 a kip l T 
alg da”  Oa- 2\#/- 0a’ 
so that A 
dpi , , 3$ 
A +t T 0 
Consequently 
0 o 
oF: 4, — g0, 
so that 


r(8.y)=0 


As this Jacobian does not vanish in virtue of yw=c' because c’ does not 
occur, it must be satisfied identically; there is therefore a functional relation 


o 
between W and 7 say 
0 
of P(Y). 
Hence the geodesics are given by 
Cpa at 
T =F (c ) = 0, 


where c is an arbitrary constant; and so we have again the known theorem 
for the derivation of the general integral equation of geodesics from the 
general integral equation of geodesic parallels. 


* It harmonises with the theorem of Jacobi’s on the last multiplier (§ 117) and was enunciated 
by Beltrami in this form, Opere Mat., t. i, pp. 366—373. 
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Ew. 1. Consider the surface for which 


=f (p —9). 
The general ordinary eea for the geodesics becomes 
uT T ` 
a =(?+%)<, 
while f 
ap (p-Q=1-%; 
hence 


sleet (e-N=0-9% = 9 
and therefore 


where æ is an arbitrary constant. Hence 


consequently 
fizi- a-p, E= 


so that the arc along the geodesic is given by 
J f 2 
p= fot dp+(E) ag 
= fiè (dp +dg)- a-f} (dp -dg 
=a? (p+q)- f(a- 0)? a0, 
where 0=p-—gq9, ©=f (0). Thus the geodesic parallels are 


a? +9)- [a-o d0=6; 


and the geodesics themselves are given by 


p+q- IG 5) d= z 


Ex. 2. Obtain the integral equation of the geodesics on the surface 
ds’ = 4f (pq) dp dg 


RE ( a bdo 
q a+é0/ 6 ?’ 


where 6=pq, O=f (6) ; and deduce the equation of the geodesic parallels. 


in the form 


Kx. 3. Shew that the geodesics on the surface 


ds'=4{f(p—q)—g (p+9)} dp dg 
are given by the equation 
| a(p-g) 4 [_ a(pt@ 
pS 4 
U(p-9)-a}? Sig (pt+g)—a}? 
Note. This form, together with all derived from it by transformation of the variables, 


includes the cases, at present known, in which an integral equation of the geodesics can be 
expressed in finite terms. 


=Q. 
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Polynomial Integrals of Ad =1. 


119. We have seen that geodesics can always be deduced from a 
primitive integral equation of geodesic parallels. The latter can be obtained 
if we have an equation 


F(Q, pə» P, q)=4, 


where æ is an arbitrary constant, together with the equation 
A=Ag-1=0. 
The condition of coexistence is the Jacobian relation 


(f, A)=0, 


of 0A of 3A of OA Of 0A _ 
Op 0d, 0, Op qp p OY 
and any integral of the subsidiary system (being the subsidiary system in 
Charpit’s method, § 115) 
Lap als aaa 
oA Oh One 0A 
Op Oy Of, Ops 
which involves ¢, or ¢, or both, can be used for the function f (pı, $a, pP, q). 
The two equations A=0, f=a are to coexist; so the form of f is always 
modifiable by means of the equation A= 0. 


which, in full, is 


0; 


Now the number of cases in which an integral of the subsidiary system 
can be obtained (by which we usually mean that it can be obtained in finite 
terms) is comparatively small. Among these, some special attention has 
been devoted* to the cases when fis polynomial in ¢, and ¢,; the conditions, 
necessary and sufficient for the existence of such a function f, can be obtained 
in the simplest instances. 

Accordingly, suppose that f is polynomial of order n in ¢, and ¢,; and let 
the terms in f of the same order m be gathered together and denoted by fin, 
so that fis expressible in a form 


F=fatfrathrat-tfath +h, 


where the coefficients in fn, fro, ... are (or may be) functions of p and q. 
The actual expression of f can be modified by the use of the equation 
Ad=1; as Aġ is quadratic in ¢, and ġ,, a set of even terms in f will remain 
even, and a set of odd terms will remain odd, after such modification. The 


(f A)=0 


* See Darboux’s treatise, vol. iii, pp. 23—39, 66—85, where (p. 66) references are given; and 
a note by Kenigs at the end (pp. 368—404) of the fourth volume. 


equation 
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is to be satisfied, always concurrently with the equation Ag =1; that is, the 
equation 


(fn, A) + (fra, A) + (fn A)+...=90 


is to be satisfied concurrently with Aġ =1. Hence the even terms in J by 
themselves satisfy the equation, and the odd terms in f by themselves satisfy 
the equation, in the form 


in A)+( faa fa eee = 


(iaa N ia A): = =0, 


each concurrently with Aġ = 1. Consequently, the odd powers of f taken 
together constitute an integral, and the even powers of f taken together 
constitute an integral. 


Consider the aggregate of even powers 


fotfa+ fit+ + fan; 


it can be transformed into 


PADET AD A + ... + fou, 


that is, into a homogeneous polynomial of even order 2u. Similarly the 
aggregate of odd powers 


AitSet fst... + fout 


can be transformed into 


Si(Agy ADE TT AD a 


that is, into a homogeneous polynomial of odd order 2u+1. We are 
therefore led to inquire what are the integrals f, in the form of homogeneous 
polynomials in ¢, and œ», of the lowest orders in succession. 


We do not consider the case (if any) when f is of order zero, that is, when 
it does not involve ¢, or ¢,. It cannot effectively be combined with A¢= 1 to 
determine ¢, and ¢,, so as to lead to the quadrature necessary for the 
determination of ¢. 


As in § 118, we refer the surface to its nul lines, so that the are- 
element is 


ds? = 4ndpdq ; 
and then 
_ bid 
Agd= a, 


so that the differential equation for geodesic parallels becomes 


A= ¢,6,—-X=0. 
ST (hi; do; P, q)=a 


When 
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is an equation to be associated with A=0, the condition of coexistence 
(f, A) = 0 becomes 


o 
map tah + bh + Zao, 
We are concerned with integrals of this equation that are polynomial and 


homogeneous in ¢, and ġ». 


120. When there is a linear integral, homogeneous in ¢, and ¢», it must 


be of the form 
j= ad, + Bd. = 2a, 


where a and 8 are functions of p and q. In order that it may be an integral, 
the equation 


Or, + Bry + dp. (ad, ot: Bis) +Q (asp, te Bohs) =0 


must be satisfied concurrently with 


gids =r 
a—=0, B,=0, ań +a +8 + AB, =0. 


From the first two, we have 


Hence 


a=P, B=Q, 


where P is a function of p only and Q is a function of q only. Now a occurs 


in the combination aq,, that is, anes hence, if P is not zero, by taking 
a new variable dp’ = dp/P, we do not alter the character of the arc-element 
and we make the new a equal to unity. Similarly, if Q is not zero, we can 
change the variable so as to make £ equal to unity without altering the 
character of the arc-element. Also, P and Q do not vanish together, for 
otherwise f would be evanescent. Hence there are two cases effectively, viz., 


(i), a=P=1, B=Q=1, 
(ii), a=P=0, B=Q=1. 


For (i), the third condition becomes 


+A. =O, 
so that 
N=k(p—q); 

hence 

ds? = 4k (p — q) dpdq. 
We have 

hı + d= 2a, pig, =A= k; 

hence 

$: — db. = T AUE 
and so 


dọ = {a + (a? — kÈ} dp + {a F (aè — EÈ) dg 
12 
F. 


178 POLYNOMIAL INTEGRALS OF [CH. v 


Consequently the geodesic parallels are given by 
a(p+q) + |(W} (dp - dy) =; 
and the geodesics are given by 


p+q ta | (a-y? (dp - dg) =c. 
Moreover, writing i ; 
p=} (w+in), q=} (w-—in), {k(n}? dn =du, k(in)=U, 

the arc-element is 

ds? = du? + Udir, 
so that the surface can be deformed into a surface of revolution; and with 
these variables, the geodesic parallels and the geodesics are given by the 
respective equations 


av + [(U- ary ob, vF a [T-a e 
For (ii), the third condition is \,=0, so that A= F(p), a function of p 
only. Writing 
F (p) dp = dp’, 
(for modification of the variable p still is possible), we have the arc-element in 
the form 
ds? = 4dp' dq. 
This is a special form of the preceding case. Thus the surfaces which 
provide a linear integral of the equation (f, A)=0 are deformable into 
surfaces of revolution. 


121. When the equation (f, A)=0 has a quadratic integral other than 
Ad, let it be : 
f= aby + 2BGibe + yp? = 4a. 


In order that it may be an integral at all, the equation 
2 (ag, + Bh) Mm + 2 (BQ: + yp) M 
ap hs (a p’ + 28, hı hə ar A p?) si Qı (a, or aF 2B, hy + Ye pr) =0 
must be satisfied concurrently with ¢,¢,= 2; the necessary conditions are 
a, = 0, oA 0, 
2ar, +2BA+ AM + 2AB, = 0, 
2Bry + 2yàs + 2AB + Ay. =Q. 
Hence 
aL yen 
where P is a function of p only and may be zero, and Q is a function of q 
only and may be zero; but a and y do not vanish together, for then f would 
be a multiple of Aġ—a possibility which is to be excluded. Thus there are 


two cases :— 
(i), a=P, not zero; y=Q, not zero; 


(ii), a=, not zero; y=0. 
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Case (i). The other two conditions are 


0 40 r 0 To ees 
Tae ee aa pane) ty che ae 

hence 
0 


i, IG) 1 fa) 10 l 
ee Biases p = oO ae 2 
Op fe ap | aq f ag Y Ji 


P łdp=dp, Q7?dg=dy', xP Qi = p; 
then the equation is 


Let 


Pu Op 


op? = d q” ? 


so that 
u=9(pP' +g) +h(p -g 
where g and h are any functions whatever. Also 


nga _ 8 gyn de. 
(AB) = 0q’’ =i dg (AB) = Op’ 


= ap 
consequently 

W=—g(p' +7) +h(p'—-7’). 
The element of arc is 


de = 4ndpdq 

= 4udp' dq’ 

=4ig (p+) +h(p'—q/)} dp dg, 
and 

bids =h=9(pt+q)+h(p'—9). 
Also, as l 
4a = f= Ph? + Qb? + 2X8 
; = gi? + $y? — 2g (p' + q/) + 2h (p - g’), 

we obtain 


h — by = 2 {a—h OE) 
di + by = 2 {atg(p'+q)} 


s. 


t= toe 


’ 


and therefore 


p= | (hdp + pdg’) 


J 


/ 1 , / 
= f {a+ g (p + (Pay + dg) + f {a —h(p'— g')}? dp’ — dq’). 
Consequently the geodesics are 
i dp + dq’ __ +f dp’ — dq 
4 A 1 
lata tg) akaa 
where a and ¢ are arbitrary constants, and the radicals clearly can have either 
sign. 
Surfaces, which have their arc-element of the foregoing form, are often 
called Liouville surfaces (Ex. 2, § 117). 


an sy) 
z 


12—2 


180 QUADRATIC INTEGRALS [CcH. V 


Case (ii). The other two conditions now are 
o 10 2 ð 
= 2 — (Aa?) = — (AB) = 0. 
SOB +a = Oat) =0, 5 OB) 
Changing the variable p so that 
P~*dp =a7 tdp = dp’, 
we have 
0 ð 4 f) 
= x; = ~, (AS) = 0. 
5 08) + ay Oat) =O, gy O8) 
Hence 
A8 =e Q, 
Aa =pQ' + Q=, 
where Q and Q are any functions of q. Thus 
ds? = 4(p'Q + Q)dp'dq, 
a surface first given by Lie*; and 
h” =a — 28 =a + 2Q, 
piQ: = py F Q. 
Consequently 


$ = [gdp + gada) 


(a + 2Q)? p + (a + 20%} q 


and therefore the geodesics are 
ee EE 
a Sam 
(a+ 2Q)? / (a+ 2Q)? 
where a and c are arbitrary constants. 


2 


Note. If the surface is real, then ds? must be real and positive; hence p’ 
and q are conjugate variables, and 


PY + Q= GQ +A 
where Q, is the conjugate of Q and Q,’ is the conjugate of Q. Each side of 
the equation manifestly must be bilinear in p’ and q; hence 
p= ap'g + bp’ + cg +e, 
where a and e must be real, while b and c are conjugate. When a is not 
zero, linear transformations lead to 
if H=pgtl; 

writing 
p sue’, g= vex”, 
we have 

ds? = 4 (u? + 1) (dw? + urdi’). 


* In his investigations on geodesics that admit infinitesimal transformations, Math. Ann., 
t. xx (1882), pp. 357—454. 
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When a is zero, linear transformations lead to 
B K=p Tq; 
writing 
p=u+iw, q=u-— w, 
we have 
ds = 8u (du? + dv’). 


Both surfaces are deformable into surfaces of revolution. 


122. Returning to the Liouville surfaces, which constitute the more 
general case, we have 


a=P, y=Q, P-*dp=dp', Q`?dq=dg', 
PHY = g(p'+ 7) +h =g), 
B= —g(p +g) +A- 9). 
The simplest instance of all arises when a=1, y= l, so that p' =p, q =q; 


and then 
A=9(pt+q)t+h(p—gq). 


The geodesics are now given by 
| dp + dq +{ dp — dq 
fa+g(pt+q}? 1 fa-h(p- q)? 
Conversely, when à is given in the form 


N=9(p+q)+h(p—4Q), 


=¢. 


we manifestly can have 
a=1, y=1, AB=—g(ptq)+h(p-4), 


as a set of coefficients satisfying all the conditions for the existence of a 
quadratic integral of the equation (f, A)=0, and so leading to the deter- 
mination of general families of geodesics. But the question arises :—can 
there be more than one set of coefficients a, 8, y satisfying all the conditions 
for the existence of a quadratic integral, so that there would be more than 
one set of general families of geodesics upon the surface? To answer the 
question, we return to the conditions 


eliminating 8, we have 
2AA + Bar + MA = ZYN + IYN + YN. 


This equation, in which 
N= g(ptq) t+h(p—4q), 
is to be satisfied by a = P, y= Q, where P is a function of p alone, and Q 


a function of q alone. 
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For the full discussion of this relation, reference should be made to the 


investigations by Keenigs already (p. 123) quoted. Some simple examples 
may be adduced. 


I Wer 


x 


A= (p+q)™, 
where m is a constant. Then the equation becomes 
2m (m — 1) (a — y) + 8m (a! — Y) (p +9) + @— 9") (p + g} = 9, 
where a is written for a, and 9 for yẹ Operating twice in succession with 
02 
m we have 
(3m + 2) (a — 7") + 2(a” — y") (p +g) = 9, 
a” — oy” = 0, 
As a= y when p + q = 0, the last relation gives 
a = apt + 4c,p* + bcp? + 4c,p + cs, 
y = gt — 4c,q° + 6e.g? — 4csq + Cy. 
When these are substituted in the last relation but one, we find 
m=—2; 
and then the critical equation is satisfied without any further condition. 
Hence on a surface for which 


4, 
2 am 
ds? = Cea) dpdq, 


P =p! + 4c,p? + 6c.p? + 4csp + a 
Q = agt — 4a g? + 6029? — 403g + c, 


in other words, there are five distinct sets of coefficients for quadratic 


integrals of the equation (f, A)=0 for this surface, and there are five 
distinct general families of geodesics. Also 


B=- PiQt 
in this case; so that the quadratic integral is 
Boin 7 2P È dds F Qo? =o 


that is, it is the square of a linear integral; nevertheless, the five constants 
Co, C1; Cy, Cz, Cy remain unconditioned. 


II. Let 


we have 


. 


2 


= (p+9)—@(p—49); 
where @ denotes the Weierstrass elliptic function. The critical equation is 


Zar, + BaD, +A" A = 2yo + 3Y M + yA; 
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it is satisfied by a=1, y=1. It is not difficult to verify that the equation 
is also satisfied by 


a=O(p), y=@(q); 
and therefore, when regard is paid to the periodicity of à, the equation is also 
satisfied by 
a=p(p+a), y=e(q+o), 


A=O(p+o), y=—(q +o); 
a=O(pt+as), Y=e(T+ os); 
in other words, we can take 
A= +40 (Pp) +0 (p+ a1) +630 (p+ w) + cp (p+ o), 
Y=%+40() +0 (Y +01) +650 (q + @) +040 (Gg +03). 


The five constants co, C1, C2, C3, C, are unconditioned ; they occur in the general 
integral equation, which therefore includes five distinct general families of 
geodesics. 


Ex. 1. Shew that, on a surface for which 
ds? = {(p—q)~*+ b} dpdg, 
where 0 is a constant, . 
a=C+qptenp, y= +g + eg 
Ex. 2. Shew that, on a surface for which 


ds?=((p+q)-*—(p—q)~*} dpdg, 
we have 
a=Op *+e4+ ep? + c3 p* + cap? | 
y= 74+44+aP7+teqgtag 
Note. These examples are due to Keenigs, who gives tables of the 


various cases. All these surfaces, which admit five distinct families of 
geodesics, have their specific curvature constant (or zero). 


123. The preceding investigation has related to the use which can be 
made of a single integral of the subsidiary system of (f, A)=0 in the 
construction of the function œ which determines the geodesic parallels and 
the geodesics. It is conceivable that two integrals of that subsidiary system, 
f and k, both involving ¢, and ¢,, should be known and that they could 
coexist. In that case, they must satisfy not merely the relations 


(f, A)=0, (hk, A)=9, 


as they will unconditionally because they are integrals of the subsidiary 
system, but the further relation 


(f, k) = 9, 


184 INDEPENDENT [cH. v 


which is the condition of coexistence* of f and k. We then should have 
three equations 


Ad=1, f=a, 4=0, 
which coexist; eliminating ¢, and ¢,, we obtain a relation involving two 
arbitrary constants which would be an equation of geodesic parallels. 


But can the combination occur? We have seen that distinct quadratic 
integrals can exist for an appropriate surface; they will coexist if the 
Jacobian condition (f, k)=0 is satisfied. 


Accordingly, consider the surface 
ds = 4ndpdq=4 {g (p+q)+h(p—q)} dpdg. 
We know that there is a quadratic integral 


f= h? A 28 pı h aE pr, 


aB =-g(p+9)+h(p-q). 
Let another quadratic integral be 


k = ah? + 2php: + yp’, 
where a= P, y= Q, and i i 


2a +X + 2 (Apa + `p) = 0, 
2y + y'A + 2 (Ap, + Up) = 0. 
If f and k coexist, then (f, k)=0; that is, 
(fi + Bg.) (h a + 2p: hi be) — (agi + ph») 2B; br bs 
+ (Boi + $2) (2p2hihs + $.27’) — (pti + yp) 2Bob. $2 = 0, 
which must be satisfied concurrently with ¢,¢.=2. Hence 
r= 0, y =O, 
Pi— 4B, + Epa = pRB. = 0, 
P2— YR + Bp, — pRB, = 0. 
From the first two of these we have 


where 


a = constant =a’, y= constant = 0’. 


The relations, which allow k to be an integral, are now 


0 0 
a +5-(rp)=0, b+ (Ap) =0, 
q op 
and therefore 
ay = ON oa = 0. 
* We are not here dealing with the question of merely distinct integrals of (f, A)=0, but of 
coexistent integrals. When the integrals f=a, k=b are distinct but not coexistent, the relations 
Aġ= 1, f=a 
lead to one family of geodesic parallels, while the relations 


Ag=1, k=b 
lead to another family. 
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But Ay, =A; hence 


say. Thus we have 


3 3 
+a Op) =0, deta (rp) =0, 


and therefore 


Ap =—cg(p+q)t+ch(p—q)=crp, 
so that 


p=cB. 
The remaining conditions for the coexistence of f and g are satisfied. But 
k=ad,? + 2p big. + ybe = of; 


therefore the integrals, when they coexist, are not independent. 


It therefore follows that, if there are two independent quadratic integrals, 
they cannot be combined to give the equation of geodesics. Each of them, by 
itself, leads to a family of geodesics ; the two integrals determine two distinct 
families of geodesics. 


124. As another example, leading to a similar conclusion, consider the 
surface 


ds? = 4n.dpdq = 4f (p — q) dpdq. 


It possesses a linear integral 


g= bit Q. 
Can it possess a quadratic integral, independent of ¢,¢,/A, and of g?? If so, 
let it be 
h= apt + 28 dubs + vs, 
where a= P, y=Q), 


2arA, + AA + 2 (BA, + AB.) = 0, 
2Y + Yor + 2 (BA, +AB,) = 0. 
The condition of coexistence is (g, h)=0; that is, the equation 
apy + 28; bids + yh? + 2Bogids = 0, 
must be satisfied concurrently with pipa =à. Hence 
%=0, y=0, te =0. 
From the first two, we have 
a = constant =a’, y= constant = b’. 


Now M += 0; hence the earlier conditions give 


c =O 
say. Then 
chy + Bro oF Ab z= 0, 
that is, 
0m = BA +AA; 
and 


CA, + BA, + AB, = 0, 
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that is, 
Cro = Pr». + Ab; 
thus 
Br=cr+k, 


where k is a constant. Hence 


h = ch? + cb? + 20 + 2k 


in other words, h is not independent of g and A¢. 


It follows that the coexistent integrals are not independent. The in- 
dependent integrals determine distinct families of geodesics; but they cannot 
be combined to determine one and the same family. 


EXAMPLES. 


1. Representing the surface of an anchor-ring by the equations 
z=reosd, y=rsing, z=asind, r=c+acos ð, 
obtain the equation of geodesics in the form 
ahdr 
5 a Bae: 
r (72 — È fa2— (r= 0} 


where / is an arbitrary constant; and find an equation for determining the conjugate of 
any point on the geodesic. 


2. Discuss the geodesics on a hyperboloid of one sheet, not of revolution; and describe 
their course on the surface. In particular shew that, when the parameter 6 of integration 
(§ 101) vanishes, the geodesics are the generators of the surface. 


3. On an ellipsoid taken as in § 101, a geodesic through an umbilicus cuts the section 
of the surface through the real umbilici at an angle v ; shew that the arc-element at any 
point on the surface can be expressed in the form 


2 
ds?=du2+— =— adv’, 
sin? v 


where y is the distance of the point from the umbilical section, and 


rele a ese et), 
atp etp) “P= \atg erg) T 
Shew that an umbilical geodesic does not return upon itself; and obtain equations for 
the lines of curvature through a point in the form 
tan $v tan $v'=constant, tan 4v cot $v’ =constant, 


where v and v’ are the angles at which the geodesics from the point to two umbilici, that 
are not diametrically opposite, cut the umbilical section. 
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4. Obtain a first integral of the equation of geodesics on the quadric 


pPlat+ele=4a 
in the form 


P~*pdp+Q-*qdq=0, P~*ptdp+Q™ *g2dq=ds, 
where 
(c—a)y=4a(atp) (a+), (a—¢)#—=4e(c+p) (e+ 9), 
P=p(atp)(ctp)O@+p) @=G(atg) (e+9) (0+9), 
0 being a constant of integration. 
Trace the geodesics. 


5. Shew that, through any point on a surface, there passes at least one geodesic such 
that four consecutive points of the curve lie on its circle of curvature; and obtain an 
equation for the direction in the form 


Pdp?+3Qdp2dq+3Rdpdq? + Sdq*=0, 
where P, Q, R, S are the derived magnitudes of the third order. 


6. Shew that an equation of geodesics on the surface 


dp? dq? 
oes 
a ~ ap+bq s a'p+b'q 


is given by 
3 
II {(a’p+b'q)~ 2 cos @—t, (ap + bq) ~ 2 sin o}"" = constant, 
T=1 
where œ is the angle at which the geodesic cuts the curve y=constant, and 4, t2, t3, 


ai, a2, a3 are constants such that 


atau . t 2 a 
b—au+bu?— a'u’? u-t u-t, u-ts 


7. Let the equation (f, A)=0 have a cubic homogeneous integral of the subsidiary 

system in the form 
Ap? +B? +3aph? hot 38 bib" =a, 
the equation A=0 being ¢:¢2—A=0. Shew that 
4=k B=0, 

where P is a function of p only and Q is a function of g only, which may not vanish 
together for a proper cubic integral. 

When neither P nor Q vanishes, so that new variables p’ and q’ can be taken in the 
form 

P-*dp=dp', Q7 ?dq=dg', 
2 
MP i=- =, API = 

where v satisfies the equation 


0 (eu Ou 0 (a 52) =0 
op’ (a ea) + ag (Ipag 0g? í 


When Q vanishes but not P, so that a new variable p' can be taken in the form 
P~*dp=dp', shew that 


shew that 


AB=Q, 
where Q is a function of g only. Shew also that 
eee pee 
AP? os a? hah * ap”? 


where v satisfies the equation 


0 /w dv 0 (= Ov 
op’ \ op! a) tag (0 ia) aN 
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8. The equation (f, A)=0 has a quartic homogeneous integral of its subsidiary system 
in the form 
bi +48 ob ot Cy hips? +48'pi hy? + ho! =4, 
the equation A=0 being ¢ig¢2—A=0. Shew that, if 
My=T, 
then ; x ? 
2y u a OK 
\B= — ap? ~ Opoq’ = og 

30r eu du Cu u 

20p 0q? opoq? paq 0g?’ 

30r _ u Ou if Ou du 

20q ~ Op? pqg * Opdg Op?’ 


so that w satisfies an equation of the fourth order. 


If the equation has a quartic integral of its subsidiary system in the form 


pi +48 bi pat by hr p? + 48'oi fF =a, 
then, denoting X?y by T, shew that 


ou ou 
a A 0q’ AB’ =Q, 
SION OU, Ou 


30r_ ou Ou z ou 0u 
20g dp dpog * 0g Op’ 
where Q is a function of q only, u satisfying an equation of the third order. 


9. The equation (f, A)=0 has a polynomial integral of its subsidiary system ex- 
pressible in the form 


An Pr" + Cn ho” + On 21" 2+ Cn oho” 2+... =constant, 
the equation A=O being ¢;¢.=A. Shew that a, cannot involve q, and that c, cannot 
involve p; and obtain the relations satisfied by the remaining coefficients in the integral. 
10. When the equation (f, A)=0, where A=d,¢.—A=0, has an integral of its sub- 
sidiary system in the form 
adit Bobs _ 


=a 
yPit Po i 


where no one of the quantities a, 8, y vanishes, shew that 


a= Py, B=Q, 


P being a function of p only, and Q a function of g only. Shew also that à and y satisfy 
the equations 


sp by (P= Q}+AQ'=0 


y Pay = 9 


and obtain the geodesic parallels in the form 


EEY eaa 


. 
2 


CHAPTER VI. 


GENERAL CURVES ON A SURFACE: DIFFERENTIAL INVARIANTS. 


THE present chapter consists of two connected parts, and relates to curves that have 
no particular organic relation to the surface but are specified by some assigned analytical 
definition, 


In the first part, the expressions for the various geometric magnitudes are obtained 
in connection with simultaneous binary forms, associated at once with the curve and the 
surface ; and it proves possible to obtain some relations among the magnitudes. 


In the second part, there is a discussion of certain functions called differential in- 
variants (sometimes differential parameters). They maintain their values unaltered 
through all changes in the superficial variables of reference, and so they represent 
geometrical magnitudes of the curve and the surface. Their expressions are constructed, 
and their geometrical significance is established. 


Various methods have been devised for these differential invariants ; and references to 
some of the authorities are given in § 133. The method here adopted is based upon Lie’s 
theory of continuous groups and, in the form adopted, was the subject of a memoir by the 
author which is quoted in § 133. The reason for the adoption of this method, in spite of 
its laborious detail, which however becomes mechanically easier as soon as its algorithm 
is recognised, and in spite of its initial non-geometrical aspect, lies in its compelling 
quality. Besides giving the expressions of the covariants, it indicates how many of them 
are independent, and indicates also a merely algebraical method of expressing all the 
covariants in terms of an algebraically independent set ; consequently, when once the 
geometrical significance of all the covariants is established, we know how many of the 
geometrical magnitudes are independent and we have all the relations (up to any order 
of derivation) that exist among the magnitudes. 


General Curves on a Surface. 


125. We now proceed to consider general curves on the surface, rather 
than special curves as in preceding chapters, especially for the purpose 
of obtaining the analytical expressions for the more important geometrical 
magnitudes. As the actual values of these magnitudes for a given curve 
must be the same whatever system of superficial coordinates be adopted, it 
follows that the various expressions must have an invariantive character 
under all changes of the coordinates. Hence connected with the surface, 
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and with a curve or curves on the surface, there will exist covariants and 
invariants persisting through all transformations of the parameters; so it 
becomes necessary to construct all such invariantive functions and to establish 
their geometric significance. 


As before, we use p and q to denote the current parameters on the 
surface; the parametric curves are not assumed to be an orthogonal system. 
A curve on the surface can be selected either by some relation between p 
and q of the form 

$ (p, q)=0, 


or by having p and q given, explicitly or implicitly, as functions of some 
parameter, say s, the arc of the curve measured from a fixed point. We shall 
use the latter method first, and shall denote derivatives of p and q with 
regarditors bys PP E . ec 
It is convenient to recall some earlier results. Let 
T= Ep? +2Fp'g + Gq”, 
A = Lp” + 2Mp'g + Nq”, 


W Ep + Fd, Fp'+Gq' |, 
Lp + Mg, Mp'+ Ng 
D,=Vp? +2Wp'g +r" +p", 
D, = Ap? + 24'p'g + Ag+ g, 
D=V(p'D,-¢D,) 
=Vipg —gp + ap FOA Vp te 2 ag 
2 = EG — Fi, 
P=LN — MP, 
U=EN —2FM + GL; 


and write, temporarily, : 


fae 
Fis 


VWe=C. 


For all curves that are not nul lines, J=1; for nul lines, J=0. The 
asymptotic lines are given by A=0; the lines of curvature by O=0 or 
W=0; the geodesic lines by D,=0 or D,=0 or D=0. 
Also we have 
dI 
ds =” 
so that 
(Ep + Fg) D, + (Fp + Gg) D, = 0; 
hence 
DARN D, D 
Ep + Eg —(Fp'+@q7) V’ 
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so that 
‘ AL > ew 
D, = (Ep + FY) 5 D,=— (Fp + Gq) T: 
and therefore 
D? = E De + 2FD,D,+ GD? 


Now J and A are a couple of simultaneous quadratic forms; and their 
asyzygetically complete concomitant system (that is to say, the aggregate of 
linearly independent quantities that are invariantive for linear transformations 
of p’ and q’) is constituted by the set I, A, C, V*,7?, U. Bya known result— 
which also can easily be verified directly—in the theory of binary forms, we 
have 


=A UT PL VA? 


so that (introducing the mean measure of curvature and the Gaussian 
measure) 


2 = JAH — KI? — A’. 


Thus, in the case of nul lines (the importance of which is analytical), we 
have 


W=+7A. 
In the case of asymptotic lines, we have 
W=+iK?=+ iTV. 


In the case of all lines, other than nul lines, we have 


Again, we have 
WD= | Ep’ + Fd, Fp’ + Ga 
Lp’ JÈ Mg, My’ JL Ng 


| 


2 


Pa, 
D,, 19; 


=| 1, A = p ae AY, 
| y, ® 
where 
W =(Ep’ + Fg’) D, + (Fp’ + Gq’) D, = 0, 
® = (Lp' + Md) D, + (Mp + Nq’) D, 
=p? (LT + MA)+ p°g (LT + 2MA’ + MT + NA) 
+ pg? (LT” + MA” + 2MI” + 2NA’) +g” (MI” + NA") 


+ (Lp’ + Mg) p” + (Mp + Ng) g. 
Also 


Js 72 P + Mg) p” +2 (Mp + Ng) 7” 
+ p?L, + p°g (Lı + 2M) + p'q? (2M, + Ni) + gM; 
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and therefore 
dA 


Jp 7 2B = Pp? +3Qp”°g + BEp'g? + Sg” 


=<), x 
say, on reduction and after introducing the derived magnitudes of the third 
order. We thus have 


DW=®9, 
ue =2DW +0, 
ds 


where Q now is a cubic form associated with the former system. 


126. The circular curvature and the torsion of the curve, the circular 
curvature and the torsion of the geodesic tangent to the curve, and the 
geodesic curvature of the curve, can be brought into analytical relation with 
the foregoing magnitudes. These geometrical quantities will be denoted by 
the following symbols, all the conventions (§§ 103, 104) as to signs of magni- 
tudes and as to directions in which angles are measured remaining unaltered :— 


p = radius of circular curvature of the oa 
. . > 
o = radius of torsion of the curve 


p = radius of circular curvature of the geodesic tangent, being the 
radius of circular curvature of the normal section of the et 
through the tangent, 


> 


o’ = radius of torsion of the geodesic tangent, 


y =radius of geodesic curvature of the curve. 


Also we write 
@ =inclination of the principal normal of the curve to the normal to the 
surface, 


0 = inclination of the tangent of the curve to the line of curvature for 
which 1/a is the principal curvature of the surface. 


Now 
g” — typ? gi 2p q a Taq? + ap” + Bq 


=AX +4,D,+4,D,, 


on substituting for a), %2, Sæ, their values (§ 34) in terms of X, æ, sa; and 


similarly 
Y =AY+ yD, 15 YəDa, 


ZASA TD + 2D. 


By Meunier’s theorem, we have 


co a ye 
P P 
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Let à, u, v be the direction-cosines of the binormal of the curve; then 


r= p (yz t z y”) 
= pA (Ly — Yz’) + pD, (yz — 2'4) + pD: (y2 — z'Ya) 


A 7 À / J 
= -y (Fp + Gq’) — a (Ep + Fa’) + pXD, 


on reduction ; and similarly for u and v. Hence 


sin w =AX + uY +v 


510) 

so that 
1 ef sin ow Zp. 
Y. P 


To obtain the torsion of the curve, we use the third Serret-Frenet formulæ 


dà l du =m dv n 
Geta as set, ods a’ 


where | = px”, m= py”, n = p2”. Now 


sinao=AX + wY +v; 
hence 


da [aS dX 
cos œ g = BX J T` ds 


_ COS cor 


= + pirnxX, + 7UrX>. 


But with the values of X, and X,, as ipen in § 29, we have 


SNN = PS (M(Ep' + Fg’) - L(Fp' + Gq’)}, 
IA = = PS N (Ep + Fg) — M (Fø + Gg); 
and therefore 
or ee ae ieee VW =-—=* + W oosa. 


ds o TeV, 
Proceeding similarly from the equation 
cos w = Xl + Ym + Zn, 
and using the second Serret-Frenet formulæ, we find 


dæ sins pD sin w 


— sin w PON E 7 VW = — W sinw. 
Thus, from these relations, we have 
dæ 1 
ART. W. 
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Further, this result shews that ane is the same for all curves through 


the point on the surface which have the same tangent as the given curve. 
` 1 
Take the geodesic tangent; for that particular curve, w is always zero, and a 


is the torsion of the geodesic; hence 


1 

dee 
Ley. 
o 
a 
c ds d 


in agreement with the result of § 106. 
Also, we have 
1 _ cos’0 ie sin? @ 
po a B 
1 1 1 : 
ae (3-3) 0 sin 0 


For the radius of spherical curvature, we have 


2 dp\? 
R= p+ oc (32) 
=p? + pP(AA' + DD’). 


Again, from the equation 


we have 
sing da cosadp dA 
p ds D Os | Gs 


=2DW+Q 
_9gsne (G +2) +9, 
ds o 
and therefore 
2 
G riie PRERA 2 ta 
o ds) p p? ds 


127. We shall need the expressions for the various geometrical magni- 
tudes belonging to the curve when it is given by an equation between 
p and q, say 

$ (p, 9) =0. 
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Writing 
O = (Hg: — 2F hip, + Gg.) 


we obtained (§ 105) an expression for the geodesic curvature in Bonnet’s 
form 


HRO F¢, — Co o Fo, — Ed, 
TEAN © Neal To 

Later, it will appear that this relation can usefully be taken in the modified 

form 


TEET ba 
y = ð: (ap? — 2bd,. + ch,’), 
where 
a= gu = To a Ags, 
b= Pio TI I’g, = A’ ds, 
C= by — Ig, — A” dbo. 
Thus the geodesic curvature is expressible, save for the factor — VO-, as an 


algebraic quantity, homogeneous in ¢, and ¢,, with coefficients that depend 
upon the curve and the surface. 
Further, we have 


5 = Lp” + 2Mp'g + Ng” 


= G (Le - Mpp + NG). 


Again 
a Ep + Fg, Fp’ + Gq’ 
Ly’ + Md, Mp + Ng 
J a d 
= Ve? Ed, — Fo, Fo, — Gd, Í 
Lo, — Mo, Mp: — No, 
and i 
tana £2, 
Y 


With these values of œ and W, the torsion of the curve is given by 


while the torsion of the geodesic tangent is given by 


1 

—= W. 

Oo 
Thus various magnitudes belonging to the curve and its geodesic tangent 
can be expressed, save for factors involving a power of V and a power of @, 
as algebraic quantities, homogeneous in ¢, and œ», with coefficients that 


depend upon the curve and the surface. 
13—2 
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Consider the special forms for the parametric curves; it is convenient to record the 
values of all the magnitudes. 


For the curve p=a, we have 7 
gi=l, $:=0, ds=GŻdg, 


so that e= —G? ; thus 


N 1 fT 

A=) W=gy N- Gm), D= of? 
cosa WN 1_ sing mA 
pf C ly As ioe eg 


1 wat ayvr’\, 1 


l 1 
<= Gy N-04) 


, 
o 


For the curve q =b, we have 
g1=0, d2=1, ds=E* dp, 


so that e= E? ; thus 
1 VA 


PES 0/Va 1 


Some Properties of Organic Curves. 


128. One of the advantages of the preceding general forms is that, for 
particular curves such as those organically related to the surface, one+or other 
of the covariants vanishes; the resulting relation frequently leads to geometric 
properties. We shall consider the lines in turn. 

Consider, first, the lines of curvature on the surface. We have 

WSO: 
thus the torsion of the geodesic tangent is zero. 
Again, the torsion of the line of curvature is given by 
T 
a ds’ 
hence, if a line of curvature is plane, its plane cuts the surface at a constant 
angle—a theorem due to Joachimsthal. 
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Again, if the line of curvature be also a line of curvature on another 
surface so that it is the intersection of two surfaces, we have 


lL Lao A de 
oe Ca TAST 
for the two surfaces. Then 

w — @ = constant ; 


hence the two surfaces cut at a constant angle—a theorem also due to 
Joachimsthal. 


Similarly, if two surfaces cut at a constant angle, and if the curve of 
intersection be a line of curvature on one surface, it is a line of curvature on 


the other also. For, as 
w —o = constant, 
we have 
da da 
ds ds’ 


and therefore 


Las 
As eT 
o o 


so that 
W'= W. 
If then either W or W’ vanishes; both vanish—which establishes the pro- 
position. 
Further, if a plane cut a surface at a constant angle, the curve of inter- 
section is a line of curvature on the surface. For 
z 
ds 


owing to the constancy of the angle, and 


= (0), 


because the curve is plane; hence 
j W=0, 
shewing that the curve is a line of curvature. 

We have seen that inversion with respect to any centre conserves lines 
of curvature (§ 79); and we know that inversion changes a plane into a 


sphere. Hence we may expect some properties of spherical lines of curvature 
similar to the preceding properties of plane lines of curvature. 


Suppose, then, that a line of curvature lies on a sphere. Its geodesic 
tangent is a great circle, that is, a plane curve; and therefore the torsion of 
the geodesic tangent is zero, so that, on the sphere, we have 

U do’ 
a ds" 
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As the curve is a line of curvature on the surface, 
1 _ de. 
a ds’ 
hence ` 
æ — w = constant, 
or the sphere and the surface cut at a constant angle. 


Similarly, if a sphere cuts a surface at a constant angle, the curve of 
intersection is a line of curvature on the surface. For 


do da 
ds ds’ 
that is, 
RE 
“OF Oo 
and therefore 
W=0 


proving the proposition. 


129. Consider, next, the asymptotic lines on the surface. For them, 
_A=0, 
that is, their directions are given by 
Lp” +2Mp'q + Nq?=0. 


For one of the asymptotic lines, we have 


, 1 


A Dicer E R 
M+ir —-L ™ 
where 
p? (2EM? — 2FLM — ELN + GL + 2:7 (EM — FL)} = 1. 
Now 
1 
W= y Ep + Fg, Fp + Gq 
Lp +Mg, Mp + Ng 
y 2 
=e EM- FL+iET, FM-GL+iFT 
L M+iT 
ATINE. } 
= y =K. 
Similarly, for the other asymptotic line 
BONERS 
M-iT -P 
we have 
Wasa 
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Both results are in accord with the relation 


3) -4-P 


oie 1 
W=Al (i+, a 


when A=0, J=1. 
Now, because A = 0 for the asymptotic lines, we have 
COS @ 
a Ki 
Hence, when the lines are not linear generators, we have 


0. 


T=}. 
In that case, we infer the following properties :— 

(i) the geodesic curvature of an asymptotic line is equal to the circular 
curvature ; 

(ii) the torsion of an asymptotic line is equal to the torsion of its 
geodesic tangent ; 

(iii) the square of the torsion of an asymptotic line is equal to the 
specific curvature of the surface with its sign changed, so that 
the asymptotic lines on a surface of constant specific curvature 
have constant torsion ; 

(iv) the torsions of the two dsymptotic lines at any point are equal and 
opposite. 

Next, consider a section of the surface made by any plane drawn through 
the tangent to an asymptotic line. At the point on this plane section, p’ and 
g are the same as for the asymptotic line; and so, there, we have 

A=0. 
Hence, for the plane section, we have 

COS _ 

Pi i 

This condition can be satisfied in two ways. 
We may have 
@, 247, p=; 

so that then, for any plane section of the surface other than its section by its 
tangent plane, the point of contact is a point of inflexion. 


Or we may have 
Onis $r, 
and then p, can be merely finite; but w is equal to 4m only at the point and 
not everywhere along the plane curve, so that the quantity da,/ds does not 
vanish. Now, in general, we have (§ 126) 


2 da\ sine cosa dp 
5 Sa pe =-Q), 
e 73 e) p op p? ds 
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so that, for the asymptotic line, we have 


Pes.) 

po 

At the point, Q is the same for the asymptotic line and the plane section, 
being Pp?+3Qp2q'+3Rp'q?+Sq*; and for the plane section, we have 
1/o,=0. Hence, for the plane section, 


da, 1 


dsp 
so that 
2 _ Bde, 
po pe 


Again, at the point, W is the same for the asymptotic line and the plane 
section. Hence for the asymptotic line 


1 


Z 
and for the plane section 
oea iy 
ds : 
so that 
da, oa! 
ds a 
Consequently 
2p, = 3p, 


a result due to Beltrami. 


130. Consider, next, geodesics on the surface. We then have 
D=Q) Dr=O0p 7D 2-0: 


No value of the ratio p’/q’ is determined by these equations; but we know 
(§ 92) that any value of the ratio at the point determines uniquely a geodesic 
on a part of the surface enclosing no singularity. 


The direction of the geodesic through the point having maximum or 
minimum curvature is obtained by making 
Ly +2Mp+N 
E+ 2Fu + G’ 
where u= p’/q’, a maximum or minimum. The necessary condition is 
| Ey+F, Fut+G@ |=0, 
| Lu+M, Mut N 
that is, 
W=0; 
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so that the directions of the particular geodesics are those of the lines of 
curvature—a known result. Further, the torsion of a geodesic is always 


given by 
hence 


(i) at a point of contact of a geodesic with a line of curvature, the 
torsion is zero; 


(ii) if a geodesic be either a plane curve or a line of curvature, it is 


both ; 


both being known propositions (§§ 129, 66). Also, as A =1/p for geodesics, 
we have 
1 1 G 5) A 
f P a8 


eee 


Le INe 
= = ao 2 2 
{5 >) sin? 0 cos? 0, 
as before. Manifestly the geodesic of maximum torsion bisects the angle 
between the lines of curvature. 


As regards nul lines on a surface, being conjugate imaginaries on a 
real surface, their properties are entirely analytical. As J=0 for nul lines, 
the relation 


Wi= AI (545) -L-T 


W? =— A* 


gives 


Let r and r’ be the analytical quantities corresponding to the radii of 
curvature of normal sections of the surface through the tangents to the 
nul lines, and let s and s’ be the analytical quantities corresponding to the 
radii of torsion of the nul lines; then 


and therefore 
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131. We have seen that a geodesic can be a line of curvature, and then 
the curve is plane. It is natural to inquire what analytical combinations of 
characteristics among lines of curvature, asymptotic lines, geodesics, and nul 
lines are possible. $ 

(i) When a curve is a line of curvature and asymptotic, then 

ASOV EO) 
so that either T=0 or K=0. When we restrict ourselves to real curves on 
real surfaces, we must have K =0; the surface is developable, and the curve 
is a generator. Without that restriction, we could have J=0, so that the 
curve is a nul line. 

(ii) When a curve is a line of curvature and geodesic, then 

W=0; D=0, Di=0, D;=0. 
Thus w =0, so that 


the curve is plane, and it arises as a normal plane section of the surface. 


(iii) When a curve is a line of ae: and a nul line, then 
W=0, I=0; 
and therefore d=0. We again have part of case (i). 


(iv) When a curve is asymptotic and geodesic, then 


A=(0, D=0. 
Thus 
+=0, +=0, 4=0; 
Yy P P 


the curve is a straight line, being a generator of a ruled surface. 
(v) When a curve is asymptotic and nul, then 
A=0, I[=x0; 
hence W=0. We have case (iii). 
(vi) When a curve is geodesic and nul, then 
J = (; D = 0. 
Hence 
W=i1A; @=0. 
The analytical quantities corresponding to the circular curvature and the 
torsion of the (imaginary) curve are connected by the relation 
p+ot=0. 


(vii) When a curve is a line of curvature, a geodesic, and is asymptotic, 
then 
W=0, Die 07 A= 0 


so that either 7=0 or K=0. We again have case (i). 
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Differential Invariants. 


132. The preceding results shew that many of the quantities connected 
with a surface and with curves on the surface are expressed as functions 
connected with binary forms. But a set of parameters on a surface can be 
changed at will, while the quantities themselves are unaltered in value; 
hence the expression in terms of the new parameters must be equal to the 
earlier expression. In other words, we have an invariant or a covariant of 
the forms. 


Now it is important to know all the invariants and covariants which can 
occur, as well as their geometrical significance. It is equally important to 
know what relations may exist among them, for these will be relations 
among the geometrical quantities themselves. Moreover, it is desirable to 
know the tale of invariants of different kinds, such as those involving the 
fundamental magnitudes of the surface without reference to any assigned 
curve, and those involving the fundamental magnitudes of the first kind 
(but not the magnitudes of the second kind) and any assigned curve or 
curves on the surface. 


Differential invariants (or differential parameters) were introduced by 
Lamé for relations of space. The association with the theory of surfaces 
was first made* by Beltrami, to whom many of the early results are due. 
Another method, based more definitely on the pure algebra of the theory 
of forms, was initiated by Christoffelt, and has led the way to many 
investigations*. 


Differential invariants of the type considered must belong to the general 
class of differential invariants which constitute Lie’s generalisation of the 
theory of the concomitants of homogeneous forms. It proves possible to 
adapt Lie’s methods, used in the theory of continuous groups, for the con- 
struction of the functions required§; and so, as the process also indicates the 
amount of independence among the magnitudes constructed, we shall use it 
for the immediate purpose. 


* In his memoir, Mem. Acc. Bologna, 2 ser., t. viii (1869), pp. 549—590. Beltrami there 
gives also a sketch of the early history of the subject. An account of the theory, developed on 
the basis of Beltrami’s researches, is given by Darboux in his third volume, pp. 193—217. 

+ Crelle, t. lxx (1869), pp. 46—70. 

+ Special mention should be made of a memoir by Ricci and Levi-Civita, Math. Ann., t. liv 
(1901), pp. 125—201. 

§ It was first effected by Zorawski for one class of the invariants; see his memoir, Acta 
Math., t. xvi (1893), pp. 1—64. The method was modified to some extent, and the construction 
of all classes of the invariants up to a certain order, was effected in a memoir by the author, 
Phil. Trans., (1903), pp. 329—402; and certain new relations among the geometrical magnitudes 
of a surface are there given. 
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133. Some simple examples will indicate the kind of invariance which 
is to be characteristic. 


Let the Belang variables p and q be changed to other independent 
parametric variables p’ and q’; and write 

ya oP Od _ Op’ og’ 

Op oq qəp 

so that J does not vanish. Let Z’, F’, G’ denote the fundamental magni- 

tudes of the first kind with the new variables; and similarly for the other 

magnitudes. Then 
Edp + 2Fdpdq + Gde = ds? 
= KE’ dp” + 2F'dp'dg + G'dq”, 


= pig ia Padi 


and therefore 
E = E'py? + 2F'p/ qi + Gq”, 
Fei ‘Di Pa +f’ (p'qo ap qi Po ) T Gag 
G = E'p.? + 2F" pqs + G’qr?. 
Hence 
yV? = y. J’; 


that is, the function V” is equal to the function V? save for multiplication 
by a power of J. We call V? a relative invariant. 


Again, we have 


1 
A= [ne aa Yo2,) ; 


hence 


peu. Tufoy dz _ Oy oz 
aS ve (sy og’ aq’ ae) 


_ 1 (aye wA y. 
Be: a oq aq ap) aoe 
and similarly Y'=Y, Z’=Z. Quantities like X, Y, Z are absolute invariants, 


or (more simply) invariants. 
Further, 


Ldp? + 2Mdpdq+Ndqg == 
P 


= L'dp? + 2M'dp'dq' + N'dq”, 
so that the relations between L’, M’, N’ and L, M, N are the same as those 


between Æ’, F’, @” and E, F, G. Similarly for the derived quantities of the 
third order ; we have 


Pdp + 3Qdp'dq + 3Rdpdq + Sdo’ 


-4 C >) ds? 


= P'dp” + 3Q’dp"dq’ + 3R’dp'dq” + S'dq’, 
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so that 
P= P'p”’ + 3Q' pq + 3R'p'q” + 8G", 
Q= P'p’p +Q (2p: pa qr’ + pi2qe’) + RB’ (poq +20 hg) + SHG > 
R= P'py pr? +Q (2p prq + po’) +R (pg? + 2ppo'qn' ge’) +E H qo”, 
S = P'p + 8Q'p.?q.' + 3R'pr qo? + 8’q,". 


Then 
LN — M*?=(L'N' — M”) 3’, 
EN —2FM + GL =(E'N' — 2F'M' + GL) J, 
J DA a O S AE a O N 
OMER ROTR Die Oe ro on. 
O2 R ES a0 O TRST 
OS ORS On eRe oS) 
the last being the discriminant of the cubic form; thus 
1 a 7 
p: (Ly - M’) = yz ZN — M”), 
pa (EN —2FM + GL) = p, (E'N' - 2F'M' + G'I), 
are invariants, being the two measures of curvature of the surface; and 
1 
y 2208 a RGO 
OTER EO TRI 
OORO | 
OPO? Zeus 


also is an invariant of the surface. 
But we also have covariants, as well as invariants. Let 
W=- | Edp+ Fig, Fdp + Gdg 
| Ldp+Mdq, Mdp+Ndq 
where W=0 is the equation for the lines of curvature. From the foregoing 
relations, we have 
Edp+ Fdq = E'p'dp' + F’ (p/dq’ + gdp) + C q'dg' 
= (E'dp! + Pedy’) pi + (Bap! + Gdg’) g. 
and so for the other constituents in W ; hence 


? 


W = Pis Q 


E'dp + F'dg', F'dp + G'dq’ | 
Ds, Jo 


| Lidp’ + M'dq’, M'dp’ + N'dq' 
2 > E'dp’ + F’dq’, F'dp' + G’dq’ 
L'dp + M’dq’, M’dp’ + N’dq’ 
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Thus W is an absolute covariant or (more simply) a covariant. The in- 
variantive character of W is to be expected; for the lines of curvature must 


be the same, whatever parameters be used. 
N 


134. But there are other types of covariants. Take any curve 
¢ (p, q) = constant ; 
in the new variables, let it be 


¢’ (p’, q’) = same constant, 
b(p, N= (p,q). 
| | 


fi = pip + qi’, 
Q: = dy ps + go qe; 


so that 


Then 


and therefore 
Ep? = 2F oh 1R Gh’ 
= h,” (Ep? — 2F pp: + Gp”) 
+ 2Q'p: (Eps qe — F (p'g? + pig’) + Gp q} 
at py? (£q:” 3 2Fqi q F Gq”) 
= J? (E'$,? 1S 2F' hp: ate Ch): 
Consequently 
1 y o 1 1 Io , 7 1 , 
ye (Ep? = 2F h, >. aT Go’) =n (E o 2F gi pe + G Q”) ; 
and therefore, if 
1 
A ($) = V2 (Ep? * 2F'$, h ar Go’), 
then A (¢) is an absolute covariant, connected with the curve upon the surface. 


It is Beltrami’s first differential parameter. 


As A(¢) is an absolute covariant, so also is A ($ +y) for all arbitrary 
constant values of A. Now 


A (p+ rp) = A(p) + 2X4 ($, YP) + WA (y), 
where 


A (¢, v) 3 2 {Eppa — F (dirs + Vids) + Givi}. 


Hence A (¢, Y) is another absolute covariant, connected with two curves 

> 
$ = constant and y= constant, upon the surface. Sometimes it is called an 
intermediate covariant, sometimes a mixed covariant. 


134] 


Further, let 


then 
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= pd (2%) j= eH y) 


207 


so that ® (¢, yr) is another absolute covariant, intermediate to the two curves. 
But it is to be noted that the covariants so far obtained are not algebraically 


independent of one another; they are connected by the relation 


A($) A (yy) — A’ (ġ, y) = P ($, y). 


Again, we have 


so that - 
= Fo: _ ft ts su Pe e am B'h 
y Vá ; 
Similarly 
Fd, as Eg: _ e bs id p A F'?d, ‘— B'h 
V Vs i 
Hence 
o Ge anes =) 
op V og V- 
ay Gd. — <P)" (my 2 ) Fo, — Ed» 
= (m ay tiap) ( 4 e ( V ) 
P 0 fey dy at F',/\ z. 0 ee ee E's 
E EA A AE A Ve J 


Gg, — Fp: = pi (Gp — Fpi) + pl (Gq — Fa’) 
Aa E’ $y), 


= Jq, (Gobi — Fg) + Spy (F'oy 


on reduction and substitution. Let 


then 


that is, A, ($) is an absolute covariant. 


parameter. 


A, oe V op 


a (Sh 


V V oq \ V 


A, ($) = A, ($°, 


Fa 1 a (es Fo, + =o 


It is Beltrami’s second differential 
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We thus have the set of covariants 


(p, y) Alp) Alp, y), A ($). 
By repeating the operations, we have other covariants 
A(A¢), A(¢, Ad), ®(¢ġ, Ap), 
and so on, to any extent. Darboux proves * that any covariant, which involves 
two or more functions ¢, y, ... and their derivatives, with E, F, @ and 
their derivatives, can be obtained through the adequate repetition of the 
symbolical operations A and ®. 


135. To illustrate the use of these differential parameters and other 
covariants, let p'=¢(p, q) ¢=W(p, q) be taken as new parametric 
variables; then any arc-element upon the surface can be expressed in the 
form X z > 

ds? = Ede + 2Fdody + Gdy. 
A(g)=G/V*, A(y)=£/V*, AG y)=- F/V., 
on substitution ; then 

1/F*=A($) ACh) = Alo, V) = OU, Y), 
a p__ AGW g__A@) 

($, Y)’ P (ẹ, y)’ (p, y) 
Consequently the arc-element upon the surface becomes 
qe ACH) do’ = 2A (6, 4) dodi + A ($) dye 
P64) 


When the new parametric curves are nul lines for the surface, we must 


have 
A(w)=0, A(g)=90; 
that is, the nul lines for a surface are obtainable by taking two functionally 
independent solutions of the equation 
A(x) =09. 
When the new parametric curves are an orthogonal isometric system for 
the surface, we must have 


A(g) =A), ACP, y)=0; 
that is, an orthogonal isometric system for a surface is obtainable by taking 
two functionally independent solutions of the equations 


A(@)=A(QS), A(G@,S)=0; 
and then the arc-element is given by 
de? + dd? 
A(0) à 
* Treatise, t. iii, pp. 203, 204. 


Now 


and so 


ds? = 


136] DIFFERENTIAL PARAMETERS 209 


The variables for the isometric system are connected with the variables for 


the nul lines by the customary relation (§ 60); for, writing y = 0 + 7S, where 
0 and X are real, we have 


A(x) = A (8) — A (9) + 2iA (0, 8), 


so that the equation for the variables of the nul lines leads to the equations 
for the variables of the isometric lines. 


Again, by direct substitution in the expression for the second differential 
parameter, we have 


A;(@)=0, A,(3)=0; 
thus both the parametric variables for an orthogonal isometric system satisfy 
the equation A, (u) = 0. 
Ex. Taking the arc-element on a surface in the form 


dè =(1+p?) da®+ 2pqdirdy +(1 +4?) dy’, 


prove that parallel planes cut a minimal surface in isometric curves. 


Lastly for the purpose of immediate illustration, we can prove, by the 
method adopted in § 134 for A, (¢), that 


1 {9 (F¢.—Gd , 0 (Fb, -— Eg: 
zia ) nee i. © i 

where © denotes (Ep? — 2F'¢,¢. + Gp, is an absolute covariant. In order 
to obtain its geometrical significance, we specialise one of the new parametric 


curves, and we take ¢(p,q)=q. Then ¢,=0, ġ:=1, © = BE: the absolute 
covariant becomes 


ce ie a ) 


that is, VAE~2. But (§ 127) this quantity is the geodesic curvature of the 
curve g= constant; hence we again have Bonnet’s result 


a a aa 


136. The results in § 134 stir a larger question. We are challenged 
with the problem of finding and interpreting all the invariants upon a surface, 
and all the covariantive functions, which are connected with curves upon the 
surface and involve Æ, F, G, L, M, N as well as their derivatives. Merely for 
purposes of finite enumeration, we shall take derivatives only up to a finite 
order; and for purposes of precise illustration, we shall take only low orders 
of the derivatives of the various quantities. Moreover, we only want those 
covariants which are algebraically independent of one another; our quest 
is not for an asyzygetically complete system. 


F. 14 
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As regards the quantities to be included, we shall take Æ, F, Œ and their 
derivatives of the first order ; in place of these derivatives, we shall take the 
six equivalent quantities T, A, I’, A’, T”, A” of § 34, as convenient for our 
purpose, though not convenient if higher derivatives were required. The 
transformations of these quantities under the transformations of the variables 
involve the first and the second derivatives of p’ and q’ with respect to p 
and q. The laws of change for L, M, N are the same as those for Æ, PG: 
and therefore to the retained order of derivatives of p’ and q’, we take 
L, M, N and their derivatives of the first order. But the last are not inde- 
pendent of one another, owing to the Mainardi-Codazzi relations ; in place of 
them, we shall take the four derived magnitudes of the third order P, Q, R, 8. 
We can take one curve, p= constant, on the surface; or we can take two 
independent curves, ¢ = constant, and y = constant, on the surface; it is no 
use taking three curves ¢, y, x = constants, for there is a functional relation 
between three functions of two variables. In the first instance, we shall 
take one curve, ¢ = constant, for the present purpose. The quantity ¢ itself 
will not occur; the relation ¢ =¢’ contains no derivatives of p’ and q’, but it 
provides the means of obtaining relations between the derivatives of ¢ and g’. 
Clearly we shall have derivatives of ¢ of the first and the second orders, 
as these involve the retained order of derivatives of p’ and q’. Thus our 
invariantive functions involve Æ, F, @, T, A, T’, A’, T”, A”, L, M, N, P, Q, RB, 8, 
Pw os Poo; gu; Po» where * 


im £ orty 
mn ~~ op™og” ? 
for all quantities u, and for all values of m and n. 


Ultimately we require absolute invariants. These can be obtained as 
ratios of relative invariants; as the analysis for relative invariants is simpler 
than for absolute invariants, we construct the relative invariants. If f be 
any such function, and if f’ be the same function under the new variables, 
our definition is that the relation 

faTf 


must be satisfied for some integer value of the index p. 


137. To utilise this equation we have recourse to Lies theory of con- 
tinuous groups, particularly to the fundamental proposition t that a continuous 
group is determined by the aggregate of infinitesimal transformations which 
it contains. Accordingly, we shall deal only with infinitesimal transformations 
of p and q which (in Lie’s notation) are 


P=pt+E(p,gadt, q =q+n (p, Q) at, 


* This double-suffix notation is convenient for the expression of derivatives of all orders, 
though it is less convenient than the earlier notation for derivatives of the first order alone. 

+ Theorie der Beriihrungstransformationen, vol. iii, p. 597; see also Campbell, Continuous 
groups, p. 80. 
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where powers of dt above the first are neglected; and then, to secure all 
kinds of relations between p’, q’, p, q, we take & and 7 to be completely 
arbitrary functions of p and q. As the quantities retained for our invariants 
involve derivatives of p’ and q’ up to the second order, we shall have deri- 
vatives of £ and ņ of the first and second orders. 


As regards J, we have 
J = (1 + Endt) (1 + nadt) — Endty dt 
= 1 + (o +) dt, 
on neglecting dt. Also 
vie me +3, a dt; 


hence our defining relation becomes 


d 
A H (Eo + Na) = 0, 


which is to be satisfied for all functions € and n. We thus need the increment 


of f; and this arises through the increments of the various quantities it 
contains. 


We have ¢= 9’, and therefore 
Pr = Pi dro + Ta FE (1 + Eo dt) Pio + No At du, 
hap = {a ar ae ap pate Todt = a a T Eodt) po 1 Nr At hoy } 
= (1 + 2&,dt) pa + 2mo dt du’ + (Enpo. T Noo Por ) dt, 


on neglecting squares of dt, and so for other derivatives of ¢. Hence 


Pw = on = — (Enpo + M0 dur) dt. 
On the right-hand side we can replace h and pa by di and dy, respectively, 
as we neglect squares of dt; hence 


ze 


Fr ae Enpo ate Mo Pore 
Similarly for the other D eh the required tale of results is :— 
d 
= = E 10 Pio + Mo Poa 
i 
te = = Fy Pio + Noa Po 


i = 2wa + 2mohn + Enpi + Mopo 


tha 


= = En $n + En ho + 110 Poe + Ma dou + Ey pro + My Po 


ts = A Pn E 2M Poz F E Qio aF Ne Por 


14—2 
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To obtain the increments of the magnitudes of the surface, we proceed in 
the same way. We have 


E = E'p,?+2F pig + Gq? y 
= (1 + 2& dt) E' + 2modt F”, 
which at once gives d#/dt. Similarly for all the magnitudes; the required 
tale of results is :— 
==, = 284 + 2m F 


dF 
RPR EF + E, b+ MF + Inf ; 


Sa 2&0 F + 2G 


aa 2En M T 2a N 


ge = Bik + 370Q 


d 
=u = 2E Q + EaP + 2m R + nn ® 


dR 
= A = ER + 2E Q + MoS a 21a R 


dS 
== BE = 3&, R + BMS 


To obtain the increments of T, A, T’, A’, T”, A”, we can proceed from the 
equations of the type 
Lo = LX + ay T+ 2, A 
in § 34, noting that X, Y, Z are invariants, and using the preceding results. 
We find 


av ; 
F T EuT — En A + 2m 0 +f] 


dA 
Pail 2E A + mA -T)- mA +s 
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dl’ 


= ace E En (T—A‘) +0" + MT + Ey 
dA’ , ”"_ 

= i = EA + EnA + Mo (A m T ) ar Nu 
a ut g / MA A | 

B R fal —A") + ha E En 
dA” ; ” ” 

Ses 2E,A = M0" + nr A” + 


) 


138. The arguments that can occur in a covariantive function f are 
twenty-one in number, viz. di, du, Pœ» Ou, Qo; E, F, Œ T, A, T’, A’, T”, A”; 
L, M, N; P,Q, R, 8. Denoting any one of them by u, we have 


df _ 5 of du 
dt «õu dt’ 


The value of ug has been obtained for each argument; hence the critical 


dt 


equation becomes 


af du 
-z7 T= H (Eo + M) J: 


The equation must be satisfied for all arbitrary functions ë and n whatever ; 
and therefore the coefficients of all the derivatives of £ and of 7 on the two 
sides must be respectively equal to one another. We thus obtain ten 
equations in all, arising through the coefficients of £w, En; mos na; Ez EE 
20> Ni» Noz- They are -— 


eae foe ant BBA + tee ee 


art ant om a0 
oh ry hire ei y A his a. 
+ ro ae + 20 E + Ons ee ties Sic PP eR EP tee E (i), 
=r% raba M A +N tA +R Y past 
A Pp tar” aa i a 


Ta a are n + 2h OU RMR Se Ne ahs (ii), 
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coming from the coefficients of £ and no respectively ; and 


o- EL ort + ey om oh + PH +20; E ae ae 
-afat NE A -a A +o X 
+ $e 5 + da a+ 2on ‘a OPP Ni Pe ere On Mer oS (PIC (1), 
u A E +30 rR + Sch 
A A Uh oil rece Ns Pee a 
ee a 2a z + dugg es cha ead (I), 
0 = Fh + ugh EET Ae aan (111), 
0 = he + bug PT T (IV), 
0 = ston + dup ai ah Ce (V), 
o= t daa Lo eilvod aera wi- Gni (VD, 
o= ŽE + $y Z T t el 5 (VID, 
0 = sha + bn ap ee Ma N (VIID), 


coming from the remaining coefficients. This is the aggregate of equations 
arising out of the critical equations. 


Conversely, a function f, that satisfies these equations in connection with 
a suitable integer value of u, possesses the property 


favs’ 
that is, it is a covariant. Hence what is required for our purpose is the 


aggregate of algebraically independent functions satisfying these ten equa- 


tions, the last eight of which are homogeneous and linear in the derivatives 
of f. 
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The theory of such equations, as well as the method of integration, is 
known* ; so we proceed first to integrate them, and then apply the theory to 
indicate an independent aggregate. 


139. Consider the last six of the equations, viz. (III)—(VIID), by them- 
selves. All the Poisson-Jacobi conditions of coexistence are satisfied 
identically. Hence they form a complete Jacobian system. The total number 
of variables, with respect to which derivatives of f occur, is nine—viz., the 
three second derivatives of ¢, and the six quantities T, A, I’, A’, T”, A”. 
Thus the total number of algebraically independent integrals, involving 
some or other of these nine variables, is three; for the number of such 
integrals is the excess of the number of such variables over the number of 
equations in a complete Jacobian system. Now it is easy to verify that the 
quantities 


hoy EF Tdi Fy Ada, gu a Ido = Ada; oe P Peds rae A’ da; 


satisfy the equations; and it is manifest that they are algebraically inde- 
pendent of one another. Hence, writing 


a= db» -T dy — A dn 
b= ou —.T” dio — 4’ Po ? 
Cr oe ae T” po = A” go 


we have a, b, c as the three integrals above indicated. 


If, then, we take f to be any function of a, b, c, and of dy, du, Æ, F, G, 
L, M, N, P, Q, R, S, then the six equations are satisfied; and the most 
general function of those arguments is the most general integral of those six 
equations. We therefore now limit f to be a function of those arguments ; 
and we need take no further notice of the six equations. To avoid confusion, 
we denote the function f, in its new form, by g. 


Let the equations (1), (11), (I), (II) be written 
f =V], f= Vaf, 0=4,f, 0=4,f. 
We easily find 
vVa=2a, V00 VeeS 0, 
V.0=0) E VEA 
N “A,b=a, A,c=20, 
Aa =2b, A,b=c, A,c=0. 


* See the author’s Theory of Differential Equations, vol. v, chap. iii. 
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Then as f, now denoted by g, has become a function of a, b, c, dw, da» 
E, F, G, L, M, N, P, Q, R, 8 only, the four equations take the form 


oq 


pg = 28 22 4 PY 4 9n  s ME 4 BPA 20= sat Rae 9 

42a! 628s bug ee eee (i), 
yg = Ge u TQU orig + 38 24 

+529 4 20 ade! ha oe ee (i), 
ie oN +1 os PY og sR 

7 2b $B + dou g IO IO ee (I), 
0=27 9 4 eerie 304 Y iors 

+2 4 oF + bn g E ETE A ee (ID). 


These four equations satisfy the Poisson-Jacobi conditions of coexistence, and 
so they are a complete system. When we take 
equation (i) — equation (ii) = 0 


with (I) and (II), we have a complete Jacobian system, each being linear and 
homogeneous in the derivatives of f. The arguments, with respect to which 
derivatives are taken, are fifteen in number; this complete Jacobian system 
contains three equations; and therefore, by the customary theorem, there are 
twelve algebraically independent solutions. 


Further, we take a new equation, given by 
equation (i) + equation (ii) = 0, 
so that we have substituted two equivalent equations for (i) and (ii). The 


solutions to be obtained will be homogeneous in certain groups of the 
quantities; let any one of them be 


of degree n in £E, F, G, 


A R EAA Vig Gal, CEN 
peered eee Me. e OTRS, 
RR aN ER igs ees Dis 


eessocoocooo Ns see Pr; Po; 
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then this new equation is satisfied if 


2p =: 2n, + Nios + 3ns + 2n, $ Ns, 


so that n, +n, must be an even integer. 


140. Now the three equations 
(I), (II), equation (i) — equation (ii) = 0, 

are the complete Jacobian system of the differential equations for the 
invariants and covariants of the simultaneous system of binary forms 

w, = (EL, F, Gdn, — pr) 

w, =(L, M, N Ý du, — $o”, 

w, = (a, b, c% paos — Pw)’, 

w, =(P, Q, R, Sý dba; — io); 
and we therefore require an algebraically complete (not an asyzygetically 
complete) set of concomitants of these binary forms, the set to contain twelve 


members. An algebraically complete set is not unique; it can be modified 


by exclusion and inclusion, provided it remains an algebraically complete 
set of twelve members. 


Such a set can be taken initially as follows :— 


W = (E, F, GY dba, = Pr)”, 


V= EG — F?, 
Ws = (L, M, NY du, od dro)’, 
T? = LN — Me, 
Jats (eee 
a bea) 


= (EM — FL) ġa? — (EN — GL) papuo + FN — GM) hè, 
we" = (a, b, CY pn, — pro)’ 
I= Ec— 2Fb + Ga, 
BAN 
= (Eb — Fa) px? — (Ec — Ga) papo + (Fe — Gb) dbx’, 
w,=(P, Q, R, S ý pu, — bw); 
8 = {ES — 3EFR + (EG + 2F°) Q — FGP} ba 
— {EFS — (EG + 2F°) R + 38FGQ — GP} dw, 
§ = (ER — 2FQ + GP) ġa — (ES — 2FR + GQ) bo, 
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ee aE ( ere 


= (EQ — FP) $2 —(2ER — FQ — GP) burn 
+ (ES + FR —2G4Q) dude — (FS — GR) pr. 


In terms of the members of this algebraically complete set, every other 
concomitant of the system can be expressed; and each member of the set 
is a relative invariant or covariant. 


To obtain the absolute invariants and covariants, we require the index p 
of each of the foregoing quantities, as given by 


L =Ma +n +N +4 (3n; +n). 
We easily find 
H a 2, for Wa, y: Wz, Le We’, I; 
JER S J, O S 
USANO 6d 
and therefore an algebraically complete set of absolute invariants and 
covariants, eleven in number, is given by 
w “aby M2 Sw TT de J ty toon ile 
VA V22" V2a" Vee VE VA 3’ Vi Ve pa 
As already indicated, the system can be modified by the exclusion of 
some of the retained concomitants and the subsequent inclusion of some of 


the omitted concomitants, the same in number, and independent of one 
another when the set is restored to completeness. 


Some instances of concomitants, omitted from the system and expressible 
in terms of its members, can easily be given; they will be deferred until the 
geometrical significance of the retained concomitants has been established, so 
that their geometrical significance can be given simultaneously. 


141. Two directions at any point of a curve on a surface are specially 
determined by the curve, viz. the tangent to the curve, and the direction 
which lies in the tangent plane to the surface and is normal to the curve. 


dp dq, dp dq, 


These two directions may be denoted by ES and AIEA respectively. 


Now we have, for the aoe 


po E P4 WA ds. 0, 


together with the universal equation 


dp dp dq dq 
(E)r +o (3 a) = Ls 
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as in §§ 26, 105, we take 


d z d Ea 
E= Spr T =h ? bio. 


Again, for the direction of the normal in the tangent plane, we have 


dp dp dp dq | dp dq dq dg _ 
Lis A+ Tet deg) to ge geno 


and, as dn is an element of arc on the surface, we have 


dp\? dp dq GI 2 
r) t H dn" q eS a 
therefore 


dp__1/ndp, ndq\_ 1 
dn yF g“ E Ta eae 


aa l dp dq\_ 1 z 


Before proceeding to the identification of the invariants, we obtain the 
simple interpretation of the Beltrami operators A and ®. We have 


“dg _ 
ap = 


Next, we have 
dp_, dp dq 
ree Puo a, t $n Tn 


so that, writing 


we have 

We 

yen 
where w/V? is Beltrami’s first differential parameter A(¢). Also, for any 
other quantity ~—such as, for instance, occurs in the equation of a curve, 


av = constant—we have, 


dp, dp dq 
ds ~ Yds + ¥ ds 
w-ir ie 

e o) 


1 
=- 32%») 
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dy, dp dq 
dn dn t ¥ dn 
= l I {Edu to = F (go thio J don) an Gh Vr} 
Vw,2 
ay 
as B (d, y), 


ds and dn in the differentiation being determined by the curve ¢ = constant. 

Hence (except as to the invariant factor — B) Beltrami’s invariant ® (¢, y) is 
oe : . dv 

=e and (except as to the factor B) his invariant A(¢, ẹ) is a and 

repetitions of the Beltrami differential operators ® and A are, effectively, 


repetitions of the operators a and Le Moreover, we have 


ds dn 
do | dd le Sk 
de ae 2% hae er 
dp G dp eet ale Taree ge 


dn Ve dt, WE’ dn, VGE’ i E 


Hence we infer at once the theorem (§ 134) of Darboux, that any covariant, 
which involves two or more functions ¢, y, ... and their derivatives, with 
E, F, G and their derivatives, can be obtained through the adequate 
repetition of the symbolical operations A and ©. 


142. Coming more directly to the significance of the invariants in the 
retained complete aggregate, we shall denote the various geometrical magni- 
tudes by the same symbols as in § 126. We already have 


Ws : 
Vee 

where 
_ dd 
ae as 

Next, 


Wa = (L, M, NÝ dn, F di) 


z dp\? dp dq a 


Raga 
p 


2, 
j) 


and therefore 
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Next, 
12 LN =M. 
V2 EG-F? 
1 
=K=75, 


the Gaussian measure of curvature. Further, 


J = (EM — FL) $2 (EN — GL) dud + (FN — GM) bu? 
=, fam — FL) (By + (EN — GL)? A + (FN — GM) Gal; 


ds ds 
=w, V W 
=w, V = ; 
oO 
and therefore 
J._ iB 
pa 
Next, we have 
Pip a do = 0, 


pop” + nq” + pap”? + 2pup'g + bug? = 0; 
so that 3 


w (p'g’ — gp") + . (dahon? — 2n po Pio + Poor") = 0. 
Hence, using the symbol D of § 125, we have 
w? Ee Ap® CAT) p g — (A — 20") pq? — rg] 
+ apo’ — 2ou apio + popio = 0. 


and therefore 


w, D +w, =0 

2 V 22 > 

Consequently, 
s 3 
w Wa? 
yen Ds 
B? 
eek 


where : is the geodesic curvature *. 
y, 
Next, we have 
d dpo f dq a 
ds ds dp ds ôq 
= a Om £) ! 
Wa Po dp Pr aq ; 


* See § 105. 
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so, operating on the equation 


w 
B? = Tr ; 
we have T X 
w 
w 2B T; = ua Op (F)- $1 = ôq (Ff) 
2 r 
= Ti Ta 
on reduction. Consequently 
J’ dB 
ys = B? ds ° 


Similarly, we have 
d dpo y% a) 
dn dnõp dnôðq’ 


so that 
Rie ae — Fo 2 4 (ES — Fe yee 
2 dn 10 01 Op 01 10 oq’? 


so, operating on the equation 
Wz 


B= Fs, 


we find 


Vw? Diss = = abu- Fa). + (Lda — Fow) =| y: 


2 
a wI — 2w”, 
on reduction*. Hence, substituting for w, and w,”, we have 
I_dB_B 
E ay” 


It is easy also to verify, as regards Beltrami’s second differential parameter, 
that 


A 


In order to interpret w;, we must return to the initial definition (§ 40) 
of the derived magnitudes of the third order whereby they were connected 
with the variation of the curvature of the normal section of the surface 
through the tangent to the curve, that is, with the variation of the circular 


* In making the reductions, here and elsewhere, the algebra can be greatly abbreviated 
by using the known property of covariants that they are uniquely determined by their “leading 
terms.” Thus in the foregoing reduction, it is sufficient to take account of the highest power of 
poi, When once the quantity I (which is the intermediate invariant of wa and wg”) has been 
segregated. 
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curvature of the tangent geodesic. Accordingly, let arc-variation along the 


geodesic be denoted by 4 ; if a quantity u does not relate to contact, then 

du du 

ds dt’ 
because the curve and the geodesic touch; if w relates to contact of any 
order, then 

du du 

ds dt 
is usually not zero because usually there is a non-vanishing geodesic con- 
tingence. Examples will occur later. Meanwhile, we have 


PaE dp dq 
lg) =P Q, R, Sr z “ty 
= Wy? CP: QTR SV da, — dy)? 


= W PU, ; 
and therefore 
Ws pt (5) 
Vs =B dt \p’ 


Next, for H, which denotes the measure of mean curvature of the 
surface, we have (§ 42) 


væ. GP —2FQ + ER, a 


Hence He 
TA ena Ga- = $a, -po 
T e 
=y; 
and therefore 
2n 
Ve i Ee 
Similarly n 
d oH oH 
Vw? Gq Obu- Fon) gp + Eba Fha) gy 
1 
=ð; 
and therefore 
è _ paH 
Ve dae 


Proceeding as before, we have 


wè is C )= (bu 5 ~ $v S) v 
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on reduction, so that we have no unidentified covariant on the right-hand 
side. But, substituting the values of all the covariants as known, we have 


ang) = tap) * 5a” . 


an illustration of the foregoing statement that arc-variation of a quantity, 
connected with the contact between a curve and its geodesic tangent, is 
not the same along the curve as along the geodesic tangent. 


The result could also have been derived from the relation 


dA 
ds 


given in § 125; for when the values of A, Q, D, W are inserted, we have 
Similarly, we have 


A (3) D 5 (5) i z 
d 


Voh i (E) = Abu- Foo) g, + (Epu Fb) a1 


A RY 2 . ae We Wa 
e 


—~——=0+2DW, 


Substituting the values of the covariants already known, we find 
J” Gort B dB 
G ( ) T o ds 
This result completes the establishment of the significance of the covariants 
in the algebraically complete set as retained. 


The following is the aggregate of the results which have been obtained :— 


wy _ B 
Vim 5 
T? 1 
a ca) 
JB 
Vem oP 
Ws ee 
p e 
T _3B_B 
Verh o 
J dB 
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anaha ented (ae Gl ane 
Wa aH? lap) aH 


ò dH 
Po 
8 _ paH 
P 
Torr eB 
mP gl) oe 


143. To illustrate the theorem that, to the order of derivation included, 
this system is algebraically complete, some examples will be taken. 


The quantity ÆN —2FM+GL is the intermediate invariant of w, and 
w, and its index is 2; so we write 


1 
H = (EN -2FM + GL), 


H being the mean curvature as usual; thus H is an absolute invariant. 
Now 

J?=(EN —2FM + GL) ww; — T?w2 — Vw,” ; 
and therefore, when the values of the quantities are substituted from the 
above set, and a factor B‘V® is removed, 


TERE il 

gan gf Gt 
shewing that H is expressible in terms of the retained quantities. A more 
familiar form of the relation is 


ae) Car 


The quantity Zc -2Mb+ Na is the intermediate invariant of w; and w,”, 
with index 2; thus (Le —2Mb + Na) V= is an absolute invariant. Now 


w, (Le — 2Mb + Na) = Iw; + HV," — = JI’ — = Vou," 
2 2 


and H is expressible as above; consequently the new absolute invariant is 
expressible in terms of members of the system. When the values of the 
invariants are inserted, we find 


1 Ce ene 2 dh 
pille-2Mb + Na) =—, (Fa t3) H 


+ 


y o ds 
_1dB_2dB pe (a+) 
a dn oa ds y \o? aß’ 

The quantity ac— b? is the one invariant of w,’, regarded as a binary 
form, and its index is 2; hence (ac — b) V— is an absolute invariant of the 
system. Now 

J”? = Iw,w, — (ac — b) wè — Vew”, 
F. 15 
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so that (ac — b) V— is expressible in terms of members of the system. When 
their values are inserted, we find 


ae) _BdaB 
y dn ` 


1 ea uas 
plac) =-(F 


There is an invariant intermediate to Wa, ws, We’, VIZ., 


Be Peo 
TL, MN 
T i 


and its index is 3. It must be expressible in terms of members of the 
system; in fact, 


BORG E Ap T AET 
We Wz 


a, 6, ¢ 
and H is expressible in terms of members of the system. When the values 
of the invariants are inserted, we find 


EB, FG v= (3-3-3) et Ga BEZ 
L, M, N 
T “bs 6 


The cubic w, has the quadricovariant H;, where 
H, zi (PR T Q) do Ri (PS Ff QR) Po Pio AF (QS ad R?) dw’, 
and its index is 4. Now 


Ja = W WÒ — Vew? oer weH,, 
and therefore 


H,  dHd /l\\ m(d/l\))? (pal), 2 aB)? 
Vine e fe G) Ap 


Similarly, it has a cubicovariant ®,, where 
P, = (P'S —3PQR + 2Q) pa’ —(8BPQS — 6P R? + 8QR) pn? pu 
+ (—3PRS + 6Q°S — 3QR?) pu p — (PS? — 3QRS + 2R?) piè, 
and its index is 6. Now 
w D, = ww Ò — 3w,w,8 J” + 2V wJ” — 2J"; 
insertion of the values of the known covariants leads to the value of ®,. 


144. These examples indicate a way of obtaining the value of a covariant 
of the system. It is sufficient to express the covariant in terms of the 
fundamental members of the algebraically complete system and then to 
substitute, in the expression, the values of those members which occur. 


But the process can be used, in the same way, for another purpose. It 
may happen that geometrical magnitudes exist, which lie within the order 
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of derivation retained and which do not occur in the set of those which have 
occurred. They necessarily are covariants of the system, and consequently 
are expressible in terms of members of the system; thus they can be 
evaluated in terms of the set of magnitudes retained. Hence we are led 
to relations among the geometrical magnitudes. 


As an example, consider the Gaussian measure of curvature K. Both 
the quantities dK/ds and dK/dn lie within the order of derivation retained. 


Now 
so that (§ re 

wy? nek = (NP —2MQ + LR) $n — (NQ — 2MR + LS) dy. 
Also 


way E ae Fa) 5, + (Eu — Foo) z- K, 
so that 
wV = [SEL — R(2EM + FL) + Q(EN + 2FM) — PFN} pu 


— {SFL — R(2FM + GL) + Q (FN + 2GM) — PGN} gy. 
When we express these covariants in terms of the members of the complete 
system, we have 


w, HV? — Vw”). 


wo a EL z (und = Vwi) — II" + 


ds wèw. 
Substituting the A of the covariants which are known, this gives 


CKA H, ( =) (3) = = (=) 4 dB 


‘dsp’ ds. ~ p’) dt \p a’ dn\p') Bo? ds’ 
the relation required. Other forms can be given to it. We have 
Lg 
op P 


so that 


nit} (0-8 


aap) al) ag) AnG aaa 
and therefore 
AES me Cem ae 
o 


Bo’ ds’ 


Aaa a tlt a rig) 


that is, 


15—2 
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dK 


Proceeding similarly with the covariantive expression for weve, 


ne ip dk l1dH 2 l PaA 
Peer E a) a cala, 
__4 dB_2 dH , 2H dB. 


Bpo ds œ ds ` Bo’ ds’ 
and this can similarly be changed to a relation 


ic) ral ea aay 


And so for other instances *. 


145. The preceding investigation is concerned with invariants which 
arise in connection with a single curve upon the surface. It was pointed out 
(§ 136) that we might consider two, but that we could not consider profitably 
more than two, independent curves upon the surface. The method adopted 
for invariants connected with a single curve is applicable to the construction 
of invariants connected with two curves 

ġ = constant, wW= constant. 
We shall develop the results only for the simplest case—when the order of 
differentiation among the equations of transformation is only the first, instead 
of the second as in the preceding analysis. 


In that simple case, the arguments which can occur in an invariant f are 
E, F, G&, L, M, N, pw, bn, Yio Yo. Every such invariant f satisfies four partial 
equations constructed in the same way as the ten equations in § 137; the 
four equations are 


uf = a of +My af WP hes 


oF OL 
. OF ye OF a L, 
y FET y Ea if 


of S ou of a af 
0= 2F gt Gant 2M A, +N A deel RS Te 


These equations satisfy the Poisson-Jacobi conditions of coexistence. Taking 
the equation, which arises from the difference of the first two equations, and 
associating it with the last two, the set of three equations thus constituted 
is a complete Jacobian system. The number of variables, with respect to 
which differentiation occurs, is ten, being the total of the arguments which 
can occur in f; hence the number of independent solutions is seven, being 
the excess of the number of variables over the number of equations in the 
complete Jacobian system. Every solution of the equations, that is, every 


* Several are given in the memoir by the author already (§ 132) cited. 
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covariant within the order of differentiation of the relations of transformation, 
can be expressed in terms of those seven solutions. Moreover, if a solution 
is homogeneous and 


of order m, in Æ, F, G, 


Pee fii: Li, MN, 
oc cccecee Mg «+ Pro, Po» 
eecssoces Mig os Wo, Pos 


the equation, which arises by taking the sum of the first two equations, is 
satisfied if 
L =M + m + $ (Mm + m). 
Now the four equations shew that every solution is a concomitant of the 


system of binary forms 
(E, F, GU po, = pro)’, 


(L, M, NV da, z pr)’, 
(Yio Va bo, ag Pro); 


or, what is the same thing in an algebraically complete system, is a con- 
comitant of the system of binary forms 


(E, F, GÝ Yos a Pio), 
(L, M, Ný Yn, — Wo)’, 
(dro; pat Yos a Wo): 


We shall take them as concomitants of the first of these two systems. 


An algebraically complete set of solutions (each one of which is a relative 
covariant) is made up of the set: 


u=(E, F, GV da, — bw), 

wu =(L, M,N Xda, — dw), 

V2 = EG— F", 

T= LN- M?, 

w = (Yw Yağ po, — pro); 

J = Epa — Fhv, Fpa- Gro 
| Loo S Md, Mou oo Nob 


) 


Vea ($, y) =V= Epa Ti Foy, Poo ae Gr 
Vio, vo 
For these relative covariants, we find 
p=1, for w, 
(UOMO ah Ve, dy Vs 
p=, for J: 


and therefore an algebraically complete set of absolute covariants within the 
order retained is made up of the six functions 

w te u AAT NW Dd 

VON VE WV SOI NV: 
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146. The symbols already used to denote the geometrical quantities 
related to the curve ¢= constant, will be retained. An elementary arc along 
the curve W = constant will be denoted by ds’, and one in the surface normal 


to that curve will be denoted by dn’. We write ` 
a. 
B= Ani 
and take 


p” = radius of circular curvature of the geodesic tangent to the curve 
a = constant, 


o = radius of torsion of that geodesic tangent, 
`à = angle between the two curves, $, y = constants. 


Also other simple covariantive forms occur, within the order of variation 
retained ; among them, we note the following :— 


v=(F, F, Gyon, — Yo, 
v =(L, M, Nyon, — Yo), 
J=| Eyn — Py, Fhin Go |, 
Dvn — My, Mn — NY 
h=Ldboava—M (dato + popo) + Vout, 
A =(EM — FL) baba — $ (EN — GL) (papu + bon) + (FN — GM) popo. 


Each of these must, of course, be expressible in terms of the members of the 
algebraically complete set already retained. 


In proceeding to the geometrical interpretation of the foregoing covariants, 
we shall as far as possible use the earlier results applying in the case of a 
single curve. 


As before, we have 


E d "i 
ik =U 2 do, =u 2 dro; 
dp E d Aap. 
ds’ ae) 2Won, J=- evo; 
dp 1 1 
dn = Vib l= Poo, + Gr); an = Vu? (Ldn Fa Foi), 


dp _ I mal 
dn’ es Vor E Pro, aye Gyro), dn’ = Vout (Ero ge Fy). 


Then (§ 142) we have 
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and similarly for the curve y = constant, we have 


eee: Bt FB 
pia B=()=4W). ping pine 


y? Æ Vin 
4 see me s 
o” = a p” Da B . 
Also 
_ pap dp dp dq , dp dq dq dq 
BO ea ae alee ds’ eG 
=u-ty-2V 3 
hence 
V 7 
Pr BB’ cos À. 
Similarly 
“nt a fem dg | dgdp 
al has dý ds a 
=— u tv è Vw 
hence 
w a 
y BB’ sin à. 
It follows at once that 
we ; 
Vash — = BB?= ve 


giving the expression for v in terms of the members of the algebraically 
complete aggregate. 
Again, we have 
wy = w V?— 2wd V — wu V? + uw (EN -2FM+GL); 
when the values of the various quantities are inserted, the equation 


reduces to 
1 cos2rX. sin2r 


(= o aa ++ 5) sina. 
p p o a ẹ 
Similarly, we have 
wJ =JV?+Vw {2 V?u —u (EN —2FM + GL)} — VJ; 
when the values of the various quantities are inserted, the equation reduces to 


1 ORPA e A | 3 
P ae F 5 ( aF )| sin 2X. 
Both these results can be verified, by using Euler’s theorem on the curvature 
of a normal] section and the equation for the torsion of a geodesic given 
in § 107. Moreover, we at once have 


COSX SIDA COSA F! sin À 


TP E a RT: E *) 


oC P o 


cos À iP Paar el s cos À TA al é 
oo +4o-5(G+,)t >= si -15-3(g+ a) n 
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Next, we have 


uh =u'V — Jw, 
and therefore 
h ,(COSN sSinÀ ? 
yan BB Tee ). 
We also have 
vh=v'V + Jw, 
leading to 
h ,(COSrX sinar 
pia BB ( 7) oar a i 
the two expressions for h being equal. 
Also 


uk =JSV + Vewu' —4wu (EN —2FM + GL), 
and therefore 


A _ BB'cosd _ Lae Tog 
p 3( 


AF A 1+5) BB sın À. 
We also have SA 
vA =JV — V’ww +4ww (EN —2FM + GL), 
and therefore 
A BB cosr (3 M rene 

Ve- a F lo” a> 2 G F a)! BB S À, 


the two expressions for A being equal. 


Some of the corresponding results relating to differential invariants 
within the next order of derivation of the equations of transformation of the 
independent variables, which lead to relations between the geometrical 
magnitudes involved, are given in the author’s memoir cited (§ 182). And 


further results are derivable, in this field of research, by the use of the same 
method. 


EXAMPLES. 


1. Shew that, if two systems of orthogonal curves have constant geodesic curvatures, 
they are isometric curves. 


2. With the notation adopted in § 146, for the circular curvature and the torsion of 


two curves @=constant and y=constant, and for other magnitudes connected with the 
curves, prove that 


+ Z 


pp” nae a B p o 


e ea INA o A Lis sin À i 
aco’ 4\a B a Dae oN j 
3. The orthogonal trajectories of the curves ọġ (p, g)=c are drawn ; denoting by 1/7 


the geodesic curvature of one of these trajectories, prove that 


yT = — BV’, 


1 sin? À (= A sin y 
T ) 


where J’ is the covariant of § 142. 


Interpret this result for the case when the curves 
p=c are geodesic parallels. 
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4. Prove that 
GT C 1dy ,1dBdy ldy 1ldy 
dsdn dnds y ds +B ds dn = yds ydn’ 
where Y is any absolute invariant of the surface, 1/7 is the geodesic curvature of the 


orthogonal trajectory of the curves ¢=constant, and the other quantities in the equation 
have the customary significance. Prove the result also when Y= B. 


5. Shew that, if Y denotes any quantity (such as H or K), which is related to any 
position on the surface and the expression of which is independent of any direction 
through that position, 

PY @Y 14x 

d? dt? ydn’ 
where ds, dn, dt are elementary arcs, along any curve, normal to the curve, and along its 
geodesic tangent, respectively. 


6. With the notation of § 142, whereby d/ds denotes arc-variation along any curve, 
p=constant, while d/d¢ denotes arc-variation along its geodesic, shew that 


SO- X 1 +25(5) 
ds? \ p' at? x)= ds \yo" y dt \o')’ 


where the quantities p’, o’, y have the customary significance in connection with the curve 
and the surface. Shew also that 


ae tae (5) }~ ae Grae) 


7. Writing w= — Fou + Gp, %2= Lon — Fpi, ue! = -Mpo t+ Np, v =Lou- Ur; 
obtain the following results, as interpretations of the respective covariants :— 


(Ly M, Nita, v}= VB (H-5); 


(E, F, Oud, vi} = VB (5 - K); 
dB 
(a, b, cuz, v) = V+B2 ae 


2 
(EM- FL, EN- GL, PN- GMa, v} =- VO 5 


B dB B 
(Lb— Ma, Le— Na, Me- Nbd™%po, - p)? = A Zy; 
d/l\,,BdB_ maB 
(P, Q, R, Sus, v) = — flae (G)+2 o ds a cae 


(LQ-MP, 2LR-MQ-NP, LS+MR-2NQ, MS-NR Ydu,- p10) 


14 (1) 14 (1) 3 aN, 
=v aft aG ay a d 


(aQ—bP, 2aR—bQ-cP, aS+bR-2cQ, bS- cR Ybor, - bw) 


dB d Beg 
VB eas sine aaah 


Evaluate also the following covariantive magnitudes :— 
{PS-3LMR+(LN+2M?) Q- MNP} bo, —{LUS — (LN +2M?) R+3MNQ— N*P} pw; 
(P, Q, R, Shus', ox); 
(aR—2bQ+cP) go — (aS - 2bR +cQ) hro ; 
and the discriminant (§ 133) of the cubic form (P, Q, R, S{do1,— p10). 


CHAPTER VII. 


COMPARISON OF SURFACES. 


THE present chapter deals with three methods used for the comparison of surfaces. 


The process of conformal representation had its origin in Lagrange’s theory of maps of 
surfaces of revolution. It was generalised by Gauss, and now has become an important 
feature in the theory of functions of a complex variable*. 


The theory of geodesic representation of surfaces, whereby geodesics are to be 
conserved, proves to be of somewhat limited range. It was initiated by Beltrami, and 
has been developed+ by Dini and Darboux. 


For spherical representation of surfaces and for the use of tangential coordinates, 
special reference should be made to Darboux’s Treatise (Book ii, ch. vii, in vol. i; and 
Book viii, ch. viii, in vol. iv) and to Bianchi (ch. v, in vol. i). 


147. We now pass from the discussion of curves on surfaces to the more 
direct consideration of surfaces themselves; and we begin with the repre- 
sentation of surfaces on one another. This comparison of surfaces is important 
alike in practice and in theory. In practice, it includes the whole matter of 
maps, on whatever principle they are constructed. In theory, it admits the 
derivation of classes of properties of a surface, by assigning one or other of 
the simpler surfaces on which a surface can be represented under postulated 
laws and conditions. 


In all the representations, that will be considered, a surface and its 
representation correspond point by point; and even of such representations, 
only some will be discussed. Such theories as those of inversion and polar 
reciprocation belong mainly to the domain of non-differential geometry, and 
will find no place here. We shall limit the immediate discussion to three 
kinds of representation, called conformal, spherical, and geodesic respectively. 


In conformal representation, the aim is to secure the detailed arrangement 
of two surfaces so that, when they are compared, there shall be the greatest 
amount of similarity possible. Thus two spherical surfaces can be coordinated 
so that the only element lacking from complete similarity is the scale; and 
even the scale is uniform. But a spherical surface and a plane cannot be 
coordinated to that degree of similarity. 


* For references, see the chapters on conformal representation in the author’s Theory 
of functions. 


t References are given in §§ 154, 156. 
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In the geodesic representation of one surface upon another, the purpose 
is to relate the surfaces in such a way that geodesics on one of them always 
correspond to geodesics upon the other. Thus if a surface can be geodesically 
represented upon a plane, its geodesics are derived from straight lines by the 
equation of relation. But, as will be seen, it is not always possible to make 
any two surfaces geodesic representatives of one another. 


Of spherical representation, we have already had one particular instance 
in the spherical indicatrix connected with a skew curve. General attention 
is concentrated more upon the tangent plane at its point of contact than 
upon the point itself; for we draw, through the centre of a sphere of radius 
unity, a line parallel to the normal, and we take the point, where this line 
cuts the spherical surface, as the image of the point on the surface. Thus 
any configuration on the original surface will have its representation in a 
configuration on the spherical surface; and the question has to be solved as 
to how far a spherical image can be substituted for the original configuration 
or can determine it. It will appear (§ 159), however, that developable 
surfaces do not admit of spherical representation. 

There is still one other correspondence of surfaces of the utmost 
importance; it occurs when a surface is deformed in any manner that 
excludes stretching or tearing. The theory of deformation is reserved for 
a separate chapter. 


Conformal Representation. 


148. In general, it is impossible to depict two surfaces so that all the arcs 
upon one of them correspond exactly to all the arcs upon the other; the 
relation would require that, subject to a uniform scale of change, the one 
surface would be deformable into the other. But it is possible to bring them 
into relation with one another so that all the infinitesimal arcs at a point on 
one shall correspond to all the infinitesimal arcs at a point on the other, the 
magnification between the arcs being the same for all of them at the two 
points. The magnification will, however, vary from point to point; so the 
similarity between the surfaces exists between infinitesimal areas, and is not 
uniform over the whole surface. It follows from elementary geometry that, 
because of the uniform magnification at a point, the angle between two 
corresponding infinitesimal arcs is unaltered; in other words, the indicated 
relation conserves angles. This relation is called a conformal representation. 
It is essential to the constitution of a geographical map, made as perfect as 
possible ; it secures similarity in detail, even when similarity at large cannot 
be obtained. 

When two surfaces are conformally related to one another, and one of 
them is conformally related to a third, the other also is conformally related 
to that third surface, because at corresponding points the three surfaces are 
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similar to one another. Hence, in order to bring any two surfaces into 
conformal relation with one another, it is sufficient to have each of them 
conformally related to some standard surface; and the simpler this standard 
surface is, the simpler the equations for conformation. We therefore take a 
plane as the standard surface ; and so our problem is the construction of an 
equation (or of equations) which shall represent a surface conformally on 
a plane. 


Accordingly, at a point P take any arc ds on the given surface; and in 
the plane at a point P’, made arbitrarily to correspond with P, take any arc 
ds’. Then if f 

mds = ds’, 

where the magnification m is some function of position, not involving the 
differential elements ds or ds’ in any way, and if this relation holds for all 
arcs at P and P’, we secure detailed similarity at the points between the 
surface and the plane. It is a differential equation; its integral gives a 
conforming relation; and we have to see what elements of generality it 
contains that may be at our disposal. Denoting the point in the plane by 
x and y, the equation is 


Edp + 2Fdpdq + Gdq = m> (dæ + dy’). 


In the first place, it is clear that the lines =a’, y =b’, give a double set of 
orthogonal isometric lines; and we therefore, in effect, have to determine the 
orthogonal isometric lines of the surface as a practically equivalent problem. 


Let u =q, v=b be nul lines through P, so that (§ 60) 
du=p{Hdp+(F+71V)dq}, dv= m {Edp+(F —iV) dq}, 


where u and m are free from differential elements; then u and v are conjugate 


complex variables; and u and m are conjugate magnitudes, which may be 
entirely real in special cases. Also, let 


z= +y, Z&=%— Ùy; 
then our differential equation has the form 
E 
M? Hpo 


where 2 is a real positive quantity. 


dudv = dzdz =rAdzdz, 


When du vanishes, dzdz, also vanishes, that is, either dz vanishes or 
dz, vanishes. Suppose that du and dz vanish together; then u and z are 
constant together. But wis a function of two variables p and q, and z is a 
function of two variables æ and y; hence u and z can be constant together, 
only if some functional relation of the form 


u=f(2) 
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exists, f denoting any unrestricted function of its argument. Let g(z) be 
the conjugate of f(z); then 

v =g (2) 
which now is a consequence of the relation between the complex variables 
u and zZ. 


Had we taken dz, instead of dz as the magnitude vanishing with du, we 
should have had a relation 
u= F (z), 


with a conjugate consequence v= @ (2). The effect is only to change the 
sign of y, or to take a reflexion of the configuration in the axis of e—a process 
that does not affect conformation ; and so we can regard the first relation as 
covering both cases. 


Moreover, as regards the result, no limitation has been imposed on the 
function f. Hence we have the theorem :— 


A surface is conformally represented on a plane by the relation 


u =f (s + ty), 
where f is any function whatever, and u is a parameter of nul lines of 
the surface. 


- 


And we infer that every conformal representation of the surface must be 
derived through some appropriate form of the function f. Also, we have 


v =g (æ — iy), 
where g is the conjugate of f; hence 
dudv = f' (x + iy) g' (æ — iy) (da? + dy’), 
so that 


1 paint elles. ass 
= at (a+ iy)g e- iy), 


giving the magnitude m associated with the function f. 


Different functions f give different conformal representations of the 
surface on the plane. All these representations on the plane are conformal 
with one another; that is, different functions f lead to conformal representa- 
tions of the plane upon itself. 


In the above result, the function f is general. It may be made special 


by the assignment of appropriate conditions or requirements, additional to 
the conformal quality of the representation. 


Ex. Consider the surface 
ds? =p? (dp? + 0% dq?) 


manifestly deformable into a surface of revolution, » being a constant. The Gaussian 
measure of curvature is —y~*, so that the surface is a pseudo-sphere (§ 54). 
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The nul lines are given by 
dp +iePdq=0 ; 
that is, we may take i 
e`? +ig=f (s+ iy), 
for any form of the function f ; and then we have a copy of the surface on the plane. 
The general equation of geodesics on the surface is easily found, by the method of 


$115, 116, to be 
š i e+ (g—a)?=b, 


where a and b are arbitrary constants. 
If we take f(x +iy)=x+iy, then the figures in the map corresponding to geodesics are 
a? + (y-a) =b, 


that is, circles having their centres on the axis of y. 


149. The simplest class of cases, in its analytical aspect, arises when the 
surface to be represented conformally on a plane is itself a plane. When w 
is the complex variable of any point in the plane to be represented, the 
conforming relation is 

w=f (2); 
or, as f is any function of its argument, the conforming relation can be taken 
to be 
F (w, z)=0, 
where F is a quite general function of its two arguments. 


Round this equation, and specially connected with the particularisation 
of the function F, so as to satisfy one or other of special conditions, there has 
grown a vast body of investigations belonging to the theory of functions of 
complex variables; and a multitude of functional properties find their 
elucidation through the conformal representation of the two planes of w and 
of z As such investigations really belong to the theory of functions and 
only secondarily to differential geometry, an account of them must be sought 
elsewhere*. 


150. An extensive class of important cases, which really were the base 
of Lagrange’s investigations into maps and map-making, is provided by 
surfaces of revolution. 


Let r denote the distance of a point on the surface from the axis of 
revolution, z its height above some plane perpendicular to the axis of 
revolution, ¢ the longitude (relative to some fixed meridian) of the meridian 
through the point, and do the element of arc of the meridian at the point. 
We have 

do? = dr* + dz?, 


* An account of the functional theory of conformal representation of planes will be found in 
the author’s Theory of functions of a complex variable, (2nd ed.), chapters xix and xx. i 
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so that r, z, do are functions of the current parameter of the meridian; and 
ds? = (do? + rde’) 
=r (dye + dg), 


where 
do 
dy = ae S 


so that y is a function of the current parameter of the meridian only. Then 
the relation 


ptip=f(x+ry), 


for any form of the function f, gives a conformal representation of the surface 
of revolution upon the plane; and the magnification m, being the ratio of an 
elementary arc on the surface to an elementary arc on the plane, is given by 


1 = mr f" (æ +iy)g' (æ -— iy), 
where g (æ -— ty) is the conjugate of f(x + ty). 
If we take the conforming relation to be 
x + iy = F (p+), 
mer? = F' ($ +i) G ($ — ip). 


Manifestly the lines in the map, that represent the meridians on the surface, 
are given by the equation 


then 


f(e + ty) + 9 (e — ty) = constant ; 
and the lines in the map, that represent the parallels of latitude on the 
surface, are given by the equation 


f(e + ty) — g(x — ty) = constant. 


151. The surface of revolution which occurs most frequently in this 
connection, through geographical and astronomical problems, is the sphere. 
The natural current parameter to choose for the meridian is the latitude A, 
so that 

r=acosr, do=adn, 


where a is the radius of the sphere ; and then. 


do dA 
BUN gi COSA’ 
so that 
sech y = cos À, 


the constant of integration being chosen so that à and yw vanish together. 
The conforming relation is 


bt ip=flotiy); 
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the magnification m is given by 


1 , K , y . 
ma? AGEN (æ + 1y) g (s — ty); 
and various conformal representations are given by various forms of the 
function f. 

There are three forms of f which are of special importance—two for 
geographical maps, and one for star-maps. 


For the first form, we take f(u) =u/k, where k is a real constant; then 
k(o+ip)=a+y, 


z=kọb, y= ky. 
Thus the meridians (¢ = constant) and the parallels of latitude (4 = constant) 
are two sets of straight lines in the map; they are perpendicular to one 
another, as is to be expected under the conservation of angles. Meridians, 
with a constant difference of longitude, become equidistant parallel straight 
lines. Parallels of latitude, with a constant difference of latitude and lying 
on the same side of the equator, become parallel straight lines whose distance 


so that 


from one another increases towards the pole. Also g (æ — ty) = (e- iy); 
hence 


k 
= — sec À. 
a 


Thus the magnification is uniform along a parallel of latitude; and it 
increases along a meridian away from the equator, the increase being very 
rapid towards the pole. This map is known as Mercator’s projection. 


But though the meridians become straight lines, no other great circles 
become straight lines. 


For the second form, we take 
x + iy = ke tiv) 


= ke- ttit, 
so that 
æ= ke™* cos ġ, y=ke-*sin ġ. 

Also R 

fermani mtii 
so that 

‘ 1 æ—i 

9 (a — iy) = — = log 7; 

hence 


ma? cos? A = x2? + 4, 
and therefore 
k k 1 
m= e V aet A = 
a al+sinnrx 
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The meridians (¢ = constant) are represented by the concurrent straight 
lines 


y = x tan ©. 


The parallels of latitude (4 = constant, A= constant) are the concentric 
circles 


e+ y? = ke H = k U TOM 
1+sinX 
of course orthogonal to the concurrent meridian lines. This map is known 
as the stereographic projection; the South pole is the origin of projection. 
For the third form, we take 
æ + iy = ket (b+) 
= ke-ebtte$ 

where k and c are real constants; and c is different from unity, being a 


disposable constant used to secure some property or to satisfy some special 
condition. We have 


mm ke-t COS co, y = kenet sin co. 


Also, 
ptip= = log TY f(e + iy), 
ic k 
o—i fa LL rp Le ot (w — iy); 
y= ie S jE =g — Y); 
hence 
ma? cos? A = c? (a? + y?), 
so that 


ck 
m = — e Y sec X 
a 


i ob (1 —sin xy? C=? 
æ (14sinaye etd 


The meridians (¢ = constant) are the concurrent straight lines 
y= «x tancd; 


the parallels of latitude (A = constant) are the concentric circles 


1 —sin A\° 
y2 2 — p- 20y — h2 |- 3 
Eai i -o 


of course orthogonal to the concurrent meridian lines. 


The representation is used for star-maps; and the constant c is deter- 
mined, for any one map, by making the magnification the same at the 
parallels of highest and lowest latitude on the map. But these parallels 
must not be equidistant from the equator. 

F. 16 
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152. The conformal representation of a surface of revolution on a plane 
was first effected by Lagrange*. The general conformal representation of any 
surface upon any other surface is duet to Gauss, who obtained the necessary 
results for a number of problems and applied them to geodesy. “There are 
many memoirs on the subject by other investigators; but the geometrical 
relations of the surfaces considered soon become merged in the analytical 
results, and the subject passes into the range of the theory of functions. 


Some results are appended as examples. 


Ex.1. A plane map is made of a surface of revolution; shew that the curvature in 
1 


the map of a meridian at a point ọ is 7 (E) and that the curvature in the map of a 


; ; ROR 
parallel of latitude at a point ¢ is ad (=). 
Ex. 2. A plane map is made of a surface of revolution, so that the meridians and the 
parallels of latitude are circles. Shew that, if r and @ are the polar coordinates of the 
point in the map which represents the point ¢, y on the surface, 


= ON one {ae cos 2 (ep +9) +b cos (g + h)}, 
6 = 2ac {aet sin 2 (cep +g) +bsin (g+h)}, 


where a, b, c, g, h are constants: and prove that the centres of the meridians and the 
centres of the parallels of latitude in the map lie on two perpendicular straight lines. 


Ex. 3. Shew that, if x, y, z be a point on a sphere of radius a, every conformal repre- 
sentation of the sphere on the plane v’, 7’ is given by 
Bie y tres | 
a+ iy -7+(2%), 
for varying forms of the function f. 


Can f be determined so that all great circles become straight lines in the map ? 


Ex. 4. Shew that rhumb lines of the meridians on a sphere become straight lines 
in Mercator’s projection and equiangular spirals in a stereographic projection. 


Ex. 5. In a star-map (§ 151), shew that the magnification is a minimum for the 
parallel of latitude sin-!¢; and obtain an expression for the deviation of this parallel 
from the middle parallel of the map. 


Lz. 6. A point on an oblate spheroid of eccentricity e is determined by its longitude 
g and its geographical latitude A. Shew that a map of the surface on the plane is 
given by the equation 


tty=f (p+i9), 
where 
$=sech~! (cos dX) —e tanh! (e sin A). 


Discuss the maps for the forms of f which correspond to the Mercator’s projection, the 
stereographic projection, and the star-map for the sphere, especially in the cases where 
powers of e higher than the second can be neglected. 


* See his collected works, vol. iv, pp. 685—692. 
+ Ges. Werke, t. iv, pp. 259—340. 
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153. It may be added that, for practical purposes, various other pro- 
Jections of the sphere are adopted; but they do not possess the conformal 
property. Three of them are more important than the rest*. 


Thus there is a perspective projection, An origin, not on the surface of 
the sphere and not its centre, is joined to every point of a curve on the 
sphere; we obtain a perspective projection of the curve on a plane, when we 
take a section of the cone by the plane. (When the origin is taken on the 
sphere and the plane of section is parallel to the tangent plane at the origin, 
we have a stereographic projection.) 


There is an orthographic projection. It is the special case of a perspective 
projection when the origin of perspective moves off to infinity: so that, in 
effect, we have projection by a cylinder. 

There are central (or gnomonic) projections. The origin of projection is 
taken to be the centre of the sphere; the same construction as for perspective 
projection is made, and the plane of projection is a tangent plane. When 
the tangent plane is taken at the pole, the projection is called central polar. 
When the tangent plane is taken at a point on the equator, the projection 
is called central equatorial. 


Geodesic Representation. 

154. The fundamental property of conformal representation—that a 
surface and its map should be similar to one another in minute detail at 
every point, though the similarity cannot be secured for any full extent 
owing to the variation of the magnification—is not the only useful quality 
that may be required in the comparison of surfaces. Whether for charts, 
or for deformations of surfaces, or for other purposes of representation of a 
surface, it is manifestly desirable to know the possibilities of ranging two 
surfaces together in such a fashion that geodesics upon one of them corre- 
spond to geodesics upon the other—in general, that is to say, and not merely 
some special family. Thus to take the simplest instance, consider a central 
projection of a sphere, which has just been mentioned; the great circles, 
which are geodesics on the sphere, are projected into straight lines, which 
are geodesics on the tangent plane, a property that is of manifest importance 
in maps of the heavens. We thus are faced with the question of the geodesic 
representation of two surfaces upon one another, such that they correspond 
point by point; and the simplest form of the question arises when we seek 
for the representation of such surfaces (if any) as will allow the image of 
their geodesics to become straight lines upon a plane. In this limited form, 
the question was propounded by Beltrami; he shewed +t that the only surfaces 
which can be thus represented are those of constant curvature. The result 
can be established as follows. 

* A number are set out by Tissot, Comptes Rendus, t. 1 (1860), p. 475. 
+ Ann. di Mat., t. vii (1866), p. 185. 
16—2 
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Choose a family of geodesics and the orthogonal geodesic parallels as the 
parametric curves on the surface ; then the arc-element has the form 
ds? = dp? + D*dq’, € 
and the general equation of geodesics becomes (§§ 68, 92) 
dq Aan D, (dq D, dq 
dp PA (ap D iei 2D dp 
Among the geodesics on the surface are the family q = constant ; and all the 
geodesics are to become straight lines on the plane of representation. Thus 
we can take q as one of the variables in this plane; if w denotes the other 
variable, the equation 
Aw+Bq+0=0 
is to represent geodesics, that is, this equation is to be the primitive of the 
differential equation of all the geodesics for an appropriately determined 
magnitude w, as a function of p and q. Now 
dq) p% 
A (ntm) tB 


and therefore 
d?q dq\ _ dq dq dq dq 
dp? 1 (w tang) = dp fwn + 2wa 5! dp + ”» EA aL m Ta, 


E + ge (Ca) ae 
dp w, \dp w, \dp w, dp` 
This differential equation is equivalent to the postulated integral equation, 
and so it must be the same as the general equation of the geodesics. Hence 


Waz Wiz D, Wy D 
—=-DD,, 2 =— See A eee 
wW i W, D 2 wW 4 z D j 
From the third of these relations we have 
1 
Q? > 
where Q is any function of q alone; and from the second of the relations 
we have 


that is, 


Dw, = 


Dw = Pa ; 


where P is any function of p alone. Hence 


ah AOR 
D= Q eet P’ 
and therefore 


w= Qto[Z, 
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where Q, is any function of q alone. In order that the first relation may be 
satisfied, we must have 


1r ar d 
Q | B= n 
= — DDw, 
eae 
al 


and in this form the relation must be satisfied identically, for otherwise there 
would be a relation between the independent variables. Differentiating 
with respect to p, we have 


Ae ae a! i 
Pe dp d 
that is, 
Gh oR 
8a N D A fe 
g £ dp (5) i 
and so each side of this equation must be equal to a constant, say a. Thus 
u Ls 
PT(p)=% 
and therefore > 
JaN a 
(p) =- pts 
where b is a constant; hence 
P= bl? — a, 
and so 
JE R 
The Gauss measure of curvature of the surface is given by 
1 oD 
P” 
=- =-b, 


and so is constant; hence we have Beltrami’s result that the only surfaces, 
which can be geodesically represented on a plane, are those with a constant 
measure of curvature. 


155. There are three cases to consider, according as the constant measure 
is zero, positive, or negative. 


First, let the constant measure be zero. Then 


plz 0, 
and so 


P= ap, 
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where a’ is a constant; no generality is lost by making the unexpressed 
additive constant of integration equal to zero. Also 


QQ" =- PP” + P? =a?, 7 
and therefore 


hence 
(CQ Ai aÈ = GG 
again making the additive constant of integration equal to zero without any 
loss of generality. Hence the surface is 
2l 22 


a ee la? 
ds? = dp? + (peta? dq 


= dp + pdq’. 
on changing the variable g. Also we had 

Paley ed file a 

A AE T PO 
which, on substitution for P and Q, gives 
Qi wy 
so that 
Q, = aq IE b”. 


But Q, is an additive part of w, which appears in the equation 
Aw+ Bq+0=0; 
hence no generality is lost by taking a” =0, b’=0. Thus 


dp Q 
wae i P? ap: 
Now 
c'a'dq : 

cg? + a? a 
that is, 

c'q= a' tan q’, 
and 


cQ = aasid, 


Hence, except as to constant factors, 
1 , ; 
wep ete q=tang; 


and therefore the geodesics on the surfaces, having their arc-element in the form 


ds? = dp + pdg”, 
are given by the equation 

Aw +Bq+C=0, 
that is, by the equation 


A'p sin q' + B’p cos q’ + 0’ =0. 
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Secondly, let the measure of curvature be positive and equal to a~. 
Then 


Ie Lae 
Dõp a? 
so that 
DE Q sinf + Qu cost. 
But 
Ja 


no generality is lost by taking 
2 <a aaide 
Q, = 0, Qs = Ge P=sin’. 
Also 
QQ” =— PP" + P? = a 
and therefore 


leading to 
atc’? = 1 + (acq +bY 
= 1 + 79’, 


without loss of generality. Let 
,_ldq__ ac'dq 


dq ae a Q eT rij a?c'*q? ? 
so that 
acq = tan g, 
atc’? = sec? g. 
Write 


f p=ap’; 
then the arc-element is 
ds? = dp? + a dq 
= a? (dp? + sin? p’dq”). 
1 yr dp ie F 
Q aa Q Pe eS PQ 5) 


Also 


which, on substitution for P and Q, gives 

Qi” =0. 
As Q, is an additive part of w, no loss of generality (so far as the geodesics 
are concerned) is incurred by taking Q, =0. Then 


w=-Q+0| A 


=— aQ cot = =—aQ cot p’. 
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The geodesics on the surfaces, having their arc-element in the form 
ds’ = a? (dp? + sin? p'dq”), 
are given by the equation ` 
A’sing’ sin p' + B' cos g sin p' + C’ cos p’ = 0. 
The sphere, of course, is one of the included surfaces; the last equation shews 


that the geodesics on the sphere lie on planes through the centre, that is, 
are great circles. 


Thirdly, let the measure of curvature be negative and equal to a~’. The 
analysis is the same as for the second case, save that hyperbolic functions 
occur instead of circular functions. The result is that geodesics on the 
surfaces, having their arc-element in the form 


ds? = a? (dp? + sinh? p'dq”), 
are given by an equation 
A’sin q’ sinh p' + B’ cos g’ sinh p’ + C” cosh p’ = 0. 
The Cartesian coordinates for the plane upon which the geodesics are 

represented as straight lines are 

e=psin gq’, y = pcos q’; 

cx=sing' tan p, y=cosg tan p, 

æ= sin q' tanh p, y= cos g tanh p’; 
in the respective cases. 


156. It thus appears that the variety of surfaces which can be represented 
geodesically upon a plane is gravely limited; and so it is natural to enquire 
what surfaces can be represented geodesically upon one another, without any 
restriction to a particular surface as that upon which the representation is to 
be effected. A solution of the problem, though initially not complete, was 


given* by Dini; a lacuna was supplied + by Lie; and another solution has 
been given t by Darboux. 


In order to effect the geodesic representation of one surface upon another, 


it is necessary and sufficient to secure that the general equation of the 
geodesics, viz., 


dq dq 3 : dq 2 dq 

= Tg ois ii 9 / bg / ay 4 rae ç / pie A pst 

A (+ r A T 2a) AA, 

should be the same for the two surfaces. This requires that the quantities 
IY 21 =A ee A, 


* Ann. di Mat., 2" Ser., t. iii (1869), pp. 269—293. 
+ Math. Ann., t. xx (1882), p. 421. 
t In the chapter, pp. 40—65, of the third volume of his treatise. 
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should be the same for the two surfaces. The equations thus obtained are 
considerably simplified, if the same parametric curves are orthogonal on either 
surface; still greater is the simplification if those parametric curves are 
orthogonal on both surfaces. 


But is this possible? The answer to the question is to be found in the 
following theorem, due* to Tissot :— 


In any birational correspondence between the real points of two real 
surfaces, an orthogonal system on one surface exists having an orthogonal 
system on the other as its homologue; and the system is unique, unless the 
correspondence is conformal, or unless nul lines are homologous to nul lines. 


Let the arc-elements on the two surfaces be 
d? = Edp + 2Fdpdq+ Gdg, ds? = E’dp? + 2F’dpdq + G’dq. 
When the correspondence between the surfaces is a conformal representation, 
we must have 
ds’? = mds?, 
where m is independent of the differential elements; hence, in that case, we 
should have 
E ans 
re ais Gay 
or, if we write 
F’G- FQ’ =A, GE-GEH'=B, E'F-EF'=C, 
the conditions for conformal representation are 
A=O pB = 0, C=). 

When the nul lines of one family on the first surface are homologues of 
the nul lines of one family on the second surface, the equations ds? = 0 and 
ds? = 0 have one root dp/dq common; its value is given by 

G o dq 
I’'G- FG G/E-GE’ E'F- EF’ 


that is, by 
dp? 2dpdq_ dq. 
A de OR 
and the condition is 
B-4AC=0. 


We need not consider the case when both families of nul lines are homologous 
with both families of nul lines; for then 


Edp +2Fdpdq+ Gde =0, E’dp?+2F’dpdq+ G'dq = 0, 
would be the same equations, and we should have 
UEL O 
E F G 
that is, we should have the preceding case of conformal representation. 
* Nouv. Ann. Math., 2™¢ Sér., t. xvii (1878), p. 151. 
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If possible, then, let dp, ôq; and ô'p, 6’q; represent an orthogonal pair of 
directions on both surfaces. We have 


E 8p8' p+ F (Spe q + 8qo'p) + G6q8'q = 9, ` 
E'Sp5'p + F'(dp8q + 898'p) + qq = 9: 
and therefore 


ôpõ'p = 04A, 
dp òq + òq p = OB, 
òq ò'q = OC. 
Hence the directions ôq/ôp and 6’q/8’p are the roots of the quadratic 
A? —Bti+C=0. 


We thus have a unique pair of orthogonal corresponding lines, unless either 
the quadratic is evanescent so that A, B, C vanish, or the quadratic has equal 
roots so that B?=4AC. The former exception gives rise to conformal 
representation. The latter requires that one set of nul lines should be 
homologous, a correspondence that is imaginary for real surfaces. Hence we 
have Tissot’s theorem. 


157. Deferring for the moment the two possible exceptions, let us 
assume that the two surfaces have, in common, a unique system of orthogonal 
curves. We take them as parametric curves, so that the arc-elements on the 
two surfaces are 

d? = Edp + Gdg, ds?= E'dp + Gdq. 
The general equation of geodesics on the first surface is 
dq _/dq¥ -G ay (2- G,\ O Da G\ Te 
dp? (T 25 (a) E 0) i dp Gis g) wi 
and the general equation of geodesics on the second surface has the same 


form. Ifthe two surfaces can be represented geodesically upon one another, 
the two general equations must be the same; so the necessary and sufficient 


conditions are 


CCA 
E nang E’ > 
E, GB & 
BIG E 124s 
Bn GOR C 
2 NGA» BOG’ 
E, _ E; 
G HG 
From the second of these, we have 
E_E" ps 
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where P is a function of p only; and from the third, we have 


G?_ G 
E ay Qe 


where Q is a function of q only. Thus 

Bat’ P*Q;,. G=G@’PQt 
When we substitute these values of Æ’ and @ in the first condition, it 
becomes 


G,(P-Q)=GP,; 
G=Q (P-Q), 


where Q is a function of q only. When the values of E’ and G” are substi- 
tuted in the last of the conditions, it becomes 


E, (Q — P) = EQ; 


and then 


and then A 
PESEE 


where P is a function of p only. 


Hence the two surfaces are 


ds? =(P —Q) (P2dp + Q?dq’), 
ds = (9-5) (pa +54 e’); 


and these are Liouville surfaces (§§ 117, 121). Consequently, a Liouville sur- 
Jace can be represented geodesically upon an associated Liouville surface. 


We have seen (p. 171) that geodesics on the first are given by 
P(P—a)~?dp—Q(a—Q)~*dq =0. 


This equation is unaltered if we change P into — P~, Q into —Q”, 


P into PP~?, Q into 0Q72, a into = l/a’. These changes turn the first 
surface into the second; and so there is a direct verification that the two 
Liouville surfaces can be represented geodesically upon one another. 


158. We have to deal with the two exceptions to which Tissot’s theorem 
does not apply. 
In the first of them, there is conformal representation, so that 
ds = mds. 
Thus the nul lines on the two surfaces are the same. Let them be chosen 


as the parametric curves; then 


ds*=4dpdq, ds? = 4r'dpdq, 
and therefore 
= mn. 
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The generalgequation of geodesics on the former surface is 


aouo (CR), 
dp? rXdp r\dp/’ : 


and on the latter it is 


dg A dq re mi 
ap“ X o A Vo 
When the two surfaces can be represented geodesically on one another, these 
two general equations must be the same; hence 
MEA 
Na E ee 
and therefore 


/ 


A 
= constant, 


that is, m is constant. Thus the two surfaces are similar to one another in a 
constant magnification. 


In the second of the exceptions not included in Tissot’s theorem, the 
homologues of a family of nul lines on one surface are a family of nul lines 
on the other. 


Let one surface be referred to its nul lines as parametric curves; its 


arc-element is 
ds? = 4n.dpdq. 


Let q= constant be the family of nul lines, of which the homologues are a 
family of nul lines on the other surface ; then its arc-element has the form 


ds” =2Fdpdq + Gde. 


For the latter surface, we have 


F, = 
Tr =F? A = 0, 
rte Le pe as 
P = oF A =0, 
MAG IG ALL, 
D = op p- 4G), A = pF- 46); 


and the general equation of geodesics is 
dq dqy? dg\? d 
A 7) PLNE (3 ZINJ 22 _ a. 
a (i + 21” A”) A tT 
On the former surface, the general equation of geodesics is 


TON 63) ` dq 


dp? \dp) © dp’ 


158] REPRESENTATION OF SURFACES 253 


When the two surfaces can be represented geodesically on one another, these 
two general equations are the same; hence 


o Redan) = 0, 
ae a(F,— $G,) = —™ 
a 
Fe aX, 
The third of these conditions yields the relation 
F=nQ, 


where Q is a function of q only. When this relation is substituted in the 
second condition, the latter becomes 
= 20’. 


The first condition now gives 


so that 

G =anQiP—, 
where, so far as the condition is concerned, P is a function of p only, and a is 
a disposable constant. Substituting this value of G in the modified form of 
the second condition, we find 


NA T L e 
PES Pr EN ae 


hence 
Det cee all eet 
B= 0+ 3-00-4| Pap, 
where Q is a function of q only. 


Now let 
Pdp=du, »=pP, Q=R>, 


so that R is a function of q only, and u is a new variable; then 


EEA 
EA a uk, 
or, choosing a=—1, S 
w=Q+ukR’ 
Also 
HERRE 
G = le 


Thus the first surface is 
ds? = 4ududq 


‘ = 4 (Q + uR’) dudq, 
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where Q and R are any functions of q alone; and the second surface* is 
ds” = 2uRdudq — w’R-*da’, 
w=Q+uhk, nit 


These two surfaces can be represented upon one another so that their 
geodesics correspond. Now (§ 121) the geodesics on the surface 


ds? = 4(Q + uR’) dudq 


where 


are given by the equation 


u of pied 
v and alya HD ay 
(a+ 2R (a+ 2R} 

where a and ¢ are arbitrary constants; this equation therefore gives also the 
geodesics upon the geodesically associated surface. 


Spherical Representation; Tangential Coordinates. 


159. We now come to the representation of a surface on a sphere, 
already indicated in § 147; it frequently is called the spherical representation 
of the surface, and it is due to Gauss originally. We take a sphere of radius 
unity and through its centre draw a line parallel to the positive direction of 
the normal to the surface ; the point on the surface has its image in the point 
where the sphere is cut by the line. It thus follows that, in the represen- 
tation, we are partly considering the tangent plane to the surface; and so, in 
using the direction-cosines of the normal, we are in effect using three of the 
tangential coordinates of the surface. We shall therefore find it convenient 
to deal with equations, expressed as far as possible, in terms of tangential 
coordinates; for they are essential to the resolution of the question as to 
how far a surface is determined by a given spherical representation. 

The coordinates of the spherical image of a point on the surface, where 
the direction-cosines of the normal are X, Y, Z, are themselves X, Y, Z, which 
are subject to the condition X¥?+ Y*+Z?=1. Let dS be an are-element on 
the sphere; then 


dS? = dX? + dY’? + dZ? = edp? + 2fdpdgq + gde, 
where 


e= X2 + V2 + Z? =—HK+ DAZ, 
f=X,X%,+ ViY,+24,4,=—FK + MH, 
g= Xyzer YA + Z? =—GK WG, 


on substituting the values of the derivatives of X, Y, Z given in § 29. 


We have 


Il 


eg ~ fe TARE: 


* The result is due to Lie; see § 156. 
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and therefore, as ey—f?>0, the surface to be represented cannot be a 
developable surface. 


Manifestly we have 


dS? = — Kd +H = 


with the usual notation for the curvature of the normal section. Now 
g- w G 5) cat ee 
Cee se} a B 
_ | cos? sin? yp 
ae eae! Be’ 
where ¥ is the angle between the tangent to the curve and a line of 
curvature; and therefore 


feos? yy sin? Wr) 

dS? = E 
( a? 5 B? ) $ 

Hence the spherical image usually is not a conformal representation. But 

there are two classes of surfaces for which spherical representation is con- 

formal. For one class, we have a=; its Cartesian equation, in the most 

general range, is 


Ut pe = $ (p) 
4 > 
z — ww (1 + p) = y (u) 
where ¢ and wW are arbitrary functions. For the other class, we have 
a+8=0; they are minimal surfaces, and will be discussed later (in 
Chap. viii). 
160. Some simple properties can be established at once. 


I. When the parametric curves on the surface are orthogonal, we have 


FE = (), 
When they are orthogonal on the sphere also, then 
fa; 


and therefore, unless H =0, we have M=0. 


Further, when F=0, M=0, we have f=0 whether H vanishes or not. 
Hence the spherical image of the lines of curvature is an orthogonal system ; 
and the lines. of curvature are the only orthogonal system whose spherical 
image is orthogonal, unless the original surface is a minimal surface—in 
which case the spherical representation happens to be conformal also, so that 
any orthogonal system remains orthogonal in the representation. 


II. But further, the spherical image of a line of curvature is parallel 
(directly or reversely) to the line; and if the spherical image of a curve is 
parallel to the curve, then the curve is a line of curvature. 
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For the first part, take the lines of curvature as the parametric curves, 


so that 
F=0, M=0; 


We then have (§ 29), for the respective lines, 
Aq VG Za ee 


pull ie a A 


proving the statement. 
For the second part, keep the parametric curves general; and suppose 
that the spherical image dX, dY, dZ of da, dy, dz is parallel to it. Then 
X,dp+X,dqg _ Y,dp+ Y.dq _ 4,dp+Z.dq 
adp+adq  ydpt+ydq  zdp+ zdq ` 


Let the common value of these fractions be u; then 
X dp + X.dq = u (a dp + «,dq), 
Y,dp + Y,dq = u (dp + ydq), 
Zdp + Z.dq = u (zdp + 2dq). 
Multiply these equations by a, yı, 2, respectively, and add; and by a, Yz, 2z 
respectively, and add; we have 
— Ldp — M dq = u (Edp + Fdq), 
— Mdp —- Ndq = u (Fdp + Gdq); 
and therefore 
(EM — FL) dp? + (EN — GL) dpdq+ (FN — GM) dẹ = 0, 


giving the directions of the lines of curvature. 


III. A direction da’, dy’, dz’ on the original surface, which is conjugate 
to a given direction dp, dq, is such (§ 47) that 
da'dX + dy'dY + dz'dZ=0, 
where dX, dY, dZ are determined by dp, dq, that is, are the spherical image 
of the given direction. It therefore follows that, when two directions are 


conjugate on the surface, the spherical image of each direction is perpen- 
dicular to the other direction. 


Moreover, as an asymptotic line is self-conjugate, it follows that the 
spherical image of an asymptotic line is perpendicular to the line. 


IV. The preceding result, relating to conjugate lines, can be stated in 
another form, viz. the inclination of the spherical images of two conjugate 
lines is either equal to, or supplementary to, the inclination of the conjugate 
lines. 
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This can be established independently as follows. Taking the conjugate 
lines as the parametric curves, we have M=0; and therefore 


f=— FE. 
As usual, denote by œ the inclination of the parametric curves on the surface 
which now are conjugate; and denote by ’ the inclination of their spherical 
images. Then (§ 25) 
cot œ = F/V, cota =f (eg —f?)~?. 
Now 
Y= eg —f?=V?K?, 
and we take v positive, just as V has been taken positive (§ 24); hence 
v=+ VK, 
the upper or the lower sign being used, according as the surface is synclastic 
or anticlastic. Thus 
cot wo =+ f/VK, 
that is, 
cot w = F cot a, 
which gives the property in question. 


V. We can, by means of the spherical representation, prove Joachim- 
sthal’s theorems (§ 128) as to plane lines of curvature and spherical lines of 
curvature. 

In the case of a plane line of curvature, let a, b, c be the direction- 
cosines of the normal to the plane. If at any point, w is the angle between 
the normal to the surface and the principal normal to the curve, we have 


sin © =4X +bY +cZ; 
and therefore 


a Ox a A OAN as 
J; (Sit a) =(a S +655 +055) o 
=+( dæ  , dy A 


r ru Me ae 


because the spherical image of a line of curvature is parallel to the line. 
Now a, b, c are the direction-cosines of the normal to the plane in which 
the line of curvature lies; thus 


da ,dy dz_ 
CT ee t One 0. 


Consequently, sin w =constant; or the plane and the surface cut everywhere 
at a constant angle—which is the theorem as to plane lines of curvature. 
Moreover, the equation 
aX +bY + cZ =sin w 
now shews that the spherical image of the line of curvature is a small circle, 
unless the line of curvature is also a geodesic, in which case its spherical 
image is a great circle. 
F. 17 
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Also, if a family of lines of curvature is composed of plane curves, their 
spherical image is a family of small circles. If both families of lines of 
curvature are plane curves, then (because the spherical image of two lines of 
curvature is two orthogonal lines) the spherical images are two families of 
orthogonal small circles. We shall return later (§§ 197, 198) to this matter. 


Next, consider a spherical line of curvature. Let the sphere be of radius r 
and have its centre at a, Yo 2; then, denoting by y the angle between the 
normal to the surface and the normal to the sphere at a point on the line of 
curvature, we have 


cos y = Ree ay ly eee 4 gr. 
ae 
da dy dz\ dS /dX«-a, dYy-y ,dZz-% 
78) (x Ae aE +25) + ie (ds a + Gila: aaa 
_ WS (e-adz y-ydy , Zz—% dz 
-ig Pe areas Fae 


because the spherical image of a line of curvature is parallel to the line. 
The quantity within the brackets on the right-hand side is zero because the 
line of curvature lies on the sphere; hence 
cos y = constant, 

and therefore the sphere and the surface cut at a constant angle along the 
line of curvature—which is the theorem as to spherical lines of curvature. 
(The angle x is the angle a’ — w of § 128.) 

161. The fundamental magnitudes of the second order, say L’, M’, N’, 
for the sphere can be obtained simply. Denoting the direction-cosines of 


the positive direction of the normal to the sphere by X’, Y’, Z’, we have (in 
accordance with §§ 27, 29) 


EETAS Y,Z)= KVX = +X, 


according as the surface is synclastic or anticlastic; and similarly Y’= + Y, 


Z' = + Z, the upper signs being used together and the lower signs being used 
together. Thus 


dee X G Y Yak fan 
= (XXn + Y¥y+ZZ,) 
= + {5 (X,+ YY, + ZZ) - (X+ Y#+ Zo) 
= a5 €; 
and similarly M'=ẸFf, N'=¥g. The radius of curvature of any normal 
section of the sphere, being 


edp? + 2fdpdq + gdq 
L'dp + 2M'dpdq + N’dq?’ 
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is numerically equal to unity, as was to be expected; it is positive or negative, 


according as the normal to the positive side of the sphere has to be drawn 
inwards or outwards. 


Thus only the fundamental magnitudes of the first order for the sphere 
need be taken into account. It is convenient to have the relations between 
them and the fundamental magnitudes of the surface. Substituting for K 
and H in the expressions for e, f, g, we find (see also § 29) 


V?ė = EM?— 2FLM + GL, 
V? f= EMN — F(LN + M’) + GLM, 


Vg = EN? — 2FMN + GM?; 


and therefore 
VE = eM? — 2fLM + gL, 


vl =eMN—f(LN + M’*)+ LM, 
VG = eN? — 2fMN + gM’. 
We require quantities corresponding to T, I”, T”, A, A’, A”. Let 
= Fe, . W =} M= fa— 39, 


v=fi—4e, v =g, v” =$92. 
Then we take 


vy tpai vd =ve — pf 
PEE E pe MIM A) at OL me 
vy” = ug ye | oe a o — wf 


and we thus have the quantities required. Moreover, they give 


p =ey +fd = fy +96 
ji = ey +f : py’ = fo a ge 5 
ma = ey” +f tt y” =y iis gò” 


corresponding to the relations in § 34. 


As the values of the quantities e, f, g involve all the magnitudes Æ, F, G, 
L, M, N, these quantities p, w, u”, v, v’, v” must be expressible in terms of 
- the derived magnitudes of the third order for the surface. We have 
õæ l al 


i et 2n'L?} + +7, 


{2M,(EM-—FL)+2L,(GL-FM)} 


- pa (T+A) (EM? — 2FLM + GI) 
= IGL- FM) P+ (EM — FL) Q+ V° (eT + fA)); 


17—2 
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and similarly for i others. The aggregate of results is :— 


(GL —FM)P+(EM — FL) Q} +er +fd 


p= a : 
p NOE FM) Q+ (EM — FL) R} + eT’ +f’ 
K” - (GL — FM) R + (EM — FL) S} + er” + fA” f 


-KGM — FN) P+(EN-FM)Q}+ fT +gA 
- (GM —- FN) Q+(EN- FM) R}+fT’ +g’ >; 


= n (GM - FN) R+(EN-—FM)8}+fIT” +gA” 


and it is easy to shew that 


V°K (y Se E VK (ò PA E 
WK (y -T')=QN-RM V°2K (8 —A’)=-QM+RL}. 
WK (yp -T”)=RN _su | V2K (8” — A”) =— RM + SL | 


162. The tangential coordinates connected with the surface are defined, 
as usual, in connection with the tangent plane. Let 2, y, z be the coordinates 
of any point on the surface, and let T (with, of course, a new significance for 
the symbol, different from the significance adopted in § 28) be the distance* 
of the tangent plane from the origin; then the equation of the plane is 

aX +yY+2Z=T. 
The quantities X, Y, Z, 7 are the tangential coordinates of the surface. 

We require various quantities, and some of our established equations, 
expressed in terms of the tangential coordinates. For æ, y, z, we have 

eX +yY +2Z =T, 
aX,+yY,+24,=T,, 
eXet+yY,+22Z,=T,. 


Now (§ 29) 
Di AC A esl 
Ae ices 
Ag y A 


Y,Z,-—Y,2,=VKX, 
= 1 
Y,Z — y Z, = pg (ges - fX), 


A il 
YZ, — YZ =g CSX: + eX); 


* Sometimes W is used (as in § 79, and regularly by Bianchi). 
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hence 


ee (eX,T,— f(X,T,+ X,T,) FXT) 
y= TY +5 Ti-A TTE YT) +920} |, 


oA 1 +5 (es, — f (ZT, T) + 92,7) 


giving the point-coordinates of the surface in terms of the tangential 
coordinates. 


It therefore follows that, when the tangential coordinates are given, the 
surface is completely determinate even as to position and orientation. 


163. Again, we have (§ 161) 
XXa + YY, + ZZ, =e. 
Also, from the definitions of the quantities p and v, it follows that 
A Ant Y,Yn+Z4,2Zu =p, 
AX An kY Ya + 42Z,= 7; 
hence, solving for Xn, Yn, Zn, we find 
Xn =— eX +4yX,+ 6X; 
and similarly for Yn, Zu. Thus 
Xn=— eX +y7X,4+ 6X, 
Y,=—-eY+yY,+5Y, 
Zı=-— eZ + yZ, + ô, 


Similarly 
X=- fX +y X,4+ 0X, 
Yo=—fY+yY,+0Y, +, 
Z=- fZ + y2 +82, 
and 


X» =— gX +y" X, +0 X., 
Ya =-—g9gY +y”Y, +ô"Y, 
Za =-9Z +94, +82, 
These are the equations of the second order satisfied by X, Y, Z. 


There are corresponding equations for T. We proceed from 


T, =X, +yY, +24; 
then 
IERRA +yYYn + 2n + 2X +y Y +24, 


=— eT + yT, + êT, — L. 
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Similarly for Ti, Ta; the results are 
Ta— y T,-6 T,+eT=—-L 
Toe- y 7,-8T,4+fT=-M >+. ` 
Ta Y T —8'T, +9gT =-N 
It therefore follows that Æ, F, G, L, M, N are directly expressible, without 
any inverse operations, in terms of e, f, g, T, and their derivatives. Hence, 
when T and a spherical representation are known, the surface is uniquely 
determinate save as to orientation and position. The organic lines on the 
surface are expressible in terms of these quantities; it is easy to verify that 
the quantities A and W of § 125 are given by 
-AVK = Tap? + 27. pg + Deol: Ls Lip 
Xyp?+ 2X pA FAAA X1, Xa; 
Yope +2Y 09 + Voge Vier. 
Zap? +22 p + Zug, 4, 2 
TAE Te a Iga ekas Ioas 
Xap +X, Xop +Xag, Xi, 
Vip E Viet a ee 
Zyp + Zyq’, Zep'+ Zuq', 4, 
where A=0 is the equation of the asymptotic lines, and W=0 is the 
equation of the lines of curvature. 


NAH nN AS 


164. We have seen that, when the tangential coordinates X, Y, Z, T are 
known as functions of two parameters, the surface is completely determinate; 
and that when e, f, g, T are known, the surface is uniquely determinate save 
as to orientation and position. The data required for these inferences are-— 
a knowledge of X, Y, Z, in the one case, and a knowledge of a spherical 
representation in the other case—together with a knowledge of T, which 
is quite independent of the sphere. 


The question then arises as to how far a surface is defined by means 
solely of X, Y, Z, supposed given; or solely of a spherical representation, 
supposed given. In the one datum, we assume that X, Y, Z are known 
functions of p and q, subject to the condition X? + F? + Z?=1; in the other, 
we assume that e, f, g are known functions of p and q, subject to Gauss’s 
characteristic equation when it gives unity as the measure of curvature. The 
answer to the question depends upon the determination of the quantity T. 

When the values of L, M, N, which have just been obtained, are substi- 
tuted in the expressions 

XVE = eM? —2fLM + gL’, 
VF =eMN —f(LN + M”) + gLM, 
vG = eN? — 2fMN + gM?, 
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the quantities Æ, F, G become functions of known quantities, of T, and of 
the derivatives of 7 up to the second order inclusive. Now, for every surface, 
the six fundamental magnitudes must satisfy the Gauss characteristic equation 
and the two Mainardi-Codazzi relations, viz. 


LN - M= — 3 (Ex a 2F.+ Ga) 
S 7 [E (nn” =n) — F (nm” — wm + n’m) + G (mm” — m®), 


L+ TM + AN = M, +T’L + 4'M, 
M,+r'’M+4'N= N, +T”L +A” M. 


When the foregoing values of Æ, F, G are substituted in these equations— 
the algebra is exceedingly laborious—and then, when substitution is made for 
L, M, N in terms of the quantity T and the given magnitudes, the first of 
these relations gives a partial differential equation for T which is of the 
third order. (Owing to the presence of E» — 2Fi: + Gun, the equation might 
have been expected to be of the fourth order; but the terms of that order 
cancel.) The second of the relations gives another partial differential equation 
for T of the third order; and the last of them gives yet another partial 
differential equation for T of the third order. (In both of these equations, 
the terms of the third order disappear from L, — M,, and M, — N, respectively ; 
but they arise from the values of I’, I’, T”, A, A’, A”, and they do not 
disappear.) 


Thus in general, when a spherical representation of a surface is given, it 
is necessary to solve three simultaneous partial equations of the third order 
if the surface itself is to be determined thereby. 


165. But simplifications of this complicated result can be secured by the 
assignment of particular conditions—these conditions really being limitations 
upon some of the arbitrary functions that occur in the primitive of the three 
simultaneous partial equations of the third order. 


Let there be an assigned condition that the parametric curves on the 
sphere shall be the images of asymptotic lines on the surface. Instead of 
dealing with the specialised forms of the equations of the third order, it is 
simpler to deal with the original equations that are fundamental; so we 
assume the condition that the asymptotic lines are to be parametric, viz., 


L=0, N=0, 
and then the Mainardi-Codazzi relations are 
(T—A’)M=M,, (A”-I")M=M,. 
Moreover, we have 


(T+A)V=V,, (A°+I)V=Vd;; 
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so that wl yg wait 
1 1 n 2 2 
j ME Bas M V, t 
Consequently 


ar 0a” a’ _ ar’ 

0g Op’ oq op 
differential relations which, of course, are isolated under the special system 
of parametric curves. 


2 


Having regard to these curves, the values of P, Q, R, S (as given in § 40) 
are 
P=-2MA, Q=-2MA'’, R=-2MT’, S=-2MI”. 
Also we now have 
vE=eM*, vF=-fM*, vG= gM’, 
so that 
vV = M?, 


and 


As regards the quantities y, y, y”, 6, &, 8”, there are simple relations 
connecting them with T, I’, T”, A, A’, A” under this system. We have 
(§ 161) 


feel =- yg uM = 2 =- 20, 
gi eel =~ pag BM =g- 
yy” Tsai su = 5 =- 91", 
Same} =— pig PM = 4 =-2A, 
Y-A =- ph QM = 4 =- 20, 
5” A=- rR = aoe IN 


and therefore 
y=T-2d, 8” =A"- 27", 
yal’, of =-T’, b6=-A, F=-N. 
Consequently we also have (always under this system of parametric curves) 
Oy _ 08” Ory’ _ 00’ 


og Op’ ap aq’ 
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as relations identically satisfied ; thus the spherical representation cannot be 
chosen arbitrarily. Also 


e F G X 


therefore the arc-element on the surface is expressible in the form 
dst = — 7 (edp — 2fdpdq + gag?) 


And then the quantity T is an integral common to the two equations of the 
second order 

Ta— y T,-—68 Ta+eT=0 

I r3 PIE, i DIE +9T= 0? i 


Ex. Let these results be applied to a pseudo-spherical surface. We have, for all 
surfaces referred to asymptotic lines as parametric curves (§ 42), 
V?Kk,=-2MY, V?K,=—-2MR; 
and therefore, for a pseudo-sphere, 


=0, R=0. 
arr Q=0, 


ot y=I"=0, S=A'=0, y=r =a 


2y = eg -Mh 


VV =BG- GF = pa leg tS), 
in this case; and so 
e=0, gı=0. 
The same inferences follow from the conditions ð= A'=0. Hence e is a function of p 
only ; it can therefore be made unity, because it can be absorbed into the term edp?. 
Similarly g is a function of q only; it can therefore be made unity, because it can be 
absorbed into the term gdg?. Thus the arc-element on the sphere is 


dS? = dp? — 2dpdq cos w + dq’, 


and on the pseudo-sphere is 
ds? = — Zap — 2dp dq cos œ + dg?). 


The parametric curves are asymptotic lines; so that, over an ordinary region of the 
surface, asymptotic lines of the same family do not meet. We thus do not have an 
asymptotic triangle (like a spherical triangle on a sphere, or a geodesic triangle on any 
surface); but we do have an asymptotic quadrilateral. If œ 
denote the angle between the parametric curves, we have (§ 36) 


in general 
C4) @ VA Off VA 
ini E Jta G J+ 7E; 


and therefore, in the present case, 


Ow 
op oq 


=SsiN ø. 
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Now the area of the quadrilateral is l 


dpdq . 
[[- tet no 


1 Ow 
=H) | a ee 


1 
E - ge- (T — os) — (47 — op) +04} 


=-7(S-2n), 

where S is the sum of the internal angles of the quadrilateral on the surface. 

Other simplifications can be suggested; the results are left for detailed 
working. 

When the parametric curves are required to be orthogonal on the surface, 
we must have F' = 0, that is, 

eMN —f(LN + M») + gL M =0. 

When the values of L, M, N in terms of T and its derivatives are substituted, 
we have a non-linear partial equation for T of the second order. 


When the parametric curves are required to be conjugate on the surface, 


we have M = 0, that is, 
To— yT — 8T,+fT =0. 


We have a linear partial equation of the second order; it is of the Laplace 
type*. 
When the parametric curves are required to be both orthogonal and 


conjugate on the surface, that is, are required to be lines of curvature on 
the surface, we have F=0, M=0. Then 


adh yee els Case pe ia 
IB ete? $ 29’ 
and the linear partial equation for T is 
tt Wy ee OY 
Te- n-A N=, 
again of the Laplace type. When T is known, then 


L= Ta- 5, Tit gi Tat ef, 


N=Tat3 Ti- 5 Ta +gT, 


* See the author’s Theory of Differential Equations, vol. vi, chap. xiii. 
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When the surface is to have its mean curvature constant, then the partial 
equation for T is 


(LN — M*) H=eN — 2fM + gL, 
of the second order and the Monge-Ampére type. 


In all these cases, we have to integrate a partial differential equation of 
the second order. Its primitive contains two arbitrary functions; and so 
there is, in each instance, a double family of surfaces with the assigned 
spherical representation. 


EXAMPLES. 


1. Any two stereographic projections of a sphere are inverses of each other, the origin 
of inversion in either being the origin of projection for the other. 


2. Shew that the spherical images of the asymptotic lines on a minimal surface, as 
well as the asymptotic lines themselves, are an orthogonal isometric system. 


3. Two surfaces have the same spherical representation. A family of spheres is 
drawn having their centres on one of the surfaces and the envelope of the spheres is 
constructed ; shew that the other surface is normal to the chords of contact. 


4. Shew that, if = 
_u+v _t(v—u) ww- oe 
~ w+l’ ~ w+’ wl’ En 


the lines of curvature on the original surface are given by 


ot ot 
dud — —dvd 7O 


Also shew that, if another surface is given by the equations 


ot Ot 
oa a y=v, z=—t+u a? 


its asymptotic lines are given by the foregoing differential equation. 
5. Prove that, when e, f, g, T are known, the lines of curvature on the original surface 
are given by the equation 
dq ; -dqdp , dp? <0 
e , i , g 
E T E e IA I ò Toe, To-—y'Tı—ô"T: 
6. Shew that the surfaces, which have one system of lines of curvature in parallel 
planes, are given by the equations 
x=f(v)cosv- f'(v)sin v+ {g (u)sin u+g' (u) cos u} cos v, 
y=f(v)sinv+f' (v) cos v+ {g (u) sin u+g' (u) cos u} sin v, 
z=g (uv) cosu—g’ (u) sin u, 


where f and g are any functions whatever. 


CHAPTER VIII. 


MINIMAL SURFACES. 


THE amount of mathematical literature, devoted to the subject of minimal surfaces, is 
of vast extent. 

The theory was initiated by Lagrange, mainly in his non-geometrical treatment of the 
stationary values of double integrals. It attracted the fruitful attention of other great 
mathematicians such as Monge, who was the first to give a general solution of the 
question; and of Legendre, who first applied what now is called a contact-transformation 
to the partial differential equation of the second order that is characteristic of the surfaces. 
All this work belonged to the later part of the eighteenth century. Its progress continued 
intermittently in the earlier half of the nineteenth century until the researches of Bonnet, 
published in 1853 and later, which marked an entirely new development in the deter- 
mination of real surfaces. Soon there followed the investigations of Weierstrass, who 
gave the useful forms to the equations obtained by Monge and from them constructed 
the generalities of the theory of minimal surfaces that are real and of surfaces that are 
algebraic; the significance of the theory of real surfaces being due to the fact that the 
analysis is bound up with functions of complex variables. Moreover, the researches of 
Weierstrass inspired the work of Schwarz who has contributed many important develop- 
ments to the subject, on its geometrical side and its functional side. And Lie’s work added 
substantially to the theory of algebraic minimal surfaces that are subjected to assigned 
conditions. 

Mention also should be made of the memoirs of Beltrami who made notable additions 
to the subject and, in one of his early memoirs, gives a survey of the progress made down 
to 1860. 

Above all, there is the section (Book iii, vol. i) in Darboux’s treatise dealing with the 
whole matter, its history, its development, its later issues, problems half-solved or unsolved. 
That section is practically a complete treatise at the time of its publication (1887) ; what- 
ever advances in detail may have been made since that date, Darboux’s exposition should 
be studied carefully by every student of the subject. 


The Critical Equation H =0. 


166. We now proceed to consider one particular class of special surfaces, 
usually called minimal surfaces. For many reasons, they are important. 
They are related to the calculus of variations, as providing the simplest 
significant example of a condition for the minimum of a double integral ; it 
was in this relation, that they arose in investigations of Lagrange. They are 
related, in their analytical expression, to the theory of functions of a complex 
variable ; implicitly beginning in results due to Monge, the association has 
been developed in many researches that have their foundation in some 
memoirs of Weierstrass, supplemented by the work of Schwarz and of Lie. 
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They are connected with problems in mathematical physics, of which the 
most picturesque is that of the soap-bubble. 


Let surfaces be drawn so as to pass through an assigned closed curve 
(whether continuous in direction or not) and be required, along the curve, to 
touch an assigned developable surface passing through the curve. For the 
moment we are not concerned with the limitations imposed upon surfaces by 
these requirements, or with the extent of further condition that may be 
imposed simultaneously with the limitations. Among all these surfaces, let 
a surface be selected such that its area is a minimum—in the sense that, 
when small variations of any kind upon the surface are effected subject to 
the limitations, the result is to give an increase of area for the modified 
surface. The original surface is called minimal. It may or may not be 
unique. It may even be non-existent, owing to the complication of the 
conditions. 


We have seen (§ 25) that the element of area on the surface can be 
represented by the quantity Vdpdq; and therefore the area of the surface 
bounded by some assigned curve is 


Í Vdpdq, 


where the double integral is taken over the range limited by the curve. If 
then the area of the surface is to be a minimum among the areas of all 
surfaces which can be drawn through the curve, this double integral must be 
a minimum. 

The conditions that the first variation should vanish (a condition which 
secures a stationary value for the double integral) are that the equations 


T ip (ba) ia (in) 
av “ees n 


dy dp OY, ôq Ys j 
U AA E 
oz dp\dz,/ dq \dz/ — 


should be satisfied. Now, as a function of the variables, V explicitly involves 
21, Zas Yi» Yas 21, 223 but it does not involve a, y, or 2, 80 that 

‘Nfl ee La MC 

Ob ee POU a ah 
Again (§ 27) 


VE eae 


hence the first equation becomes 
Yı — 2Y, — Yıla + 2,Y,=0, 

that is, on substitution for the derivatives of Y and Z (§ 29), 
VX (EN —2FM + GL)=0. 
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The second and the third equations similarly give 
VY (EN -2FM+GL)=0, VZ(EN-2FM+GL)=0; 
hence all the conditions, required in order to make the first variation vanish, 
are satisfied by the single relation 
EN -2FM + GL=0. 

Thus H, the mean measure of curvature, vanishes; the two principal radii of 
curvature are equal and opposite, and therefore the indicatrix is a rectangular 
hyperbola. 

When, instead of parametric curves, the coordinate axes are used for 
reference, the area is 


| | (1 +p? + 9°)? dady, 


where p and g now denote the derivatives of z. The condition for a stationary 
value is 


sista Sata 
i= 
ox (dl +p + Qe oy ral + p+?) 
which becomes 
(1 +q°)r — 2pgs+(1 +p)t=0, 
in accordance with the preceding relation when the values (Ex. 3, p. 60) of 
the fundamental magnitudes are inserted. 


167. The result can also be obtained without recourse to the general 
formulæ of the calculus of variations; and the process* leads to one condition, 
critical as regards a minimum, which is important for weak variations (§ 89) 
of the variables v, y, z of a point on the surface. 

Let a length l, chosen as an arbitrary function of p and q, be measured 
along the normal to any surface; and suppose the surface referred to its 
lines of curvature. Then (§ 85) the quantity V for the surface, derived as the 
locus of the Ro of this length /, is given by 


=p (lay (—py +l "V'g+ie(- =f) E. 


For the present purpose, the length / determines a small variation under 
which the surface is to be minimal; hence / itself is small, and (when we 
assume the small variation to be weak) the quantities J, and l, are small, of 
the same order as /. Expanding V in powers of the small quantities J, }, l, 
and neglecting powers of these quantities higher than the second, we have 


Preval —2 (G+ +2) +l ee atta 


ox B 
3 veil -UH +1 (H+ 2K) 4% + Ht. 


so that 


VaV{i-iH +5 (axe +3 yt 


* It is substantially due to Darboux, t. i, §§ 184, 185. 
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The area of the derived surface, corresponding to an area | Vdpdq of the 


original surface, is i | Vdpdq; hence the variation of area, being 


[[Pavag— |f Vapa, 


is given by the expression 


-ffi Vitdpay +5 [[(exe+s+ 2) dpi 


If the original surface is to be minimal, this quantity must be positive for all 
arbitrary small quantities /, on the understanding that l, and J, also are small 
of the same magnitude as l. In the expression, the term of the first order 
governs the rest unless it vanishes; and when it does not vanish, we can 
make the sign of the term positive or negative at will by changing the sign 
of l, and then the condition for a minimum would not be satisfied. Hence 
the term of the first order must vanish; as l is arbitrary, this requirement 
can only be satisfied if the equation 
H=0 

holds everywhere on the surface. (If H does not vanish everywhere, we can 
make the first term positive or negative at will, by choosing l everywhere of 
the same sign as H or everywhere of the opposite sign.) We thus have the 
former result as to the equation, which is characteristic of minimal surfaces. 

Thus for weak variations of minimal surfaces, the most important term in 
the variation of the area (it is usually called the second variation) is 


5 ||(exe + 5 +3) Vapa. 


In this expression Æ, G, V are positive, while K is negative; in order that 
the surface may be a real minimum, the quantity must be positive for all 
non-vanishing weak variations. As l is arbitrary, subject only to the 
condition that it must vanish along the closed curve through which the 
minimal surface is bound to pass, the requirement of a positive sign for the 
second variation provides a test for a real minimum. 


It is easy to prove that, when general parametric curves are selected 
instead of the lines of curvature, the second variation is 


> Í Í foxe + yy (Bl E ane) Vande: 


Ex, Taking weak variations ++é, y+n, z+¢ of a, y, z so that é, », ¢ and their 
derivatives are small, substituting and using the formule of § 27, shew that the second 
variation of the area can be expressed in the form 


: | | (Bp? —2F hu + G2) dpdq+ | | (Xdnd¢+YVdtdt+Zdédn), 
where 
=X + Ynt Zh, p= Xbo.t+ Yt Ze. 
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We shall see (in § 188) that the requirement of a positive sign for the 
second variation, in order to secure a real minimum, causes a limitation of 
the range over which the integration can extend; we shall have the conjugate 
of an initial curve, when it is associated with an initial tangent developable. 
But its discussion must be deferred until we have indicated other conditions 
which make a minimal surface precise. 

When strong variations are taken into consideration (that is, variations 
which keep £, n, ¢ small and do not demand that &, &, m, 2, &, && shall be 
small), it is necessary to construct the excess-function, as in § 89, IV. 

Both investigations, in their general form, belong more to the domain of 
the calculus of variations* than to that of differential geometry; it may 
suffice to mention that the excess-function for a surface given by H=0 is 
positive, and so the minimal surface satisfies another test for a true minimum. 
For our purpose, the important property is that the relation 

H=HEN-2FM+GL=0 


is satisfied at every point of a minimal surface. 


Some General Properties. 


168. Before proceeding to obtain integral equations, which shall be 
equivalent to the characteristic equation H = 0, whether they give the surface 
intrinsically or express the coordinates of a point explicitly, it is worth while 
to notice some simple properties generally common to all minimal surfaces. 

(i) The nul lines on a minimal surface are conjugate. Let them be 
taken as the parametric curves for the surface; then H=0, G=0, and F is 
not zero. But always 

EN —-2FM+GL=0; 
hence, in this representation, M=0. Thus the parametric curves, being the 
nul lines, are conjugate. 

(ii) The asymptotic lines on a minimal surface are perpendicular. Let 
them be taken as the parametric curves for the surface; then L =0, N=0, 
and M is not zero. Again, always 

EN —-2FM+GL=0; 
* A full discussion for any double integral 
F(a, Y, 2 £1, Yrs 215 T2, Y2, 22) dpdg 
was first given by Kobb, Acta Math., t. xvi (1893), pp. 65—140. The particular result in the text 


agrees with Kobb’s general result (l.c., p. 114) when the integral is | [revan his quantities 


F,, F,, F}, F; then are 

Faal RSs ElV Fe= FV, REKT. 
Also, the excess-function (l.c., pp. 121—123, 139) becomes equal to 1 — cos ô, where 5 denotes the 
angle at which the strong-variation surface cuts the minimal surface. Thus of the full tale of 
three tests—viz., the characteristic equation, the positive sign of the second variation, and the 
positive sign of the excess-function—there remains only the test as regards the second variation; 
it will be considered in § 188. 
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hence, in this representation, F=0. Thus the parametric curves, being the 
asymptotic lines, are perpendicular. 

The property follows also from the fact that the asymptotic lines are 
always the asymptotes of the indicatrix which, in the case of a minimal 
surface, is a rectangular hyperbola. 


(ii) The converses of the two preceding propositions are valid; that is, 
if the nul lines are conjugate, or if the asymptotic lines are perpendicular, the 
surface is minimal. The result is obtained by verifying that the relation 

EN-2FM+GL=0 
holds in each case. 

(iv) Let the lines of curvature on a minimal surface be taken as the 
parametric curves. We then have F=0, M=0; and the characteristic 
equation of the surface becomes 


EN+GL=0, 

that is, 

L + N =0 

LEG. os 
Now, with this representation, the Mainardi-Codazzi relations are 

TADEN : LN Ne 
In-3(BtG)B=o M-3(p+g) %5 
Hence 
L,=0, N,=0; 
that is, Ļ is a function of p only and N is a function of q only. As 
E_S 
LAS ae 


we now have 


Clog H log G 
opoq pq 


which is the condition that the parametric curves are isometric (§ 63). 


> 


Thus the lines of curvature on a minimal surface are isometric. 

But, as is known (§§ 62, 64), the converse is not valid; that is, a surface 
can have its lines of curvature an isometric system without being minimal. 
Thus it may be a surface of revolution, or a central quadric, or a surface of 
constant (non-zero) mean curvature. 

169. Some properties of a simple character belong to the spherical 
representation of a minimal surface. 

The fundamental quantities e, f, g in any spherical image are given by 

e=—EK + LH, f=—-FK+MH, g=-GK+NH,; 
hence, for the image of a minimal surface, we have 
e=- EK, f=-FK, g=-GK. 
The following properties may be noted. 
F. 18 
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(i) The spherical image of a minimal surface is a conformal representa- 
tion of the surface (§ 159). For the arc-element on the surface is given by 


ds? = Edp + 2Fdpdq + Gdg, 5 
and the arc-element in the spherical image is given by 

dS? = edp + 2fdpdq + gd¢@; 
hence 


dS? = — Kde. 


Thus the magnification is the same in all directions at a point—which is the 
test for conformal representation. 


(ii) The converse of the last proposition is partly valid; that is to say, 
if the spherical image of a surface is a conformal representation, the surface 
either is minimal or has its principal radii of curvature equal to one another. 


When the spherical image of a surface is a conformal representation, we 


have 
— EK + LH=pE, —FK+MH=plF, —-GK+ NH= pG, 


where p is independent of the differentials in the arc-elements ; hence 
LH=E(K+p) MH=F (K+ p) NH=G(K+ p). 
Multiply by N, — 2M, L, and add; we have 
2KH=H(K +p), 


that is, 
H(w—K)=0. 
Multiply by G, — 2F, E, and add; we have 
H?=2(K + p). 
Hence either 
H= 0SN: 


so that either the surface is minimal, or 


K=p, Eey Ne, 
a= p, 


that is, the surface has its principal radii of curvature equal at every point. 


and so 


The latter alternative follows at once from the original equations. For 
when yp is not equal to — K, they give 
Ae ESN, 
T IE E 
and therefore, at every point, the curvature of the normal section is inde- 
pendent of the direction of the section. This can happen only when the 


, 
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principal radii of curvature are equal to one another at every point of the 
surface. Its integral equation* has already (§ 159) been given in the form 
E A 
z- is (l += y(u)! 
the only real surface with the property is the sphere, and it is given by 
taking 
p(u)=b+ap+R(1 +W}, Y (u)= c- iRu- ia (1+ pÈ, 
where a, b, c, R are real. 
Hence, if there be a restriction to real surfaces, we can declare that, when 


the spherical image of a surface is a conformal representation of the surface, 
the surface is either minimal or spherical. 


(ui) The spherical images of nul lines on a minimal surface are nul lines 
on the spherical image. 


Taking nul lines as parametric curves on the original surface, we have 


B=), Gas 
Hence, in the spherical image of a minimal surface, we have 
e=0, g=0; 


that is, the parametric curves are nul lines on the spherical image. 


7 
(iv) The nul lines are also asymptotic lines in the spherical image. For, 
taking them as parametric curves, we have (§ 161) 


l D=Fe=0, M=Fg=0; 
that is, the parametric curves (being the nul lines) are asymptotic lines in 
the spherical image. 

(v) The converse of the proposition in (iii) is partly valid; that is to 
say, if the spherical images of nul lines on a surface are themselves nul lines, 
the surface either is minimal or has its principal radii of curvature equal to 
one another. 


Take the nul lines on the surface as the parametric curves; then E= 0, 
G=0. Now 
e=—-HK+ILH, g=-GK+NH; 
hence, when these parametric curves are nul lines on the sphere, we have 


LH=0, NH=0. 


We may have H=0; the surface then is minimal. Or we may have H not 
zero; and then 


L=0;°N=0. 
* See a note by the author; Messenger of Math., vol, xxvii (1898), pp. 129—137. 
18—2 
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os MF M M? M 
Sp — M2 Me 
A Sais cau my ee 
hence 
H?—4K =0, 


and the principal radii of curvature are equal. 


The same remark about the latter alternative, as was made at the end of 
the discussion of the property in (11), holds in the present case. 


(vi) The images of isometric lines on a minimal surface are themselves 
isometric lines. 


Take the isometric lines as the parametric curves for the surface; then 


where P is a function of p only, and Q is a function of q only. Hence, in the 
spherical image of the minimal surface, we have 
Ee 
f E 0, P sia Q , 
that is, the parametric curves in the spherical image of the minimal surface 
are isometric lines. 
The property also follows as an immediate consequence of the fact that 
the spherical image of a minimal surface is also a conformal representation of 
the surface. 


(vii) The converse of the proposition in (vi) is partly valid; but the 
range of alternatives, when no extra condition is imposed, is wider than in 
the preceding converse propositions. 

Suppose that the spherical images of isometric lines on a surface are 
themselves isometric lines. On the surface, take isometric lines as parametric 
curves; then 


where P is a function of p alone, and Q is a function of q alone. As the 
parametric curves are isometric in the spherical image, we have 
Cg 
= 0, ene 
pede oC 
where P, is a function of p alone, and Q, is a function of q alone. Let 


H=Pr, G=Qa, e=Pip, a 
then we have 


Pi\w=— PAK + LH, 
0= MH, 
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The middle relation can be satisfied by H =0; and the other two relations 
can then be satisfied by 


P,_ Q 


pa Q = constant. 
The surface is minimal; but there must be a specialised relation between 
the isometric lines on the surface and the isometric quality of their image. 

When the surface is not minimal, so that H is not zero, we must have 
M=0. As F=0, M=0, the isometric lines are lines of curvature on the 
surface; the surface accordingly belongs to the class of surfaces which have 
isometric lines of curvature (§ 64). The other two conditions remain; they 
impose limitations upon these surfaces. 

As an illustration of the latter case, consider the specialised relation 
between the isometric lines on the surface and the isometric quality of 
their image given by 

P,_Q 


—~ = constant ; 


P R 
we shall have once more the class of surfaces with their principal radii of 
curvature equal. For, choosing the special isometric system (§ 63) such that 


P=1, Q=1, 
we then have 
P, =c, Q =ç, 


where c is a constant. The two conditions now are 
cu+AK=LH, cut+rdAK=NHA, 
and, by the present hypothesis, H is not zero. Hence 
LeN. 


Thus E= G, F=0, L=N, M=0; and then the principal radii of curvature 
are equal. 


In the last alternative, the same remark applies as in (ii) and in (y). 


170. The general intrinsic equations of minimal surfaces can be deduced 
from some of the preceding results. After Bonnet’s theorem, we know that 
any surface is determinate intrinsically (that is, save as to orientation and 
position) when the six fundamental magnitudes, satisfying the necessary 
equations of universal condition, are known. 


Let the nul lines be taken as the parametric curves; then 
E=0, G=0, 
and, because the surface is minimal, 


M = 0, 
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Then (§ 56) the Mainardi-Codazzi equations are 


L = 0, N, = 0 6 
consequently 


dd ee KE, 
where P is a function of p alone, and Q is a function of q alone. Also the 
specific curvature is 


IG 
AF (log F), 
that is, PQ_ 
ji O° 
oF = Gpaq (log F). 
Let Fe PQO,; 
then the equation for ® is 
Plog D _ 
p Da ii 


This is a well-known partial equation of the second order ; its primitive (first 
given by Liouville) is 

EE AL 

D (P, + Q} 
where P, is any arbitrary function of p alone and Q, is any arbitrary function 
of q alone. Thus 


(P+ QY 
- 4PR >r PO 


We now have the values of E, F, @, L, M, N; hence the surface is intrinsically 
determinate. 


The arc-element 
= 2Fdpdq 


=— Pe (P, + QY} dpdg. 
The lines of curvature are given by the equation 
Pdp — Qdq’ = 
and the asymptotic lines are given by the equation 
Pdp + Qde =0 
in the case of both systems of lines, the integral equation is obtainable by 
quadrature. 


Denoting by r and —r the principal radii of curvature, we have 


TE (P, + Q)! 
G = IN 7E page , 
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so that 
1(Pi+ QP } 
= 5 — r (PQ)?. 
ET ACY) 
If we change the parametric variables so that 
T ; Q : 
prdp=tdé, poda=idn, P=, Q=H, 


the arc-element is given by 
ds’ =(Z + H} dEdn, 
the form used by Bonnet. 


Integral Equations, after Monge and Weierstrass. 


171. We now proceed to a more explicit determination of the integral 
equations of the minimal surface, by obtaining expressions for the Cartesian 
coordinates of a point upon it in terms of two parameters. These expressions 
have a variety of useful forms. 


Still taking the nul lines as parametric curves, we have 
KEE AEE 
and so three of the equations (§ 34) satisfied by the Cartesian coordinates are 
Hea MX, To MY, 2.= MZ. 
When the surface is minimal, and the nul lines are parametric, 
M=0; 
and therefore the equations are 


fe=0, Y2=0, Fo=0. 
Hence - 
2=U,+7,, 9¥=U,+ Vz, 2=U;+ Vz, 
where U,, U,, U, are functions of p alone, and V,, V3, V; are functions of q 
alone, all arbitrary so far as the particular equations of the second order are 
concerned. But we must have H=0, @=0, all the equations of the second 
order having been deduced from values of E, F, G among other relations; hence 


U,” H U,” ar U =0, 
y? + Vy $ pe = 0. 


Subject to these two relations, the functions U and V are arbitrary functions 
of p and q respectively. 

These equations have already (§ 59) been obtained, though in the inverted 
sequence, during the establishment of Lie’s theorem that a minimal surface 
is the locus of the middle point of a straight line joining any point on one 
nul line in space to any point on another nul line in space. That theorem, 
indeed, is the interpretation of the preceding equations.and conditions. 
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The variables p and q are the parametric variables of the nul line; but 
we can take any function of p, instead of p itself, and any function of q, 
instead of q itself, and still have parametric variables of the nul lines. Thus 
p and q are not uniquely determinate quantities; and so some simplifications 
can be introduced by making the variables more precise. Accordingly, take 


=p, V =g Ui=d(p)=¢, V=vQ=; 
then the conditions are satisfied if 
Uy =i +o, Vail ey. 
Then the integral equations become 
T=p+q 
y=ory 


c=ifa+etdp+ifa + yt dg 


where ¢ is any function of p alone and w is any function of q alone, both of 
them arbitrary. This form of the integral equations of a minimal surface is 
usually associated with the name of Monge, by whom they were first 
obtained *, 


172. Another method of satisfying the two conditions, to which the 
functions U and V are subject, is as follows. Let a new variable u be 
introduced, defined by the relation 


U +710, =—u, ; 
manifestly u can be taken as the parametric variable for one set of nul lines. 
The condition among the functions U is satisfied if 


Ui’ —iU/ => Uy, 
which accordingly can be used instead of the condition. From these two 
linear equations, we have 
Uy U U du 
1 Te f (1 + u?) Z Ju Sty dp’ 
say; as the one relation affecting the quantities U (which are arbitrary 
functions of p) is satisfied, the function F(u) is arbitrary. Thus 


U, =4 [0 =) F (u) du, 
U,=4i |Q +) F(u)du, 
U, = [ur (u) du. 


* Application de U Analyse à la géométrie, p. 211. 
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Next, let a new variable v, conjugate to u, be introduced by the relation 
Vi -1V,=—-V;, 
which is conjugate to the former relation; manifestly v can be taken as the 


parametric variable for the other set of nul lines. The condition governing 
the functions V is satisfied if 


Vy a Vy = : Ve. 


which accordingly can be used instead of the condition. Proceeding as 
before, we have 


V.=/ (1-0) Go) do, 
V,=-4i] (1 +e) Gd, 
ae | nga) ae: 


where the function G (v) is arbitrary. Hence the integral equations of the 
minimal surface become 


z=} |Q- w)F udus; fa -G (odo 
y=ai fa +w) F(w)du—4i[ (1+ 0) G) 


z= | uP(u)du + [ oG (a) do 
where F(u) is any arbitrary function of u alone, and G (v) is any arbitrary 
function of v alone. 


If x, y, z are to be real—that is, if we are to deal with only the real sheets 
of the surface—G(v) must be the conjugate of F(u). Denoting by Rw the 
real part of a complex variable w, we can write the foregoing equations in 
the form 


=k] (1 — w) F (u) du, y=Riļä +u?) F (u) du, z=R2 | uF (u)du. 


Both forms suffer from the disadvantage of appearing to require quadra- 
tures; but the disadvantage can be removed by changing the arbitrary 


functions. Let 

F (u) =f" (u), G (v)= g” (v), 
where f(u) and g(v) are new arbitrary functions of u alone and of v alone 
respectively ; then the quadratures can be effected, with the result 


æ=§ (1w) f” (u) + uf’ (u) -f u) | 
+4$(1—2) 9" (w) +g (w) - 9) 
y=si(L tu’) f" (u)— iuf’ (u)+ fu) ie 
= ki (1+ 0°) 9” (v) + ivg (v) — ig 0) | 
z=uf" (u)— f’ (u) +09" (v) — 9 (v) 
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As before, if x, y, z are to be real, so that then we should be dealing with 
only the real sheets of the surface, g (v) must be the conjugate of f(u). In 
that case, the last set of equations can be written in the form 


w= R {1 — w) f” (u) + Quf" (u) - 2f(u)} 
y=RGA+ wv) f” (u) — 2tuf’ (u) + if (u) 
z= R (2uf" (wu) —2f"(u)} 
All these forms are due* to Weierstrass, though the first suggestion of 


satisfying the conditions for the functions U and V in the preceding manner 
was madet by Enneper. 


® 


173. Before proceeding to use these forms of the integral equations of a 
minimal surface, it should be noticed that one assumption has tacitly been 
made and two possible exceptions have tacitly been ignored. It has been 
assumed 

(i). that the nul lines are distinct ; 

(ii) that u, as defined, is variable and not constant ; 

(iii) that v, as defined, is variable and not constant. 
Account must be taken of the cases, if any, in which these assumptions are 
not justified. 


(i) Let us enquire whether it is possible to have a minimal surface on 
which the nul lines are coincident. When the arc-element, as usual, is 
d? = Edp + 2Fdpdq + Gde, 
the condition that the nul lines should coincide is 
| EG— F=0. 


Let this single direction be taken for the parametric curve q = constant; in 
order that this curve may be a nul line, we must have 
E=0. 

The former condition thus gives 
f=, 
As the surface is minimal, we have 

EN —2FM+GL=0; 
and therefore, as @ is not zero because the arc-element is given by 


d? = Gdg, 
we have 
La): 
that is, 
H=0, F=0, L=0. 


* Berl, Monatsber., (1866), pp. 612—625, 855—856. 
t Zeitschrift f. Math. u. Physik, t. ix (1864), pp. 96—125. ~ 
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Then E=0, I’ =0, T” =—44G,; A=0, A’=0,'A”=0; and so one of the 
sets of equations in $ 34 becomes l 


Ta SO; EN n 
Hence è $ j 
x=pA,+A,, y= pB, + B,, z= p0, + C,, 


where the functions A, B, C are functions of q alone. But we are to have 


L=). Pav; 
hence 
A? +t Be+C?= 


A (på; + A,) + B, (pBy + Br) +C, (pCy + Cy) = 0 
From the former we have | 
AA, + B,By + 0,0 = 0; 
and so the latter becomes . 
yes A, A, + BB + CC, = 0. 
By another of the sets of equations in § 34, we have, for the present oer 
l MX = a= Ay | 
MY = yo= By +; 
Mi = 7, = Oi 


so that the direction-cosines of the tangent plane to the surface are propor- 
tional to A,’, By, OY. Let the current Cartesian coordinates in space be 
momentarily denoted by £, n, €; then the Cartesian equation of the plane is 


(€—a) Ay +(n-y) BY +E —2)C, =0, 
EA, a By at ECs = AAT ats BBY T 0,07. 


that is, 


Thus the equation to the tangent plane to the surface contains only one 
parameter. Hence the surface is a developable; and manifestly it is 
imaginary. 
Also 
(ay Yo = LYN Se (Yra = Yok) + (212 — Zat) = yo 
= 0; 

in the present case; hence 

X? + Y?+ 2e =0, 
that is, A 

A,’ 24 B+ C2= 


or the 1 imaginary Ea Re touches the circle at infinity * >a 


* See § 55, note. 


284 GENERAL EQUATIONS FOR A [CH. VIII 


(ii) Next, suppose that one (but not both) of the quantities u and v is 
constant. Let u be constant; then take 


BES i Ux wos ni 
l-w i+w) Qu 
_1aP 
TAD 


where P is a function of p only. The integral equations of the minimal 
surface become 


s=} -w) Pia- (0) do 
y=hil+u)P-4ifa + v) G(v) dv}. 
2=uP +] v6 (0) do 


The curves, v= constant, on the surface are straight lines meeting the circle 
at infinity; the surface is an imaginary cylinder. 


(iii) Lastly, if both u and v are constant, we find similarly 
2=}(1-w) P+} -Q 
y=si(lt+w)P—-hi(14+*)Q} - 
z=uP+Q 


The surface manifestly is a plane. 


174. These exceptions may now be set aside. We return to the general 
integral equations of a minimal surface; when it is referred to nul lines as 
parametric curves, these equations are 


a=$(1—w)f"(u)+ uf’ (u) -—f(u) 
+$(1— 2) 9” (w) + og (w) — 9 (w) 
y= slaw) f" (wu) — iuf’ (u) + if (u) 
— $i (1 +) 9” (v) + wg" (v) — ig (v) 
z=uf"(u)—f" (u) + 0g" (v) —9' (2) 
where, for the present, the arbitrary functions f(u) and g(v) will not be 
limited by the condition of being conjugate to one another. 


We write m, for dx/du, x, for dx/dv, and so for all the derivatives. We 


have 
£ = $ qd — Ww) Fm; Y = $i(l + (gl Bake A = ape, 
t= 4 il A v?) Gur Ya ee 471(1 + v) g”, 2 = vg” : 
and therefore 


E= 0, F= $ (l + M fg”, G= 0, V= uF ; 
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thus the arc-element is 
ds = (1+ uv) f”g” dudv. 
Further, 
_ +v .v— ù Gs uv—1- 
1+uv’ g +w’ l+w’ 


and therefore 
X +Y _X-1iY 


Gig a alee 


giving another significance to u and v in connection with the normal to the 
surface *. 


u= 


The fundamental magnitudes of the second order are 
L = AXy + Yy et VA = waf 
M = Xx+ Vy, + Zza =0 | 
N = Xs+ Vy_ + Zen = — g” 


Also 
Uin 2v A A Le 
FP 1s ne Y= OT =| 
ae als Qu Ga i 
A” = mE] TAS ae et 


The derived magnitudes of the third order are 


1n Wy 


-rF 
Q=0 
R=0 


we 


T+! a 


175. The lines of curvature on the surface, he, 


Edu + Fdv, Fdu + Gdv 
Ldu+Mdv, Mdu + Ndw 


in general, now are 


f” du- g” dv =0. 
The asymptotic lines are 
f du +g” dv? sid 0, 
and manifestly are perpendicular to one another. 


The nul lines are the parametric curves. 


* These are the conjugate complex combinations already mentioned in § 17. 
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The geodesics on the surface are given (§ 118) by 
2 i ETA 
du x F, (= 0, do F, F, ae 2g 


de F \ds ds" F\ds a 
By (ee 
SS ale F du’ 


(The equations are satisfied by ~ 
u =constant, v= constant, 


thus verifying the theorem (§ 92) that the nul lines satisfy the equations for 
geodesics.) When the value of F is inserted, the third of the equations 


becomes 
dy | 2u-- = gl \ (dey? Bye Sf dy 
du (; + uy mE or) (5) E £ ee a) du’ 


The lines of hyperosculation are. 


4u 
1 Imi 3 mr Ua pas 
(Sal +f ) du’ + (V9 +9 ) det =0. 


176. Three of the tangential coordinates, X, Y, Z, have been obtained 
in terms of u and v. For the remaining coordinate T, we have 


T=Xa+Vy+Zz 


+ ug 
spn SY EM 
as + l+uv’ 
on substitution and reduction. 


For the spherical representation of the minimal surface, we have 
DN 4 
ay ery (1+ur) fg 7m) 


and therefore constructing the coefficients in dS?, which gives the element of 
arc on the sphere, we find 


K= 


H=0; 


d= F a ~ dudv. 


The spherical representation is manifestly conformal, as is known; the 


magnification m of the surface on the sphere, being (— K j, is such that 


ERETTI 
Also 
2v 


ET a 


H me 


2u 


ô=0,. ð =0, ð =- :——; 
, I4 ww 
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and so (§ 163) X, Y, Z, T are four solutions of the equation 


6 2 


Juv * (1 + wv)? a 


Since the foregoing expression for T involves two arbitrary functions, the 
primitive of this equation is given by 90=7. The quantities X, Y, Z are 
special solutions, derivable by assigning special forms to the arbitrary 
functions f and g in T; thus 


T becomes X, when f=-4, g=—4, 
se eeeecevere K na fe, = $i, 
E EIN Z, ae f Su, g= 


Moreover, the tangential equation of the minimal surface can ibe obtained 
at once; for Žž 


ERY eV 
= Pega Oa age 7 * 
so that 
rat (Ez) +9 (Gea) 
Hams (eee |e ating (4 Hh): 


being the tangential equation in question. 


When we deal with only the real sheets of real surfaces, wand v are 
conjugate, while f(u)-and g (v) also are conjugate; and then some simplifi- 
cation arises in the expression of the tangential equation. Thus for 
Enneper’s surface (§ 177), given by OH Stag Sea 

f=, g=¥, 
we have 


an equation of the sixth class, when made homogeneous and. rational; for 
Henneberg’s surface (§ 177), given by 
1 is 2 me ae A 
TE EO ce) 


we have 


(T—4Z) (X24 F= 4Z (X? — Y) (3X? + 3¥24 223), 
an equation of the fifth class. 


177. Some special examples-of minimal surfaces may be taken in 
illustration of the formule. | 
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Ex. 1. Enneper’s surface* has already (§ 59) been mentioned. We take 
fa, g=; 
and so 
v=3u—uw3+3v—v3 
y= (8u+ U3) —72 (3v +v?) 
2=3 (u? +?) 
Since the expressions for v, y, z in terms of the parameters are algebraic and rational, the 
surface is algebraic and unicursal. When the parameters are eliminated, the Cartesian 
equation of the surface is found to be 


2 (223 — 2722 + B74? + 2162)3 = 272 {27 (4? +4?) z+ 2425 + 162 (x? — y?) +8642}? ; 
and the surface (known to be of the sixth class) is clearly of the ninth order. 
The equation of the lines of curvature is du?—dv?=0 ; hence when we write 
u=a+iß, v=a-if, 


the quantities a and 8 are the parameters of the lines of curvature. We then have 


— y= 68 + 6a? B — 28° 


æ= 6a + aß? — | 
z = 6a? — 682 


These give 
x+az= 6a+4a° ) 


y + Bz = — 6B — 48° 
these are the equations of the lines of curvature, which are plane. 
The equation of the tangent plane is 


Qax + 2By + (a?+ B? — 1) z= 2at— 28! + 6a? — 68? ; 
and therefore 
eee panies _@4+8-1 
EGEA AEE E 


Taking the plane lines of curvature as parametric curves, we find 
E=G=36 (1+a?+6?), F=0; 
L=-12, M=0, N=12. 
The asymptotic lines are given by du?+dv?=0, that is, by 
a+B=c, a—B=co, 
where cı and cz are constants; along the former, we have 
L=6e, — 2c,3 — 6 (1 — ¢,”) B— 483, 
— y=6 (1+?) B— 12c, 8? + 488, 
2=6c,? —12c¢,B, 


so that the line is a twisted cubic, and similarly for the other; and their spherical images 
are small circles 
X+V=e,(1-Z), X-YV=c,(1-Z). 


The spherical images of the lines of curvature are the small circles 


X=a(1-Z), Y=g(1—Z). 


* Zeitschrift f. Math. u. Physik, t. ix (1864), p. 108. 
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Ex. 2. Henneberg’s surface * is given by 


1 1 
f= (1-2), g (0) == (1-9; 
and the integral equations are 
1 1 
=<, (1— w+ (1-08)! 


ek a_l 2)3 
y= 5 (1408-5 (1 +08) 


e=3 (Stu) 43 (ate) 
u v 


The surface is manifestly algebraical. Its fundamental magnitudes are 
£=0, G=0, F=18(1-w‘)(1—v4)(l+uoPunmto-4, 


1E 6(5-1), Hap N = 6(4-1). 


The lines of curvature are algebraical, being given by the algebraical equation which is 
the equivalent of the differential equation 


= 


(l= at)? — el =o)? 0); 


and the asymptotic lines also are Pett being given by the algebraical equation 
which is the equivalent of the differential equation 


iS 


(1—w!) w- i 


Ex. 3.. Prove that the order of Henneberg’s surface is 15. 


Ex. 4. As another particular surface, let 
f" (u)=F(u)=e*u-?, g" (~)=4(v) =e 0; 
and, assuming u and v to be conjugate, write 


j -i0 
u=re®, v=re~™, 


Seabee) 1 l,-~îa Zz 
—zr=tke (tu) +46 te 


=r cos (+a) + cos (6 — a) 


Then 


’ 


-y=rsin (O-+a)+- sin (0 — a) 
—z=26sin a— 2 (log r) cosa 
giving a helicoid+. We have ; 
doa ¢ $ =) (dr2-+r2d0), 


so that the arc-element is independent of a; consequently, the surfaces in the family, 
constituted by all parametric values of a, are deformable into one another. Also 


xX E 27 N Z CEAN 
2cosð 2sinð ips Sean hed 
poe pase 

r r 


* Ann. di Mat., 2 Ser., t. ix (1878, 9), pp. 54—57. 
t Frost, Solid Geometry, (3rd ed., 1886), p. 218. 
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so that, at corresponding points determined by the same values of r and @ on the family 
of surfaces, the tangent planes are parallel ; and so the surfaces have the same spherical 
representation. Also 


Teese Wa" saa, N=2 cosa; ` 
y £ 
and therefore, as 
INR, 
z 


the Gaussian measure of curvature is the same for all the surfaces at corresponding 
points—which will appear as a property of surfaces deformable into one another. 


The lines of curvature are given by 


= 2 +(cota+coseca) d0 =0, 
and the asymptotic lines by 


= — (cot a+coseca)dé=0. 


Note. Among the family of surfaces, there are two important special members. 
When a=$7, the surface is 


mEt =. 
y 
When a=0, the surface is 
(22 +y? ys = 2 cosh z, 


the catenoid; it is a surface of revolution. 


Ex. 5. The catenoid is the only minimal surface of revolution. For any surface 
of revolution, we have 


z=rcosé, y=rsiné, z=f, 
where R is a function of r only; so 
#H=14+ R%, N=O, Cr: 
L=R'(1+R%)-3, M=0, N=rR'(14+R?)-3. 
When the surface is minimal, we have 


Cc 
rR’ (1+R)2 +R (14+ R2)-3 =0. 
Then ` 


R'=a(r?~a?)-3, 
where a is an arbitrary constant; and so 
r=a cosh (R—c)=a cosh (z—c), 


where ¢ is an arbitrary constant. This surface is the catenoid in question. 


Real Surfaces; Algebraic Surfaces. 


178. The analytical connection, between the formulee giving a minimal 
surface and the general formule in the theory of functions of a complex 
variable, is too obvious to require any laboured discussion. Two initial 
questions, to which in special cases some special answers have been given, 
present themselves. In what circumstances is a minimal surface algebraic ? 
What are the conditions that it should.be real ? 
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Two arbitrary (and therefore disposable) functions occur in Weierstrass’s 
formule for a minimal surface. If these functions f and g are algebraic, the 
formule express v, y, z as algebraic functions of u and v; when the parameters 
are eliminated between the three equations, the eliminant is an algebraic 
relation between æ, y, z; that is, the minimal surface is algebraic. 


The converse also is true; that is to say, when a minimal surface is 
algebraic, the functions f and g are algebraic. Consider the nul lines on the 
algebraic surface ; they are given by 

dæ + dẹ + d2 =0, dz=pdx+qdy. 

Now p and q are algebraic functions of 2, y, z, that is, owing to the equation 
of the surface, they are algebraic functions of æ and y; hence these equations 
for the nul lines determine two sets of values for dx : dy : dz, each of which 
is composed of algebraic functions of x and y. But the surface is also 
minimal; so we have 

At __, a-l a y _ 2+ ty, _ l 

Zz, í A w’ Zo s Zo Y 
from the Weierstrass equations*. One direction of nul lines is given by 
a, du: y,du : zidu, 
that is, by 
Male = Bi. 

The direction has just been proved to be expressible by algebraic functions 
of æ and y; hence u is an algebraic function of æ and y. Similarly for v. 
Thus w and v are algebraic functions of æ and y; consequently æ and y (and 
therefore z also, owing to the equation of the surface) are algebraic functions 
of u and v. 


Now each of the coordinates æ, y, z is expressed, by Weierstrass’s formule 
in a form 
0 (u) + 3(%); 
hence, as each of them is an algebraic function of u and v, we have a relation 
A {0 (u) + (v), u, v} = 0, 
where A is algebraic. In this equation, let any constant value be assigned 
to v; then 9 (v) also is constant; and so the equation determines @(w) as an 
algebraic function of u. Similarly it determines Ù (v) as an algebraic function 
of v. 
The quantities @(w) in the expressions for v, y, z respectively are 
Seah Need) T, 
n= pi Hef" iuf tif, 
oo G 
* As (a,+7y,)/z, has the same value whatever parameter of the nul line is used, being 


(dx +idy)/dz for the line, the expression determines the actual value of u for a given minimal 
surface. Similarly for v. 


19—2 
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and each of these is an algebraic function of u. But 

f=-} (A -w) E4711 +’) 9 + 2uG} ; 
and therefore f is an algebraic function of u. Similarly g is an ‘algebraic 
function of v. 


Hence in order to have an algebraic minimal surface, it is necessary that 
the functions f and g should be algebraic functions of their arguments. 


179. To discuss the reality of a minimal surface, it is simplest to proceed 
from the equations 


s=} | -w)F(uydu+} [a= Gea 
y=4i (1 + u?) F (u) du — si [1+ eG (ae, 


z= | uF (u)du+ | v6 (o) do. 


When the paths of integration for u and for v are such as to give conjugate 
complex variables at corresponding points, and when F(u) and G (v) are 
conjugate, then x, y, z are real and the surface is real. The converse is true. 
The nul directions, as given by 
dæ + dy + d2 =0, dz=pdæ + qdy, 

are given by conjugate complex variables on a real surface; as they also are 
given by 

orr E 

aes : Zə z í 

it follows that u and v are conjugate. Also 

m iyi = ku) moti a), 
and æı— iy, %+ WY, are conjugate; hence F(u) and G (v) are conjugate, 
shewing that the conditions for reality are sufficient. 

The reason, why it is simpler to discuss the last matter through the 

functions F and @ rather than through f and g, is that, as the functions are 
defined by the relations 


f” (Cu) = Fu), g” (~) = G(r), 
the functions f(u) and g (v) are not definite but are subject to additive terms 
aw+2bu+c, a'w +2bw +c, 


respectively. The effect of such additive terms is to add to a, y, z respectively 
the constants 

a-c+a—c, ti(atc-—a—c), —2b—20’; 
and these can be zero without making au? + 2bu+c and a’v?+2b'v4+ c 
conjugate, that is, without keeping f(u) and g (v). conjugate. 
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180. It is clear that, when functions F(u) and G(v) are given, the 
values of æ, y, z are determinate and unique save as to additive arbitrary 
constants that arise in the quadratures; hence given functions F and G 
determine a minimal surface uniquely save as to its position in space. 


It is not, however, the fact that a minimal surface leads to a unique 
determination of functions F(u) and Q (v), in connection with nul lines as 
parametric curves. The quantities w and v are determined as a pair of 
magnitudes, being the joint parameters of the nul lines. Accordingly, let 
w and v be another pair of magnitudes as parameters of nul lines, and let 
A (w’) and B(v’) be the corresponding functions in the expressions for x, y, 2. 
Then we have two cases :—(i) when w is a function of u, and v’ is a function 
of v; (ii) when w’ is a function of v, and v’ is a function of u. 


In the former case, we have 
(l-w) F(u)du=(1—-u?)A(w’)du’, (l-wv)G (ve) dv=(1—-0”) Biv’) dv’, 
+w) F(u)du=(14+u") A (w’) du’, (14+) G(v) dv =(14 v”) Biv’) dv’, 
uF (u)du=u'A (w) dw’, vG (v) dv=v'B (v) dv’; 
and these relations can only be satisfied if 
u=u, Fu)= POM v=v, G(v)=Bv’). 
No new expressions for a, y, z are given in this case. 
In the latter case, we have 
(l-w)F(u)du= (1-v%)B)dv’, (l-v)Giv)dv= (l-u) Au) dv, 
(1+w)F(u)du=—(1+v%) Biv’) de’, (14+) G(v) dv=—-(14+ uv?) A (w+) dw’, 
uF (u)du=v'B(v') dv’, i vG (v) du=w'A (u') dw’; 
- and these relations can only be satisfied if 
w=-1, F(u)=—-vBYv), wv=-1, @(v)=-—u“A (wv). 


When the surfaces are real, F and G are conjugate, and A and B are 
conjugate ; and 


Thus there are two forms of function, F (u) with its conjugate, and 
— H G (- a) with its conjugate, for the expressions of a, y, z as a point on a 
u u 


given real minimal surface. 
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Consider, further, this double analytical representation of a real minimal 
” surface. The direction-cosines of the normal in the first representation are 


given by 
_ ute neau _w-l, è 
lt’ ee lw’ 


and in the second representation the direction-cosines of the normal are 
given by 

n , eUu ,_ we —1 

1+’ MEETA Euo 
But 


hence 
A’=-X, Y'=-Y, Z'=-Z. 


Consequently, the normals are in opposite directions in the two repre- 
sentations. 


Double Surfaces. 


181. One interesting set of surfaces arises when the functions in the 
expressions for a real minimal surface are such that 


1 1 1 
F()=-56(-3), G()=-5F(-3), 
being of course only a single relation. The first representation then gives 
2dæ = (l—-w)F(u)du+ (1l—vw) G(v) dv 
2dy =i (1 +u?) F (u)du— i (1 + v*) G (w) du | 7 
dz=uF (u) du + vG (v) dv 
The second representation then gives 
2dx = (1 — u”) A (u) du’ + (1 — v”) B (v^) dv’ 
, I 1 } A l G 
iau a a(-Z)} a + (1-0) -ar (-5)} eo 
=(1—w?) F(u’) dw + (1 - vA G(v’) dv’, 
and similarly for the others; that is, the second representation gives 
2dæ = (l—w?) F(w)du'+ (l—v?) G (w) dv’ l 
2dy = i (1 +?) F (u) dw’ — i (1 +0”) G (v) dv’ 
dz = w F (wv) du + v G (v) dy’ 


i: 


; 1 ; l 
a 
U 


and therefore the surface, in the vicinity of the point u, v, has exactly the 


181] } MINIMAL SURFACES 295 


same variations as in the vicinity of the point — a ~+. The values of the 
Da Eg; 


parameters at any point are determinate functions of the position of the 
point ; hence, when the integration for æ, y, z is effected, either 


(i) the values of æ, y, z in the first representation differ from those in the 
second by constants; or 


(11) the values of æ, y, z in the first representation are the same as those 
in the second. 


In the first case, a suitable bodily translation (determined by the constants) 
will make the two sets of values of x, y, z the same; that is to say, a suitable 
translation of the surface will bring the part of the surface in the vicinity of 
the point wu, v to coincide with the part of the surface in the vicinity of the 


i 1 ; oe 5 
point — ee Such a surface is periodic and therefore not algebraical. 


In the second case, the part of the surface in the vicinity of the point u, v 
coincides (without any translation) with the part of the surface in the vicinity 


; 1 5 s 3 
of the point — eo When the function F is algebraical, such a surface F 


is algebraical. : 


Now the normals at these two different parametric points, which geo- 
metrically coincide on the surface, lie in opposite senses on the same line. 
- Accordingly if we trace a path on the surface from the point u, v to the point 


age A return to the same geometrical position on the surface while, 


at the end of the path, the normal assumes a position directly opposite to its 
initial position. Thus it is possible, without any breach of continuity, to 
pass from any position to the same position as though the surface were 
pierced at that place; in other words, the surface has only one side*, instead 
of the familiar two sides. The notion of these minimal surfaces is due to 
Liet who called them double surfaces. The test that a surface should be 
double is that, if F and G are conjugate functions in the quadrature 
expressions for the coordinates of a point on a real minimal surface, the 
relation 


eae 
should be satisfied identically. 


* The simplest example, in model form, of a one-sided surface occurs when a long rectangular 
strip of paper ABCD (of which AC and BD are the diagonals) is twisted once, or an odd 
number of times, and then joined into a twisted ring by making the edge AB coincide with the 
edge CD so that A coincides with C and B with D. 

+ Math. Ann., t. xiv (1878), pp. 331—416 ; ib., t. xv (1879), pp. 465—506. 
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182. Special examples of double surfaces can be obtained directly by 
solving (either generally or specially) this functional equation. Let 


tPF) =9(t), — ` 


and let ¢, be the function conjugate to ¢; then the equation is 


1 
$(t)=— $.(-=). 
A solution of this equation is given by 


 (t) = ia, 


where a is a real constant; then 


and we have the helicoid (§ 177, Ex. 4), a periodic surface. 


Another solution is given by 


$0 =a(t+7); 


where a is a real constant; then 


FO =a(5+5), 


and we have another periodic surface. 
Another solution is given by 
1 
b@)na("—5): 
where a is a real constant; then 
1 
and then we have Henneberg’s algebraic surface (§ 177, Ex. 2). 


The general solution is given by 


(o) (t) = Uy + > Com+i Cee ettm T {-2m—-1 eiam) 
m=0 


A >32 C (em e'42m — {-2m eam), 


m= 


where the quantities c and a are real. 


183. We have already (§ 59) dealt with Lie’s method of generating 
minimal surfaces by taking them as the locus of the middle point of the 
chord joining any point on one nul line in space to any point on another nul 
line in space. This method of generation (which really is an interpretation 
of the Monge formulæ and the Weierstrass formulæ) is the foundation of Lie’s 
researches on minimal surfaces. 
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When the nul lines are one and the same, the chord comes to be a chord 
joining any two points on the nul line in space; the locus of its middle point 
still is a minimal surface; and it is the fact that this minimal surface is a 
one-sided or double surface. The proof of this theorem, which is due to 
Lie, is left as an exercise. 


Deformation of minimal surfaces. 


184. The general discussion of the deformation of surfaces has been 
reserved for a separate chapter. But the deformation of minimal surfaces, 
limited by the restriction that the surface is to remain minimal, is so 
particular that it may fitly be discussed here, especially as the detailed 
results lead to other issues. 

Accordingly, let a minimal surface be deformed without stretching or 
tearing so as to remain minimal if that be possible. The arc-element must 
remain unaltered; and therefore, if u, and v, be the parameters of the nul 
lines in any deformed configuration, we must have 

(14+ wy FGdudv = (1 + um} FG, dudu, 
where F and G@ are the functions in the Weierstrass equations, being func- 
tions of u alone and v alone, respectively, and likewise for F, and G, with 
regard to u and v, respectively. Now 
Ou, 


_ im, , 


Ou, 1 1 5 
du, = =~ du + ay dv, dv, om du + ay dv; 
and therefore 
Ou, OV, _ OU; OV, _ 0 
ou du” ovdov 


Hence either u, is a function of u only and v, is a function of v only, or uy is a 
function of v only and v, is a function of u only. The alternatives are 
effectively the same; so we take 
ENUN =A, a = pw (o) =e, 
and then 
+w PG =(1 +u} FG y’. 
2 


Taking logarithms of both sides and then operating with ae , we find 
1 N u 


(1 + wy)? i (+ rm)?’ 


that is, 
dudv du, dv, 


(itu “A +m)" 
Hence the arc-elements in the spherical representations of the minimal 
surface in its different stages are the same; and so the spherical representa- 
tions either are equal to one another or are symmetrical. But the deformation 
is continuous and the spherical representations begin by being the same; 
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hence the spherical representation at any stage is equal to the initial 
spherical representation. Consequently, choosing an appropriate location of 
the two forms of the minimal surface, we have 


Kak | Pye ZZ; 


x 


that is, 
Uy = U, Vi =V. 
Then 
FG SIG: 
Now F and F, are functions of u alone, while G and G, are functions of v 
alone; hence 


Fie 
F & 
say, where a is any constant; that is, 
F,= Fe, G,=Ge. 
Minimal surfaces thus determined are called surfaces associated with the 
minimal surface; and so we have Bonnet’s theorem that the only minimal 


surfaces, which can be deformed into a given minimal surface, are its 
associated surfaces. 


= constant = e't, 


185. Among the associates of a minimal surface, there is one of special 
importance. It is given by taking a = į, so that 
F=f, (G=; 
and it is called the adjoint surface (sometimes Bonnet’s adjoint surface). 
Let 2, Yo, Zo be the point on it which corresponds to the point æ, y, z on the 
original minimal surface ; then, writing 
2=A(u)+A’(v), y=B(u)+B' (w), z= Cw) + 0 (0), 
we have 
zo =tA (u)—1A' (v), ya=t1B (u) —iB' (v) 2 =10 (u) — iC (v). 
When the original minimal surface is real, the adjoint surface is real. 
The two surfaces are algebraical together. And the same holds for every 
associate of a minimal surface. 


The adjoint of the adjoint is not the original minimal surface; it is 
symmetrical with that original through the origin of coordinates. 

The adjoint surface is not definite in position. For we can write A (u) +a 
and A’(v)—a in place of A (u) and A’(v), without altering the original 
surface ; but the effect is to add a term 2a to a. Similarly for y, and 2p. 
And the same holds for every associate. 

We have 

æ — s= 2A (u), y-y=2B(u), z—iz= 20 (u), 
+i = 2A (v), ytiy=2B'(v), z+ izn = 20 (v); 
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and therefore, if £, n, € are the coordinates of the point which, on the associate 
determined by a, corresponds to æ, y, z, we have 
ESA (u) e+ A’ (v) e 
=x£c0osa+a,sin a 
N = yY COS a+ Yo sin a 
E = z cos a + 2, sina 
Again, we have 
dæ, = im du — im, dv. 
But (§ 27) we have, in general, 
Ya — Zy = (nbn Yz,—Zy,=(2,F — 2,4) V-; 
and therefore, in the present case, as Æ = 0, @=0, V=7F, 


Yz, — Zy =m, Yz2,—Zy,=— ta. 
Consequently 
dæ, = (Yz, — Zy,) du + (Yz — Zya) dv 
= Ydz— Zdy, 
and similarly for the others; that is, we have 
dx, = Ydz — Z dy 
dy, = Zdæ — X dz? 
dz, = X dy — Ydx 
These results are due to Schwarz; and they again shew that the adjoint 
surface, being obtainable through quadratures, is not definite in position. 


Further, we have 
OX, . Of, =. 
uT By = ie 
and similarly for the other coordinates; hence the direction-cosines of the 
normal to the adjoint surface are the same as those of the normal to the 
original surface, that is, the tangent planes to the two surfaces are parallel. 
Also 
dada, + dydy, + dzdz, = 0, 
on substituting the values of da, dyo, dz); that is, corresponding curves on a 
' minimal surface and its adjoint are perpendicular to one another at corre- 
sponding points. 


The first of these results (but not the second) holds for any associate 
surface. For 


and similarly for the other coordinates; thus the direction-cosines of the 
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normal to the associate are the same as for the original minimal surface, 
and so the tangent planes are parallel. But 


dadé + dydn + dzd = (Z dæ?) cos a + (S dade) sina ~ 
= ds? cos 4&, 
which vanishes only if a = 4r; and 
da dé + dy,dn + dzod¢ = ds,’ sin a 
= ds? sin a, 
which vanishes only if a is 0 or r. 
The lines of curvature on the original minimal surface are 
Fdw— Gdr = 0 


(F and G@ being the functions in Weierstrass’s expressions), and its asymptotic 
lines are 


Fdw + Gdv?=0. 
On the adjoint surface the lines of curvature are 
iF dw — (—71G@) dv? = 0, 


which therefore correspond to the asymptotic lines of the original; and the 
asymptotic lines are 


iF du —iGdv? = 0, 


which therefore correspond to the lines of curvature of the original. And so 
for other properties. 


Minimal surfaces under assigned conditions. 


186. The special results just proved and due to Schwarz, which relate to 
the adjoint surface and determine it by a process of quadrature, have been 
applied by him to a problem of greater importance in the theory of minimal 
surfaces. 


From any of the integral equations of a minimal surface, it appears that 
they contain a couple of arbitrary functions in their expression; and it is 
natural to consider alike the character and the extent of the conditions which 
the functions can help to satisfy. On the other hand, we know that the 
differential equation of minimal surfaces is substantially a partial differential 
equation of the second order, whether it occurs in the intrinsic form 

EN —2FM+GL=0, 


or in the explicit form 
(1+ q°)r — 2pgs + (1 + p)t = 0, 


with the customary notation. 
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Now as regards such partial equations of the second order, the funda- 
mental existence-theorem* (due to Cauchy) establishes the result that a 
unique uniform integral z of the partial equation exists which is determined 
by the conditions :— 


(i) that, along any assigned curve (not being one of the ‘characteristic’ 
curves), the quantity z assumes an assigned value, and 


(i) that, along the same assigned curve, one of the derivatives of z 
assumes an assigned value. 


In the case of the partial equation for minimal surfaces, the characteristic 
curves are given by 
(1 + q’) dy? + 2pqdady + (1 + p*) da? =0, 
that is, by 
dæ + dy? + d? = 0, 
which are the nul lines on the surface. Therefore, in applying Cauchy’s 
theorem, it is necessary to exclude the nul lines from the curves along which 
external conditions can be assigned. Further, along any non-excluded curve 
the value of z is given, as also is that of one of its derivatives, say p; thus, as 
we everywhere have. k 
dz = pdx + qdy, 
and as we are given z and p along the curve, we know q also; that is, we 
know p and q along the curve. Now at any point on the surface, the 
quantities p and q determine the direction-cosines of the normal to the 
surface, and therefore determine the tangent plane. We therefore can 
restate Cauchy’s general theorem for partial equations of the second order, 
when it is applied to the equation of minimal surfaces, as follows :— 


A minimal surface is uniquely determinate by the condition that it passes 
through an assigned curve and that, along the curve, it touches an assigned 
developable surface through the curve, provided the curve is not a nul line wpon 
the surface. 


To have the surface explicitly determinate, it is necessary to find the 
forms of the arbitrary functions which shall satisfy the assigned conditions ; 
for that end, Schwarz’s results can be used. 


187. Without entering into all the cases, let us assume that the assigned 
curve is such that, along its range, the coordinates of a point v, y, z and the 
direction-cosines X, Y, Z of the tangent plane to the assigned developable 
surface, can be expressed in terms of a current parameter. We have 


w—im=2A,. c+in=2A’, 


* See the author’s Theory of Differential Equations, vol. vi, chaps. xii, xx. 
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that is, 


J 


po | (Pde - Zdy) = 2d, æ+ i| (Yds —Zdy) = 24’; 
and similarly 


y—i | Zde wrae py +i | (Zda EA 


t= i | (Xdy- Ydx)=20, z+ i { Xdy - Yds) = 20". 


These equations, when substitution is made for the values of a, y, z, X, Y, Z 
along the curve, determine the forms of the functions A, B, C, A’, B', C’; and 
then taking two parameters p and q, conjugate for real surfaces, we have the 
integral equations of the minimal surface in the form 


a=A(p)+A'(q) y=B(p)+P (q) 2=C0(p)+ C (9), l 
that is, 


` TP 
2am {e (p) +2 (0) —i |" (Ydz— Zdy) 
2y = {y (P) +y (D) —i | (Zde - Xd) 


22={z (p) +D}: | "(Zdy- Yda) 


One remark, by way of warning, must be made, because the analysis will 
not be developed further. The nul lines can remain as parametric curves, 
when any arbitrary functions of the parameters are substituted for the 
respective parameters; and it must not therefore be assumed (it is not the 
actual fact) that the variables p and q in the preceding analysis are the 
variables u and v in the Weierstrass equations for a minimal surface. 


Some examples will illustrate the working in detail. But it soon appears 
that the determination of a minimal surface in connection with assigned 
conditions becomes a problem in the theory of functions and differential 
equations; a full exposition is given in Darboux’s treatise. 


Ex. 1. Let it be required to find the minimal surface, which passes through a circle 
of radius unity lying on a right circular cone of semi-vertical angle a and touches the cone 
along that circle. 


Along the circle, we have 
£z=c08 6, y=sin 6, z=cota, 


X=cos@cosa, Y=sinécosa, Z=—sina; 


and therefore 
Ydz — Zdy=sin a cos ô dð, 


Zdx-— Xdz=sin asin 6d6, 
Xdy — Ydx=cos a dé. 
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Hence 


2A =r -i | (Yae~Zdy)=cos -isin asin 6, 
2d'=a-+i | (Yds—Zdy)=cos ð +isin asin 6, 
2B =y~i | (Zde— Xae)=sin 6+7 sin a cos 0, 
2B'=y+i | (Zdz- Xde)=sin 0 —isin a cos 0, 
20 =2—i | (Xdy- Ydx)=cot a — ið cos a, 


20'= ei | (Xdy- Ydx)=cot a+ i8 cos a. 
Thus 

x= A (p)+A'(q) 

=} (cos p+cos g) +47 sin a (sin g—sin p) 

=cos $ (p +g) {cos $(q—p)+7 sin asin $ (g — p)}, 
y=B(p)t+ BQ) 

=sin $(p+q) {cos 3 (q—p)+7sin asin $ (g - p)}, 
z=0(p)+0 (q) 

=cot a+ġ1 (q — p) cosa. 
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When p and g are eliminated between these three equations, the resulting equation (being 


that of the minimal surface) is 
lo {= +98 +(x? +y? — cos? a) _2—cota 
8 1+sin a — cosa ` 
The surface is a catenoid. 


Ex, 2. Find the minimal surface which touches an ellipsoid along a line of curvature. 


Take the line of curvature as given by 


at p 2 y? 2 
E EA apt b+p ctp 


Along the line in question, the quantities v, y, z, X, Y, Z are the same for the minimal 


surface as for the ellipsoid ; hence, writing 


alate) i S(o+p)_, OE) 
— By a, — ya =) RB ©, 
be (+P) _ y ca(b+P) _y ab (e+p) y 
y 7 ep e pT 


we have (§ 78) 
s={a (a+), y=bb+g}, z=ee+}, 


e tacatterdh 


(+p) (+p)? : 
Fdz- Zdy= -3 |" pay | leraera 


Then 


dq, 


pi 
dg, 


PE La 
Zde- Xde=—4 Í Ea 


} } 
eg Ae corre aa “en sans} en +9) =e 
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and therefore, after the investigation in the text, the coordinates of the current point on 
the required minimal surface are given by | 
on ={a(a-+u)}2+fa(a+o)}2— 4 [Erp erp T on dq) 
oy ={b(b-+u)}2 + {b(b-+0)}2 — 44 fcap tani f B eles 
E N a a 


Ex. 3. A minimal surface is drawn through a helix of pitch tan~!e upon a circular 
cylinder of radius unity having its axis along the axis of z; and the minimal surface 
touches the cylinder along the helix. Prove that its equation can be expressed in the 


form 
Bo 2 NS 24y2—1\8 
5 a SERNA TNA 
z=c tan c tan fo oe tanh zty) f° 


Ex. 4, Suppose that a minimal surface is such that a real straight line can be drawn 


3 


upon it. 
Take the straight line for axis of z; then along this line we have 


GW WW, Z0; 


and so the equations of the minimal surface are 
[X 

s=-}i $ Ydz 
v 


y= yi fxe 
v 


z= u+) 


where X and Y are appropriate functions of z subject to the relation 
X24 Y2= 


When w and v are interchanged, the value of z remains unaltered, while v and y change 
their signs but otherwise are unaltered; hence the axis of z is an axis of symmetry for the 
surface. In other words, when a straight line can be drawn upon a minimal surface, it is 
an axis of symmetry—a result due to Schwarz. 


Ex. 5, As another example—(the investigation is due to Lie)—consider the possibility 
of a minimal surface having a plane line of curvature. We know (§ 128) that the plane 
cuts the surface at an angle that is constant along the line; and that, conversely, if the 
angle be constant, the line of intersection is a line of curvature. Let this constant angle 


be denoted by a. 
Take the plane for the plane of x, y. The values of X, Y, Z along the curve are 


dy . dë 
X= -7 sin a, Y= z sina, Z=cosa; 


and along the curve, we have 


w=2(s), y=y(s), 20. 
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Then the equations of the minimal surface are 
=F {x lu) +s (v) +} i ay "COs ady 


=$ {x (uw) +a (v)} +32 {y (u) —y (v)} cos a 
=>} {y (u)+y (v)} — $2 {x (u) — v (v)} cos a 


iif ds sin a=ġi (u — v) sina 
v 


The surface is algebraical if, and only if, w(s) and y (s) are algebraical. 


Note on the range of a minimal surface. 


188. We now proceed to the deferred consideration of the single remain- 
ing test (§ 167) that applies to the second variation. The test must be 
satisfied if the minimal surface, which passes through an assigned curve and 
touches an assigned developable along the curve, is to provide an actual 
minimum. For the complete consideration of this criterion, some of the 
laborious analysis in the calculus of variations would be needed; here, the 
discussion will be restricted to the case of weak variations, so that we shall 
require a positive sign for the value of u, where u denotes the second varia- 
tion. We have 


A Í / {- 2 5 4 s (Elè — 2Fhl, + an) Vdpdy, 


where K, now necessarily negative, is denoted by —1/a?; the length / 
(measured normal to the surface) is an arbitrary function of p and q, subject 
to the condition of vanishing along the assigned curve. It will be proved 
that the requirement of a positive value for u imposes a possible limitation 
upon the range over which the surface provides an actual minimum, just as 
there is a possible limitation upon the range for which a geodesic (§ 89) 
provides an actually shortest distance on a surface. 


The expression for u must be modified. We take any two variable 
quantities A and B, functions of p and q, reserving their assignment for 
subsequent use. The value of the double integral 


[Han +5, Eo} dpag, 


extended over a region of the variables bounded by the assigned curve at 
one limit, and by any other curve at some other limit (the latter merely 
indicating a range of the minimal surface to be considered), is zero ; because, 
for the weak variations adopted, we assume that l vanishes at each boundary 
of the range. Adding this zero integral to 2u, we have 


2u a Udpdg, 
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where 


F) + 241i + 2BUL 
a 


k 


U= = (El? — 2FỌ,l, + G2) +P (4; Bid 


and U is expressible in the form 


Ua 7 {EB (u- Ft) -2r(a- 71) (1-1) +6(4- at, 


provided the quantities à, A, B satisfy the relations 


Fr Gr 
ims Wy ea oe 
EN ees 
ET ae 
2 A 
A+B, a VOEN A G 


Obviously A and B can be regarded as known, when Ais known. Eliminating 
A and B between the three relations, we have the equation for à in the 
form 


En o EAER OTTAA E oe 
op\VrX V aa Vee Vx a VX | lai Sa (co ie 
that is, 

Ea — 2E ^e + Gy, — (ET” — 2FT’ + GT) œ 


—(BA" IFA GA) eee ANS 0, 
a 


a partial differential equation of the second order. 
The characteristics for the solution of this equation are 
Edp + 2Fdpdq + Gdg = 0, 
that is, are the nul lines of the surface, neither of which (§ 186) can be an 
assigned boundary of the surface. Hence, by Cauchy’s theorem already 
quoted (§ 186), a unique regular integral of this equation exists, satisfying 
the conditions :— 
(i) the magnitude à shall, like J, vanish along the assigned curve 
through which the minimal surface must pass ; 
(i) along the assigned curve, M and à, shall differ from 4 and J, 
respectively by relatively infinitesimal quantities. 
When ~ is thus determined, the equation A = x (p, q), for parametric values 
of à, gives curves on the surface, one of them coinciding with the assigned 
curve when A = 0. 


The subject U, in the modified integration for the second variation, is 
everywhere positive for real surfaces, because 


E.>0; “G02 °F = 0), 
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unless it should happen that the quantities 


A r 
L- 5 DE > b, 
could vanish together, that is, unless the relation 
l=cr 


(where c is a pure constant) could hold, for variations J over the considered 
range of the surface. The relation holds at the initial stage of the range, 
because both l and A vanish there. If, therefore, after the initial stage, 
`à could again vanish either at or before the final stage, the relation could 
hold over the whole considered range of the surface. The second variation 
then would be zero, for an assumed choice l= cd; disregarding variations 
of higher orders, we could not declare that the included range of the minimal 
surface provides an actual minimum area. 


Accordingly, we trace upon the surface the family of curves 


XP D=A, 
for parametric values of ~; we call the assigned curve, given by X=0 at the 
boundary of the integral, the initial curve. As à varies, positively and 
negatively, it may again assume a zero value upon the surface; we call the 
curves, nearest to the initial curve in either sense along the surface, conjugate 
to the initial curve. We therefore infer the result :— 


In order that an actual minimum area may be provided by a minimal 
surface, which is required to pass through an assigned curve and to touch an 
assigned developable along the curve, the range of the surface must not extend 
so far as the conjugate (if any) of the assigned curve on the surface. 


It follows therefore that the range of a minimal surface must not extend 
so far as the conjugate of any curve upon it, if the area of the surface is to be 
an actual minimum for small variations. If only the descriptive property— 
that the mean curvature is zero—is required, it would be possessed by the 
surface over its whole extent; just as in the case of geodesics, the geodesic 
property—that its principal normal is the normal to its surface—is possessed 
along its whole course without any reference to conjugate points. 


The more detailed consideration of the conjugate of any curve on a 
minimal surface belongs to the region of the calculus of variations. 


EXAMPLES. 


l. Shew that the surface 
COS ax 
cos ay 


e2 = 


is minimal; that itis the locus of the middle point of a chord joining any two points on 
a particular nul curve in space ; and that it is the only minimal surface such that 
z=f(2)+g (Y). 
20—2 
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Obtain the equation of the adjoint surface in the form 


sin az=sinh ax sinh ay. 


2, Two surfaces can be deformed into one another, and their tangent ‘planes at 
corresponding points are parallel; shew that they are associated minimal surfaces. 


3. Two surfaces can be deformed into one another and corresponding arc-elements 
are inclined to one another at a constant angle; shew that they are associated minimal 
surfaces. 


4, Shew that for a minimal surface, given by the equations 
2a (1—c2)?=c(O+)+sin 0+sin p 
2y (1 — tai {0-p+c (sin 6- sin d)} f, 
2z= — cos ĝ — cos p 
the lines of curvature become two families of circles in the spherical representation. 
5. In Weierstrass’s equations for a minimal surface, take 
ELw=auk, Ge)=ar, 


where & is a real constant, while a and a’ are conjugate constants ; shew that the surface 
can be deformed into a surface of revolution. 


6. A minimal surface possesses a plane geodesic ; shew that the plane of the geodesic 
is a plane of symmetry for the surface. 


7. A minimal surface (Catalan’s) is given by the equations 
v=sin? u +sin? v, 
y =20 (sin u — sin v), 
2z=2u + sin 2u +w +sin Ww ; 
shew that it contains one geodesic which is a parabola, and another which is a cycloid. 
8. Shew that the (Henry Smith) surface 


z (+y) =a" 
has only one side. 9) 


9. In Weierstrass’s equations for a minimal surface, take 
; 1 a/l Bl 
F(ujy=(-- = = 
(w) (3 u) ( = u) ue? 
where £ is an odd integer ; shew that the minimal surface is a “double” surface. 


10, Given two associated minimal surfaces; shew that the lines of curvature on 
either of them correspond to isogonal trajectories of the lines of curvature on the other. 


11. On two adjoint surfaces, corresponding geodesics are drawn; shew that the 
circular curvature of one at any point is equal to the torsion of the other at the 
corresponding point. 


CHAPTER IX. 


SURFACES WITH PLANE OR SPHERICAL LINES OF CURVATURE; 
WEINGARTEN SURFACES. 


THE present chapter is devoted to some special classes of surfaces, other than minimal 
surfaces. The vast variety of modern investigations leads to an extraordinary amount 
of detailed result. Here, we shall deal with only some of the principal classes of such 
surfaces. 


Liouville surfaces have already been discussed, from the point of view of their most 
important property—that they can be geodesically represented upon one another, and 
that (for the explicit equation of their geodesics) they admit quadratic integrals of the 
critical equation of geodesics (§ 157). 


Reference (to the extent of constructing the essential partial differential equation of 
the second order which serves for their construction) has also been made to surfaces 
having a constant measure of curvature—whether the Gauss measure, or the mean 
measure (§§ 54, 57). 


We have also dealt, briefly, with surfaces which possess lines of curvature of the 
isometric type (§ 64). They will occur, later, under the discussion of triply orthogonal 
systems of surfaces in space. 


Thus, for various reasons, a selection of two special systems of surfaces is made for the 
present chapter. 


One of these systems is characterised by the property that the lines of curvature (in 
either or in both the sets) are composed of plane curves or of curves that lie upon a 
sphere. The special restriction to plane curves or to spherical. curves is due to a 
theorem of Joachimsthal’s (§ 128) which facilitates the construction of integral equations 
of the surfaces. The subject has been the cause of many investigations in the past ; 
special note should be made of the memoirs by Serret*, Cayleyt, Rouquet{, of portions 
of Darboux’s treatise§, and of Bianchi’s treatise||. The literature of this part of the 
subject is so great that no attempt at a comprehensive bibliography can here. be made ; 
many references will be found in the authors just quoted. 


* Liouville’s Journal, t. xviii (1853), pp. 113—162. 

+ Coll. Math. Papers, vol. xii, pp. 601—638. 

+ Mém. de VAc. des Sciences, Toulouse, 8° Ser., t. ix (1887), t. x (1888). 
§ Vol. i, pp. 114—118; vol. iv, pp. 198—266. 

|| Vol. ii, chap. xxi. 
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The other of the systems of surfaces is characterised by the property that a functional 
relation—as arbitrary as can be chosen—exists between the principal radii of curvature. 
Such surfaces are called Weingarten surfaces ; special instances, such as those which have 
one or other of the measures of curvature equal to a constant, are already kndwn; the 
more general investigation of such surfaces is due to Weingarten, to whose memoirs (as 
to other investigations) detailed reference is given in Darboux’s sections dealing with the 
subject *. 


Surfaces with Plane or Spherical Lines of Curvature. 


189. We have seen (§ 129) that, if a line of curvature on a surface is a 
plane curve, the plane cuts the surface at a constant angle; and that, if a 
line of curvature is a spherical curve (that is, if it lies on a sphere), the 
sphere and the surface cut at a constant angle; the two results being 
connected with one another owing to the property (§ 79) that inversion 
conserves lines of curvature. In each case, the constancy of the angle is 
maintained along the particular line of curvature. When there is a family 
of plane lines, or when there is a family of spherical lines, the angle that is 
constant along any one line can (and usually does) vary from one line to 
another. The simplest illustration is provided by surfaces of revolution. 


The property, originally discovered by Joachimsthal, can be used to 
obtain a first integral of some associated differential equations of the surface ; 
and the two cases—according as the lines of curvature are plane or are 
spherical—can be treated together analytically. 


Let an equation 
k(@+y+2) = 2 (ax + by+cz+u) 


be taken; it represents a sphere if k=1, and a plane if k=0. It is to be 
the sphere or the plane, as the case may be, containing the line of curvature ; 
and therefore the quantities a, b, c, u will be functions of one parameter, 
which will be constant along the line and will vary from one line to another. 
The property, that the sphere or the plane cuts the surface at a constant 
angle, is analytically expressed by a relation 


(ka — a) X + (ky—b) V+ (kz-c)Z=1, 


where / is constant along the line of curvature and usually varies from one 


line to another; that is, } also is a function of the parameter of the lines of 
curvature in the family. t 


* See his treatise, vol. iii, Book vii, chaps. vii, ix, x. 
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190. Before proceeding further with the discussion of the problem, we 
may note one reason (chiefly of manipulative ease) why consideration is 
restricted mainly to those classes of lines of curvature which are either plane 
or spherical. It is not inconceivable that a family of lines of curvature 
should be curves lying on a family of quadrics; thus they might be helices 
on a family of circular cylinders. The analysis, however, in all such cases 
becomes more complicated ; for the first integral, similar to the Joachimsthal 
property for planes and spheres, appears to be unobtainable. 


To see the distinction between the cases, let the surface be referred to its 
lines of curvature as parametric curves. We then have 


= 0), Mea) ; 
and then (§ 29) 
HX = —Le,, HY,=— Ly, £Z,=— La, 
GX,=—-Na, GY,=-Ny, GZ,=—-Nz. 


Now suppose that the line of curvature, given by p=constant, lies upon a 
surface 
$ (x, y, 4% p)=0. 
The direction-cosines of the line.at any point are proportional to a, Yz, 22; 
so we have 
a$, O 


2 
Ra ee =,0 


along the line, that is, we have 


along the line. What is required, to secure some progress in the investigation, 
is some less differentiated equivalent relation. 


Let the surfaces ¢ (a, y, z, p)=0 be a family of planes 
ax + by+cz+u=0, 
where a, b, c, u are functions of p only; the foregoing equation is 
aX,+bY,+cZ,=0, 
and therefore an integral is 


aX +bY +cZ=l, 


where } is a function of p only. This gives Joachimsthal’s theorem concerning 
plane lines of curvature. 


Next, let the surfaces ¢ (a, y, z, p)=0 be a family of spheres 
e+ y? + 2— 2a0 — 2by — 2cz — 2u = 0, 
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where again a, b, c, u are functions of p only; the foregoing general equation 
becomes 
(a—a) X,+(y-b)Y,+(¢-0) Z,=9. 
But we always have 
Xa, + Vy, + Za =0; 
hence 


z e-a) X +(y- BV + (2-0) Z} =0, 
and therefore 
(a—a)X +(y—b)V+(z¢-c)Z=1, 
where J is a function of p only. This gives Joachimsthal’s theorem concerning 
spherical lines of curvature. 

In each case, the surface of which the line in question is a line of 
curvature, and the surface (plane or spherical) on which the line lies, cut 
at an angle that is constant along the line. If there were the same integral 
for any other surface, we should have 


ce ee ae: r “2 A E (5 A ” ee function of p only, 


2) -2 
where the factor K oY +(By+ + (3) may be capable of simplification 


by the relation ¢ (x, y, 2z, p)=0; but the plane and the sphere appear to be 
the only surfaces which allow the integral. 


It is conceivable that we could have an integral 


0 0 0 
AX — +Y +Z oe = function of p only, 


equivalent to the general relation 
Xigt + Yash + 2,52 = 0, 


In that case, we must have 


op op È a) 
= ae a pany at be 
> Fd Od 
y Vey Tat gahat ee a) 
Op orp 
a (ae m+ a Yat gz a) =a 


Now this equation will be satisfied if a quantity p exists such that 


ob op op 
Ames E a aioe ae 


CORNEC PP o 
T T, LA aie Yp, 


Op Op op 
Same og tA Eei 
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When the surfaces ¢ (2, y, z, p)=0 are quadrics, say . 
aa? + by? + c2? + 2fyz + 2gzæ + 2hæy + Ala + Any + 2nz+u=0, 


where the coefficients are functions of p alone, we have 


h, b—p, i 
9, I C 


so that p is a function of p only. In the case of a plane, the three equations 
are evanescent, for p=0. In the case of a sphere, we have 


a—p, hà, g E 
| 
| 


J=9=h=0,;, o=b=c=p; 
the three equations are satisfied identically. In other cases, the three 
equations, combined with 
AX?+ Y?4+ Z7=1, 
determine X, Y, Z as functions of p alone. Thus 
Ay=0, Y;=0; 24.=0, 
and so 
Naz=), Ny, =0, Nz,=0' 
and therefore as we cannot have 23, Y», Z all zero (for the surface would then 
be a curve), we must have 
N =0; 
in addition to M=0. The Mainardi-Codazzi relations become 
De el Ore eye 


and we cannot now have L=0; hence I” =0, that is, G,=0 so that Gisa 
function of q only which can easily be made unity. Thus the arc is 


de = dq? + Edp, 


and the surface is developable; the lines of curvature, p=constant, are 
geodesics and so are plane. There is no new case. 


We thus, in the main, restrict ourselves for the present purpose to lines 
of curvature that are plane or spherical. 


191. Two remarks may be made in passing. 

In the case of a developable surface (but not in the case of any other 
ruled surface) one system of lines of curvature is made up of the generators, 
all of which touch the edge of regression; and the other system is made up 
of their orthogonal trajectories, which are the superficial involutes of that 
edge. A generator, however, does not lie in a definite plane; and so it is 
simpler to consider developable surfaces apart. 


Again, one system of lines of curvature may be circles. When a circle is 
regarded as a plane curve, its plane is definite; when it is regarded as a 
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spherical curve, its sphere may be indefinite. Accordingly, unless the family 
of spheres is given, it is usually simpler to discuss circular lines of curvature 
as plane curves than to discuss them as spherical curves. z 


Serret-Cayley Treatment of the Two Cases. 


192. We now resume the analysis of § 189; and we assume that the 
other system of lines of curvature also is composed of curves that are plane 
or spherical. Let the family of surfaces, upon which they lie, be 


r (a? + Y + 2) — 2ax — 28y — 2yz — 2v =0, 


where « is either 0 or 1, and where a, 8, y, v are functions of q alone; then 
we have 
(xa — a) X + (xy —B)V + (ne) Z=% 

where 2 also is a function of q alone. Hence, for the whole surface, we have 
the equations 

0 =k (£ 4+ y? + 2) — 2ax — 2by — 2cz— 2u 

l = (kæ — a) X + (ky—b)V+(kz-c)Z 

0 = x (£ +Y + 27) — 2ax— 2By — 2yz— 2v 

Na (en A E a a 

TEA 2? 

0 = Xda + Ydy + Zdz 


where k and « are 0 or 1 independently of one another, a, b, c, u, l are 
functions of p alone, and a, 8, y, v, à are functions of q alone. The first 
five of these equations determine five of the quantities a, y, z, X, Y, Z, p, q 
in terms of the other three, say X, Y, Z, p, q in terms of a, y, z. When the 
values are substituted in the sixth and it is integrated—we shall prove that 
the “condition of integrability” (§ 30) is satisfied—we have a new equation 
I=0, say; we then have six equations and can regard them as determining 
x, Y, 2, X, Y, Z in terms of p and q. We thus require this integrated 
equation. 


Let the direction-cosines of the two lines of curvature through a point 
æ, y, z on the surface be proportional to dæ, dy, dz for the line along which p 
is constant, and to da, dy, dz for the line along which q is constant. Then 


(ka — a) dx + (ky — b) dy + (kz — c) dz =0, 
Xda + Ydy + Zdz=0, 

and therefore 
kxn—a, ky—b, kz—=c |. 


da: dy:dz= 
em) awe | 
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Similarly 
6a: dy 2 02= || 


Ke—@, KYS R, Ke-¥ E 


AE E VEZ R 


The two directions are perpendicular to one another; hence 


=| ky—b, kz—c 
Vins Z 


KY aa B, KZ — ry, | — 0, 
Pius Bi) 
and therefore 


(X + F° + 2°) {(ka — a) (ar — a) + (ky — b) (xy — B) + (kz — c) («z — y)} 


= {X (kæ — a) + Y (ky — b) + Z (kz —c)} {X (xæ — a) + Y (xy — B) + Z («z — y)}. 


Consequently 
te {k (a? +Y + 2) — 2ax — 2by — 2c2} 


+ th [x (æ +y + 2) — 2ax — 2By — 2yz} + aat+bB+cy=l; 


and so 
aa +bB + cy + ur + kvu= l. 


It therefore appears that the parametric coefficients in the equations of the 
two families of surfaces, upon which the lines of curvature lie, cannot all be 


taken arbitrarily. 


193. As regards the integrability of the equation, when X, Y, Z are 


determined by the first five of the equations, we have 


(ka — a) dX + (ky-— b)dY + (kz — c)dZ = (Xa, + Yb, + Ze, +1,) dp, 


and 


(kæ— a) dæ +(ky —b) dy + (kz — c) dz = (aa, + yb, + z6, +m) dp; 


hence, writing 
_Xa+ Yb t+Za+h 
xa, + yd, +z +u ’ 


we have 


(kæ — a) dX + (ky — b) dY + (kz — 0) dZ 


= A {(kw — a) dæ + (ky — b) dy + (kz — c) dz} 


i 
say. Similarly we have 


(xa — a) dX + (xy — B)dY + (nz — y)dZ 


= B [(xx —a) dæ + (xy — B) dy + (Kz — y) dz} 


Try 
say, where 
Be Xa, + YBa + Zy +™ 


LAs + YBa + Zya +v ` 
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And 
XdX + VAY + ZdZ =0. 
Let 
Q=| kxw-a, ky—b, kz—c |, > 
A Ku—a, ky— p, kz—y 
Nae pT Z 


where Q is not zero (for otherwise the normal to the surface would be 
coplanar with the normals to the parametric surfaces); then 


OdX =U [(«y — B) Z — («z — y) Y} + V (kz — ce) Y — (ky — b) Z}, 

OdY =U («ez — y) X — (kæ — a) Z} + V {(ka — a) Z — (kz —c) X}, 

QdZ = U {(kx — a) Y — (ky —B) X} + V [(ky— b) X — (kz — a) Y}. 
Hence 


0 = Ake — o){(ez -7) X- (xa — a) Z}+ B(xz—y) (ka —a) Z- (kz-0)X}, 


oZ = A (ky—b){(xe-a) Y — (xy — B)X} + B («y —B){(ky — b)X — (ke —a) Y}. 


Let 
P = (kæ — a) (xæ — a) + (ky — b) (xy — B) + (kz — c) (xz — y) 
=qaa +b8 + cy + kv + ux, 


as before; then 


aY ƏZ a 
ofz P ABRE (ee a RIP X i 
Sunilarly 
Z ax 
(sn ~ Gq) 74 IPY- (ey 8) 0} - B {PY - (ty- 8), 
ax aY 
(3y z) 4 [PZ — (ee — 9) — B {PZ — (he — 0). 


Multiplying by X, Y, Z respectively and adding, we have 
Q (Z-A ar (E | Z- oY 
oz oy 


Or 02 oy da/) 
But the analytical expression of the orthogonality of the lines of curvature 
was shewn to be 


to (A—B)(P-d). 


P = tx, 
and Q is not zero; hence 
(Ge —3y) + ¥ Ga) +2 GG ae) = 
oz oy 0x oz Oy oa 


The condition of integrability (§ 30) of the equation Xdæ + Ydy + Zdz =0 in 
our set of six equations is therefore satisfied. 
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The foregoing analysis shews that the necessary relation 
aa+bB+cy+ku+uc= Ir 
gives the orthogonality of the lines of curvature and the condition of 


integrability; also it shews that these two properties are analytically 
equivalent to one another. 


It is the resolution of this relation, combined with the general equations, 
that gives rise to the various surfaces. 


Surfaces with Two Plane Systems. 


194. In the first place, consider surfaces having plane curves for both 
their systems of lines of curvature. Then 


k= 0, «0; 
the equations involving the determination of X, Y, Z are 
ax+by+cz=u, ax+Py +yz =v, 
aX+bY¥+cZ=1, aX+BV+yZ=n, 
X?4+ Y2?4Z27=1, 
aa + bB +cy= l, 
while a differential equation of the surface as usual is 
Xda + Ydy + Zdz = 0. 
Sometimes it will prove convenient to denote the first derivatives of z with 
regard to z and y by p and q; so a change of notation will be made. On the 
surface, we shall take m and mw as the current parameters of the lines of 


curvature; and we shall assume that a, b, c, u, l are functions of m alone, 
while a, 8, y, v, à are functions of w alone. 


I. If possible, let l= 0, ~= 0, so that the plane of every line of curvature 
is perpendicular to the tangent plane of the surface; thus all the lines of 
curvature are geodesics. Hence there are two families of geodesics cutting 
at right angles; therefore (§ 114) the surface must be developable. Then 

. aa + b8+cy=0. 
Now a, b, c cannot all vanish ; let a be different from zero, so we can make it 
unity, and the relation becomes 
a+bB+cy=0. 
Also 8 and y cannot both vanish, for then a would vanish also; so let 8 be 
different from zero. Then we can take* 8 = 1, and thus the relation becomes 
at+b+cy=0. 


* Tn effect, we can divide by a in the former case and by £ in the latter case; the homogeneous 
equations are substantially unchanged. 
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In this relation, b and c at the utmost are functions of m alone, while a and y 
at the utmost are functions of p alone. Hence :—either b is a pure constant, 
c is a pure constant, and a+cy is a pure constant; or a and y are pure 
constants, and b+cy is a pure constant. The alternatives are interchanged 
by an interchange of parameters; we choose the first. Thus one family of 
the planes is 

“+ by+cz=u, 
that is, by a change of axes, it is 

oy ==, 


so that we can take b=0, c=0. The relation now gives a=0; and so the 


other family of planes is 
Y +yz =, 


where y and v are functions of u alone, or (what is the same thing) where v 
is a function of y, say 


v= (1+)? F" (y). 
The equations for X, Y, Z now are 
A=0, A EN: 
hence the differential equation Xda + Ydy + Zdz = 0 of the surface now is 


dz = ydy 
= y (dvu — y dz — zdy), 
that is, 
(1 + 9°) dz + zydy = ydv. 
Thus 


eats fya +A d 


A EE OEE 
The tangent plane to the surface is perpendicular to the planes 
H=U, Y t yŽ =v, 
at the point; hence its equation is 
yy —2=(1+ YP FY), 


containing one parameter. The surface is a cylinder, having its generators 
perpendicular to the plane «=0; its section by the plane «=0, or by any 
plane parallel to «= 0, is the envelope of the straight line 


z= yy — (1 + PPF (y). 


II. In the second place, let only one of the two quantities l and à 
vanish. Let / be zero; so that the planes of the lines of curvature in that 
system contain the normal to the surface, and the lines of curvature in the 
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system are geodesics. The most obvious example is that of a surface of 
revolution. 


The analysis of the preceding case applies in its initial stage; we can 
take a=1, 8=1, and the critical relation is 
a +b +cy= 0. 


Now consider the alternative rejected in the preceding case; without loss of 
generality, we take 


SN a N 
the equations become 
U+CZ=U, Y=, 
A+¢Z=0, Y=), 
where u and c are functions of m alone, while v and à are functions of p 


alone. Thus we can regard u as a function of c, and v as a function of à, say 


u=f)= Q +PËF o), v=g(d)=(1—-a'G' (a). 


i 
UP ae mee ee EN ae 
Bg yy ama). 
and so the equation of the surface, “Xda + Ydy + Zdz=0, becomes 
cda — dz rg (r 
ede ds, MQ) ig 
a+? a-w 


Then 


J 


that is, 


POTE en eee TG, 
(+ o) +o aa} 


on substituting from æ + cz= f(c). Integrating, we have 

METEN +) AORT F(c) + (1 =) (A) — G (A); 
this equation, and ; 

a+ce=f(c)=(14+0)?F(c), 
y=gN= -NEFA 
are the equations of the surface. 
When we take 
m_ 2- W 
(lee. (1-A 


the equations of the surface are 


+ F(c)+ GEA, 


ar 


f an 
T=0, == —=0, 
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giving it as the envelope of its tangent plane, the equation of which contains 
two parameters, 


The special case, when F (c) =0, gives the general surface of revelution. 


Some exceptional cases must be noted. It might happen that à is a 
constant. The equation of the surface then is 


EKL A ae 
(+e)? (1-7)? 

leading to 
TETS EET FO)-FO+ Vy, 


(1 —») 
together with 


a+ce=(1+ oE” (c). 
When we take 


2— Cx À 
T’ = ——,, + F(c)- : 
(1+)? i GEVE 
the surface is given by 
Dee che, 
1’ =0, ae 0; 


it is the envelope of a plane containing one parameter, and therefore it is a 
developable surface. 


It might happen that c is a constant. The equation of the surface then is 
cdi — dz a rg OOF 
Geet aa 


=0, 


leading to 
e - pt A=) EA)-GA)=0, 
together with 
When we tak UA. 
en we take 
yy CH — zZ AI 
eS L- GQ), 


(+o! G—ayt 
the surface is given by 


OL! 


T =0 A 


=0; 
and so it is a developable surface. 
III. Now suppose that neither / nor X vanishes; the critical relation is 
aa + bB + cy =l. 


As a, b, c cannot all vanish, suppose that æ is not zero; we can take it equal 
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to unity, as before. Also, as a, 8, y cannot all vanish, suppose that 8 is not 
zero; we can take it equal to unity as before. Thus 


atb+cy=lna, 


where ù, c, l are functions of one parameter m, and a, y, à are functions of the 
other parameter p. 


We have 
O FEIEN 
CEEI 
where b' is the derivative of b; and similarly for the other quantities. If c’ is 
not zero and y’ is not zero, we have 


ma 


Hence Aay is a constant or is zero, and so there is a linear relation 


between b and c. Thus either c iş constant, or y is constant, or there is a 
linear relation between b and c; that is, the planes of one of the families are 
parallel to a fixed line. Let it be the family determined by the parameter m, 
and take the fixed line for axis of y; then 


b= 0, 
and the critical relation becomes 
a+cy = là. 
Hence 
CAEN. 


If c were constant, we should either have A = 0, which is excluded, or Ų = 0, so 
that the family of planes would be only a single plane; thus 


Ife 
y a 
=(1-5e)a 
Cc 
Hence 
S 1° G 
-< p 5) 


and each must therefore be a constant; so the planes of the second family 
are parallel to a line in the plane of wz. Take this line as the axis of æ; 
then we have a=0, and the critical relation becomes 


cy = IN, 
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SURFACES WITH TWO SYSTEMS OF 
that is, 


where g is a constant. 


Writing f =| we now have the equations 
L+cz=uU, y +yz =v, 
X +cZ=9, Y+yZ=fy, 
and 
X24 V4 Z=]. 
Let 
1 
TENETE T = =9+(g IY 
the equation 
a(g- Z} + y'(f- 2+ B=] 
gives 
Was fea 
C-T ’ 
and then 
=~ 005-4 Ty 
SAD hae 
Y=- 7 CLT 
Now 


dæ = — cdz — zde + u'do, 


dy = — ydz — zdy + v'dy ; 
and the differential equation of the surface is 


Xdæ + Ydy + Zdz=0 
that is, 


S e EE dz= 


we 
Substituting for dæ and dy, and reducing, we find 


(5 = a dz+(f—g)z(cCde+yVdy) — (fg) (cCu'de +yTv'dy)=0 


and therefore 


Tote) evo, 
a(g- p) =- 9) | (CCwde + yPv'dy) = 
To have the integral free from quadratures, let 
y QD’ 
U= g C8 ’ Uv =J Ts , 
where F is any function of c alone, and ® is any function of y alone, so that 


the generality of u and of v is conserved; then we have 


:(5- a) +(f- 9) {F+ o- ge" fr pt =0 


[CH. IX 
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Substituting this value of z in the equations 


F’ ğ' 
e+ =g Ta» UONE S re 
we find 


(g= p) t-o) f- o+ ©) + fort +(-14 44) = , 


eal F” IND 
slot- freto + (1- gE) Bao 
These three equations for æ, y, z are the parametric equations of the surface. 


Other forms can be given to them. Eliminating F”, ®’; and F, ®’; and 
F’, ®; in turn, we have 


== ole -yry + a + P40 =0, 


oP . : 
ama Ale aun) ee = 0, 
a gl yt 92) D0, 


equations which represent the surface as the envelope of the plane P=0. 
Moreover, the equations 


are the planes of the lines of curvature of the two systems; the inclination 
of the former to the tangent plane at æ, y, z is 


and the inclination of the latter to that tangent plane is 
fu 
CERA 


while the inclination of the two planes to one another is 


cos"? 


UU : 
(+e 


When we take new parameters a and 8, and new functions A and B of 
them respectively, where 


ka=—cC, ho S -YE F=kA, P = kB, 
k=(f—-g)~*, Me=f?, 


cos™! 
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the plane P = 0 becomes 
ax + By +e A- 02)? - (2-12? A eA + B=. 
The surface is the envelope of this plane, « and 8 being the parameters. 


The earlier form is the form obtained by Serret and Cayley; the later is 
the form obtained by Darboux. 


Dupin’s Cyclides. 


195. One of the most interesting examples of surfaces, having both its 
systems of lines of curvature in the form of plane curves, is provided by 
Dupin’s cyclide*, The name cyclide was originally given to surfaces all 
whose lines of curvature are circles; it now is given to all surfaces of the 
fourth order which have the circle at infinity for a double line, and to all 
surfaces of the third order which contain the circle at infinity. 


Dupin’s cyclide is defined as the envelope of a sphere which has its centre 
on one conic and passes through any one assigned point on another conic; 
the two conics are to lie in perpendicular planes, and each of them is to pass 
through the foci of the other. Also, the generation is double; either of the 
conics can be taken as the locus of the centre of the moving sphere, but 
there is a relation between the fixed points on the respective conics through 
which the moving spheres are required to pass. 


That the envelope surface, under the double generation, has circular lines 
of curvature can easily be seen. Take either generation. Where the surface 
envelopes a sphere, the normals to both are the same; because they are 
normals to the sphere, they intersect ; and so, as these normals to the surface 
meet one another, the curve of contact is a line of curvature. The curve of 
contact is the intersection of two consecutive spheres, and therefore it is 
a circle; and so the lines of curvature in the system are circular. Similarly 
for the lines of curvature in the other system. 


The analysis is simple. Let the two conics be 


x? y? a 2 
th ae ee 
z=0 y=0 


the condition that each of them passes through the foci of the other is 


=æ -b 


* See Dupin’s Applications de géométrie et de méchanique, p. 200; Cayley, Coll. Math. Papers, 
vol. ix, pp. 64—78; Darboux, Leçons sur les systèmes orthogonaux, 2™° éd, (1910), pp. 484—498. 
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Denote by a cos 0, b sin 6, 0, the centre of the sphere on the first conic, and by 
a, 0, y, the fixed point on the second conic through which the sphere is to 
pass; the equation of the sphere is 


L HY +2? -— 2 (æ — a)a cos 0 — 2by sin 0 —« - y? = 0. 

The envelope of the sphere is 
(a? dk y? che Bt Qt y EA 4a? (x Ees a)? ate 4b? 7? ; 

thus one system of the circular lines of curvature, being the intersections of 
these consecutive spheres, is given by the equations 

ge ee ein, 

(x — a) a sin 0 — by cos 0 = 0 i 

For the other generation of the cyclide, denote by ccosġ, 0, ibsin ¢, the 
centre of the sphere on the second conic, and by a’, 8’, 0, the fixed point on 


the first conic through which the sphere is to pass; the equation of the 
sphere is 


a+ y+ z2?—2(x¢—a’)ccos h — 2ibz sin d — a? — B? =0. 
The envelope of the sphere is 
(2 +Y + 2—a? = B?P=4¢ (x — a’)? 4b; 


thus the other system of circular lines of curvature, being the intersections of 
these consecutive spheres, is given by the equations 


e+y+2-—2(x—a')ccos o — 2bz sin g — deca bry 
(x — a’) c sin $ — ibz cos ġ = 0 
Moreover, among the constants, we have the relations 
a? 2 a’? /2 
CE Ene 
oo e E 
The two envelopes of the two sets of moving spheres are to be one and the 
same surface. When the two equations are compared and these relations are 


used, we find that the two equations are the same, provided the additional 
relation 


=1, EERE 


aa OA 
is satisfied. We take a new quantity » such that 


C , a. 
Oe ie Og Mies 


and then the equation of the cyclide has the equivalent forms 


(+y +2- p += 4A (ax cu) + tby? ! 
(a? + y? + 2? p — Y= 4 (ce — ap)? — 4b? 
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Let pọ be the radius of the circle 
2+ Y+ — w+ b — 2 (ax — cp) cos 0 — 2by sin 0 = 0, 
(ax — cp)sin 0 — by cos 0 = 0, 


which are the equations of one system of lines of curvature; and let © be 
the inclination of the radius to the normal to the cyclide, © being constant 
(by Joachimsthal’s theorem) along the line. Then 


__ (w—ecos 8) b 
(a? sin? 0 + b? cos? oye 
sin® _cos® 1 


RE Ge (@? sim 6 is b? Cont gy? 
and therefore the principal radius of curvature of the cyclide along this line 


of curvature is given by 
Ro = p —c cos 6. 


In the equations of the other system of lines of curvature, the quantity ¢ 
is Imaginary ; taking real arguments, write 


cosp@=secy, sing=7tany; 
then the equations of the lines are 
+ y? + 2° — p? — b? — 2 (ca — ap) sec + 2bz tan Y= 0, 
(ca — ap) sin  — bz a= (). 


Let py be the radius of this circle, and let W be the inclination of its radius 
to the normal to the cyclide, Y being constant along the line; then 


_ (woop —a)yb 
(a? sin? ye + b? cos? wv)? 
sin V cos Y 1 


asiny beosy (a? an ptb ce py 
and therefore the principal radius of curvature of the cyclide along this line 
of curvature is given by 
Ry = p — asec y. 
The coordinates of any point on the surface, given as the intersection of 
two lines of curvature, are 


pa b ccosO—p 
ae : 3 oe 

c c a — c cos 0 cos yr 
_ b(a—poosyp) . | 
KETAT 
ee b (c cos 0 — u) ae 


a — c cos @ cos yr 
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The fundamental quantities of the first order are 


_ (oa? dy\? 0z\? | b (cos f — a)? 
ie a g (aa) 4 e ~ (@- c cos 0 cos Wy?’ 
_ (ox? | NN oz\? b? (uw = ccos 0Y 
oa Ge y Ca ah (ae) ~ (a — c cos 0 cos Yr)?’ 
P= 02 
and the fundamental quantities of the second order are 
gk i X b? (u cos y — a) coa 
R,  (a—ccos @ cos y) 
C OO) 
R, (a -— c cos 0 cos y)?’ 
M=0. 
The direction-cosines X, Y, Z of the normal to the cyclide, being the same as 
those of the enveloped sphere at the point, are 


a cos @ cos y — c 
a — c cos 0 cos p’ 
Y= b sin 0 cos 
a — c cos 0 cos yr 
A b sin 4 
a — c cos O cos y` 
Two spheres of different systems touch; the centre of one of them is 
acos 0, bsin 0, 0, and its radius is |~—ccos@|; the centre of the other of 
them is c sec y, 0, — b tan y, and its radius is |u — a sec |; and so the distance 
between the centres is equal to the difference of the radii. The point of 
contact is a point on the surface, which therefore lies on the line joining the 
centres; and this line is normal to the spheres and therefore normal to the 
surface. (It is easy to verify that its direction-cosines are X, Y, Z.) Hence 
any straight line, meeting the initial ellipse and the initial hyperbola, is a 
normal to the cyclide. 


X= 


2 


For other properties of Dupin’s cyclides, reference may be made to the 
authorities already quoted. 


Ex. Shew that, for parametric values of u, the Dupin cyclides are a family of parallel 
surfaces. 


196. A limiting case of the preceding investigation has to be noted; and 
one case has not been included. The results will merely be stated, and 
their establishment left as an exercise. 


The limiting case arises, when the ellipse becomes a circle and the 
hyperbola degenerates into the straight line through the centre of the circle 
perpendicular to its plane. The cyclide then becomes an anchor-ring, of 
which the circle is the central thread; and the only parametric element in 
the equation of the surface is the radius of the core. 
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The non-included case arises when the conics, which supply the foundation 
of the construction of the surface, are parabolas—of course, m perpendicular 
planes and each passing through the focus of the other. When the equations 


of these parabolas are taken in the form ` 
y? = 4l (æ + D) zZ =— Ala) 
o=0 i y=9 k 


the equation of the cyclide (with the double generation as before) is 

ale +y +e) +E u) el p) elp) H=, 
a surface of only the third order. The coordinates of a point on the surface 
can be expressed in the form 


s (l +e+0 =(P- P+1)+yu(+e+1), 

y (l+ E+ &) = 21(8 + 1) t+ 2ut, 

2(14+?+6) = 210? — 2u0, 
where ¢ and @ are the parametric variables of the lines of curvature; and the 
principal radii of curvature of the surface are 


w—lt, pra). 


Rouquet’s Method, by Spherical Representation. 


197. Some of the foregoing results can be obtained* simply, from the 
properties of the spherical image of the surface when the latter has a double 
plane system of lines of curvature. 


It has already been proved (§ 160) that the spherical image of a plane 
line of curvature is a small circle, and that the line of curvature and its image 
are parallel to one another at corresponding points; also that the latter 
property suffices to secure the result that the curves are lines of curvature. 
Hence, on the surface of the sphere, there are two series of small circles 
cutting one another orthogonally. 


Consider two such circles, intersecting 
in m; let O and P be the vertices of the 
cones that circumscribe the sphere along 
the circles. Then mO is a tangent at m 
to the circle dmb; that is, the locus of O 


for all the circles ame lies in the plane \ eas P 


dmb. Similarly, the locus of O for all the & m 
circles ame lies in the plane of any other 
small circle of the series to which the circle b 


dmb belongs ; and therefore it is a straight 
line. Hence all the planes of the series of 
small circles dmb pass through a straight 
line. Now the planes ame are polars of 


* Rouquet, Toul. Mém., 8° Sér., t. ix (1887), t. x (1888). 
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points O on this straight line; hence they all pass through the conjugate 
line. Thus the two systems of planes pass through two straight lines which 
are conjugate to one another; the latter are necessarily perpendicular to one 
another, and the product of their distances from the centre of the sphere 
1s unity. 


Take one of the lines in the plane of YZ, and let OA = g; then any plane 
through that line is 


X+e(Z—g) =0, 


where ¢ is a parameter varying from plane to 
plane, that is, it is the parameter of the spherical 
images of the lines of curvature in the family. 
Take the conjugate line in the plane of XZ, and 
let OB=f, so that 


m=i; 
then any plane through that line is 
Y+y(Z-f)=0, 


where y is the parameter of the spherical images 
of the lines of curvature in the other plane 
family. i 


Any point on the sphere is thus given by the equations 
X+c(Z-g)=0, Y+y(Z-f)=0, X?+Y*+Z*=1, 


being effectively the same relations as in § 194; hence 


agy EAA = f-9 7,_fC-9V 
X= cO aT. Y=—q Gp: Z= Gap’ 
where 
1 


1 
Gant EHD) Te = 9 TEE 
Let 
f=cosa, g= seca, 
ctana=tanhu, ysina= tanv, 


so that u and v are a couple of new parameters; then 
C = (cosa) Zeoshu, T= (cos a)? cos v. 
Hence 


sin a sinh u sin asin v cos & cosh wu — cos v 
cosh u — cos a cos v ’ ~ cosh u — cos a cos v ` cosh u — cos & cos v ` 


The tangent plane to the sphere at the point, determined by u and v, has 


X sin asinh u + Y sin asin v + Z (cos a cosh u — cos v) = cosh u — cos a cos v 


330 ROUQUET’S [CH. IX 
for its equation; and therefore the equation of the tangent plane to the 
surface (which is parallel to this plane) is 

æ sin a sinh u + y sin a sin v + z (cos a cosh u — cos v) = F (u, v), 


where F (u, v) is some function of u and v. The point x, y, z on the surface 
is given by combining this relation with 
oF 


æ sin acoshu+zcosa sinh u = —, 


Ou 


; ; 0 
y SIN a Cos V + Z SIn v = =. 


ov 
But 
; sin 4 sin v sin? & Cos V s 
Y,=— sinh u 1 Z= ; sinh y, 
(cosh u — cos a cos v) (cosh u — cos a cos v) 
so that 


Y, sin a cos v + Z, sin v = 0. 
The parametric curves are lines of curvature, so that 


EX,=—-La, EY,=—-lLy,, B2 =- La; 
hence 
æ Sin a cos v + z sin v = Q. 


Hence, from the third of the equations that give the values of æ, y, z, we have 
ar 
Oudv 
and the same result follows from constructing X, and Z,, and using the 
second of those equations. Thus 
F=U+V, 


where U is a function of u only, and V is a function of v only; and now the 
equations of the surface are 


0; 


æ sin a sinh w+ ysin asin v + z (cos a cosh u — cos v)= U + V 
æ sin a cosh u + z cos a sinh u = U” : 
ysinacosy+zsinv= V" 
which are easily seen to be in accordance with the results previously 
obtained (§ 194). 


The second and the third of these equations, taken separately, are the 
equations of the planes of the lines of curvature. 


Note. We may also proceed from the equations for the tangential 
coordinates, as given in § 163. 


It is easy to prove that 


es sin? a oe 
= (cosh u — cos a cosv} 2” i 
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and so, with the equation 
aX +yV+ 2Z=T 
in general, and the equation 
Te— yT — §T, =0 


in this case, where 


N ai ae Oi 

aoe 2g’ 
we have 

o ; 
PET (DT) = DT,, + D,T, + D,T,+ TD» 
= 0, 

when 

D = cosh u — cos a cos v. 
Thus 


DT = U+ V, 
where U is a function of u only, and V is a function of v only; that is, the 
equation of the tangent plane to the surface is 
æ sina sinh u + ysina sin v + z (cos a cosh u — cos v) = U + V, 
as before. 


Ex. Shew that, if 
U =a sinh u +b cosh u +c, V= k sin v +l cos v, 
where a, b, c, k, l are constants, the equation of the surface is 
{(b—z cos a)?—(# sin a — ayy + {(y sin a—k)?+ (2+ IAF+¢= 0. 
Prove that the surface is a Dupin cyclide, having its centre at the point 
acoseca, kcoseca, (+b cos a) cosec? a ; 
and find the smallest value of |¢| which allows the cyclide to be real. (When c=0, the 
surface is a point-sphere duplicated.) 


198. The general result is ineffective in the special case when 


: f=g=1. 
The equations then are 


X+c(Z-1)=0, Yty(Z-1)=0, X74+ 29+ 7°=1; 
so that 
Kee Vise iy eet 1 
2 BW +y- e+y4+1° 


The tangent plane of the surface is 
2c + 2yy + (e +y —1)2= F (c, Y), 


where F is some function of c and y. The coordinates of a point on the 
surface are obtainable by joining this equation to the other two equations 


pig ER 
2 0c’ 
_1aF 
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Also 
— 4cy 4 4c 
1 e+e (2 +4 +1)?’ 
so that 2 
Y,+7Z,=0. 
Hence 
Y +t Y= 0, 
and therefore 
OF _ 
Ocory 


Hence F is of the form C+T, where C is any function of c alone, and T is 
any function of y alone; and now the equations of the surface are 
2ca + 2yy + (e +y —1)z= ee 
x+oz= $C" 
yE yapi 
The second and third of these equations are, as before, the planes of the two 


systems of lines of curvature. 


Ex. 1. Shew that the surface 


has plane curves for its systems of lines of curvature. 


Ex. 2. Shew that, in the general case for any values of C and of T as functions of ¢ 
and of y respectively, the surface can be generated as the envelope of spheres having their 
centres on the parabola 


y=0, 2=}-— 2z, 
and as the envelope of spheres having their centres on the parabola 
e=0, y= +2. 


Obtain the relation between the two families of spheres when both generations are 
effective. 


One Plane System and one Spherical System. 


199. The preceding discussion of surfaces, when both systems of lines 
of curvature are plane curves, gives a sufficient indication of one of the 
methods of proceeding in the case of surfaces, having one or both systems of 
lines of curvature given as spherical curves. For the full detail of cases, 
reference may be made to the memoirs of Serret* and of Cayleyt+; the 
developments, naturally, are mainly of an analytical character. 


* Liouville’s Journal, t. xviii (1853), pp. 113—162. 
t Coll. Math, Papers, vol. xii, pp. 601—638. 
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In particular, when we deal with surfaces having a set of plane curves for 
one system of lines of curvature and a set of spherical curves for the other 
system, there are seven substantially distinct cases to be set out, according to 
Serret’s investigations. The fundamental equations (with merely changes of 
sign from the general case) are 

a Ye ZF 1 

aX +bY + PT 
ax+by+cz+u=0 
£ +Y + 2? — ax — 2By — 2yz — 2v = 0 
(wa) X+(y-A)¥+(e-y)Z-2=0 


where a, b, c, l, u are functions of one parameter m, and a, 8, y, N, v are 
functions of the other parameter u; and the double condition, at once of 
orthogonality for the lines of curvature and of integrability for the equation 
of the surface, becomes 


? 


aa+bB+cy—iIX+u=0. 
The seven cases of the critical equation just indicated are as follows, 
account always being taken of simplification without loss of generality :— 
I, t=0, w=0, 4=0, 8=0; y=0; 
Il, w=ml, X=m; 
WT l=—me, v=0; 2=0, B=O0lvg=m; 
IV, c=0, 4=ml, ¢=0, B=0, \ =m; 
Ve =) 1=0, 7=0,0=0, B=0; 
Vi, -¢=0, ¢=0, u= m. B=0, A=m; 
VI) c=0; lama, vy =0,.8=0; ¢d=— mx. 


where, throughout, m denotes an arbitrary constant, and so remains an 
arbitrary function of its argument. 


200. Among these, consider specially the case where 
(i) the quantities a, b, c, are unrestricted by conditions, while u = 0; 
(ii) the quantities a and 8 vanish. 

The critical equation of orthogonality becomes 


cy = 0X, 
and therefore we may take 


pa A 
Cee 


where k is an arbitrary constant. It may be zero, or it may be infinite; the 
latter case is merged in the former, by interchange of parameters. The lines 
of curvature of one system lie on concentric spheres. 
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I. Take the special sub-case, when the constant & is zero. The funda- 
mental equations then are 


Xet Yat Zita I, ` 
aX+bY+cZ=0, £X +yV+2Z=X, 
ax+by+cz=0, #@ +y + =v; 

and the critical equation is satisfied. 
The equations are homogeneous in a, b, c; so we may assume 
e+b'+c?=1. 


Also, a, b, c being functions of u alone, let 


a =a, (m? + bP + a) TÈ, b = b, (m? + b? + of) 2, c= c (aP + b? + ot) 2; 


thus 
aa’ + bb’ + cc’ =0, 
a? + 69+ ¢c%=1, 
Further, if 
a", pa c =|| a, b ve 4 
a’, b’, c | 
we have 


aa” + bb” + cc’ =0, 

a'a” +b” +e = 0, 

p e bee k 

The aggregate of relations is 
X? + Y?4+2Z?=1, aX + bY + cZ=0, 
E E EE E OA A +c'¢=90, 
a? +b? +c°=1, a’a+b"b +c"c =0, 
œ ++ e=l, aat+bb+ecc=0. 
Hence we may take 
X =a cost — a" sint, Y=b'cost—b’sint, Z= (č cost— c” sint, 


where ¢ is a new variable; these satisfy the two equations in which X, Y, Z 
occur. Take other three magnitudes 


X’=a'sint+a”’ cost, Y’=b'sint+b’ cost, Z’ =c sint+c’ cost, 
which obviously are such that 


KO A Y?4+72= ; aX'+bY'+cZ'=0; 
moreover, 


XX'+YY' + ZZ’ =0. 
Now consider quantities 


E= Xat XRB n=Ya+Y’'B, €=Za+T7’B: 


200] ONE SPHERICAL SYSTEM 335 


then 
EX +nV+tZ=a, 
pm camo eS, 
a& + bn + cf =0. 
Comparing these with 
eX +yV+ 2Z=X, 
e+ ye + 22 =U; 


ax + by + cz =0, 
and writing 

a=, a+ P=, 
we have 

a=, Y= 1); z=. 
Thus 

o=Xn4+X'(v—n»?, 

y= Yr+V' (v— xÈ, 

z=2Zr4+Z' (v—- 2), 


which are expressions for æ, y, z involving three variables, viz. m (through 
the quantities a, b,c), y (through à and v), and ¢ (through X, Y, Z, X’, Y’, Z^). 
These three variables can be reduced to two as follows. 


We have 
ada + b’db + ode =(a"a' + bV +.0'C) (a? +b? +62)? du 
Oe 
hence, as a”a + b”b + c”c = 0, it follows that 
ada” + bdb” + cdc” =0. 


Also 

a dat z b” db” a c”de” => 0. 
Consequently 

a Edo de: 

be” —b'c ca” —c"'a ab" — ab’ 
that is, 
da” _ db" _ de’ 
ie U g 
= dé, 


say, where @ is a function of m only. Thus 


ada” +b'db”+cdc’= dé; 
and therefore 


ada’ + b’db’ + c’de’ =— dé. 
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Hence 
Xda =dé.sint, 
LXda’ =dé. cost, ` 
Z XdX’' =X (Xdt + da’. sint + da”. cos t) 
= dt + dé. 


Now along the surface, we have 
Xde + Ydy + Zdz=0; 
and the foregoing values of æ, y, z must satisfy this relation. Substituting, 


we find 


dd + (v — 22)? (dt + d0) = 0, 
that is, 
= dt =(v—2)~2da + dó. 


With this value of t, the equations of the surface are 
æ= fa" (v — »)2 +a} cost + fa’ (v— O —a’r} sint 
y = {b”" (v — r2)2 + DA} cost + {b (v — n2)8 — bà} sint 
z={e"(u- a3)? + cr} cost + {c (v — a3)? — cà} sin t 


II. Now take the less special case, when the constant k is not zero. 
The equations are 


aX +b¥Y+c4Z=—ck 
aX +yV+(2—kr)Z=xr 
ax + by +cz=0 
æ + yY? +2 2k = 2v 


AE VETA | | 


The equations are homogeneous in a, b, c; so we can take c= -— 1. Following 
Serret*, let 
=-p(lt+pt+@)% Y=-qd+p+@)?, Z= +p +e} 
where p and q now denote the derivatives of z with respect to æ and y. The 
first equation is satisfied identically. The remaining equations become 
ap+bq+1=—-k( +p + gÈ 
z — pe — qy= {k+ (1 + p + PË 
z — ag — by=0 l 
e+y?+2—22krz = 2v 
where à and v are functions of u, so that A is a function of v. From the 
second of these, we have 
— ædp — ydq = {k + (1 +p? + È) Ndu + (14+ p? + TÈN (pdp +qdq); 
* Liouville’s Journal, t. xviii (1853), p. 141. 


200] LINES OF CURVATURE 337 


so that, when p and q are taken as the parametric variables, we find 
e=- {k+ (1 +p + q)?) N -p1 +p +g) ÈA, 


y=- {k + (1+ p+ q$) ne —q +p +g)", 
q 
and therefore 
a 
z=- [k+ (1+ p+ g) (pata 
Substitute in 


dv ? 2 a- 
A +++) 
z =æ + by, 


and take account of the first equation ; then 


0 0 
a-p + 0- aa, = 0. 
Substitute also in 
e+ y+ 2 —2Wkrz = 2v; 


then | 
(k++ pes gt} y T Gh + (v z y 13) Ka (hk? TA F Qu, 
Consequently, i 
abd, =-(a-p)A, 
where 


AN = {(-1) 4 Qu} (1+ ptt) 2(@ +B 41-2) 72 kt (tp + ee. 


The relation 


du Ou 
dv = dp dp an aq dq, 
for the determination of v, now becomes 
Adu S (b - q) dp — (a - p) dq 


(k-12) (+p? (etl e klp 
together with 3 
ap +bq+1=-k(1+pP+eF. 


As the left-hand side of the differential relation is a perfect differential, the 
right-hand side also must be a perfect differential. To evaluate it, write 


; tbl- ALAU pty. 
sin ¢ = ( Sa ra 
a? +b k+ (+p +e 
then, after reduction, we find 
Adu oS (a'b — ab’) dm 
(ke-1) +2}? (a+b) (a+ b41- k 
F. ) 22 


+(1- k)? dh =0, 
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where the variables are separated. We thus have ¢ as a function of m and v; 
and then from the equation for sing, together with the relation between 
a, b, p, q, we have p and q as functions of m and v, that is, we have 2, y, z 
expressed as functions of m and v, which are the parametric variables of the 
lines of curvature. - 


For a more detailed development of this result, reference may be made to 
the memoir by Serret already quoted* and to the memoir by Cayley. 


Ex. 1. Shew that, when u=ml, A=m, a=0, 8B=0, y=0, where m is a constant, the 
surface is developable. 


Ex. 2. Shew that, when all the quantities c, 7, u, a, 8 vanish, the surface is one of 
revolution. 


Ex. 3. Shew that, when the relations 
C=O C= 0,5 u=m, B0, A=m 


are satisfied, the surface is tubular. 


General Equations for Arbitrarily Assigned Curves. 


201. In the preceding discussion of surfaces possessing assigned classes 
of curves as their lines of curvature, there has been a limitation to curves 
that are plane or spherical; the main reason (other than the comparative 
simplicity of the curves) for the limitation was that it facilitated the 
construction of integral results by the method of investigation adopted. It 
is at least worth while formulating the problem in its most general type, 
when the assigned lines of curvature are any two families of curves whatever, 
subject of course to such necessary conditions as are demanded by the 
equations. 


Let the surface be referred to the lines of curvature as parametric curves, 


so that 
F=0, M=0; 


then the Gauss characteristic equation is 
( 4LNEG = E (£,G, + G2) + G (AG, + HY) — 2EG (Ex + Gy), 
while the Mainardi-Codazzi relations are 
VEEN, I OPEN 
Let s denote the arc along the line of curvature, p = constant, the arc being 


measured from some director curve; and let ¢ denote a similarly measured 
arc along the line of curvature, q = constant; then 


ds=G2dq, dt=E*dp. 


Tkon Pe 144, 
+ Coll. Math. Papers, vol. xii, p. 624. 
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The lines of curvature are to belong to known families of curves, so that (§ 19) 
it is sufficient to know the circular curvature 1/p and the torsion 1/¢. Then p 
and o will be functions of s and, as they may vary from line to line, they may 
be functions of p also; let 


p=f (s, p), c=hXs, p). 
Further, at the point in question, let œ denote the angle between the normal 
to the surface and the principal normal to the line of curvature; then (§ 126) 


1__da 
gel ads’ 
and therefore, as 
ds _ } å 
dq = G EAD E N EEN A E E ADOR (i), 
we have 
d= Gt Gg 
d oT lap) (11) 
q o <h(s,p) 


By the known results, giving the curvature of a normal section of the surface 
through the tangent to p= constant and the geodesic curvature of the line 
p= constant (§ 127), we have 


N ċoss cosa 


Caw Ava Ay pe epee (iii), 


Gura = sin w 

2GH? ` f(s, p) 

Denoting the circular curvature and the torsion of the other family of 

lines of curvature by 1/p’ and 1/o’, we have p’ and o’ as functions of t and q, 
say 


p =gtt, g) o = k(t, q). 


Also, at the point in question, we denote by œ’ the angle between the normal 
to the surface and the principal normal to the line of curvature; then we 
have the relations 


= E E T ce eae eS 
dw’ E? 

“hae = Ae Ne (vi), 
L cosa’ * 

= a Sea be (vil), 

e SL o's uae Gai 


2EGt gg) 

In the last eight equations, there are initially eight unknown quantities, viz. 

s, @, t, w, E, G, L, N, the independent variables being p and q; the equations 
l yew) 
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are potentially sufficient for the determination of the magnitudes, and will 
give expressions that involve arbitrary elements. But the quantities Æ, G, 
L, N must satisfy the characteristic equation and the Mainardi-Codazzi 
relations; and so there will be conditions to be satisfied not merely by the 
arbitrary elements, but also by the quantities f, h, g, k, œ, w. In the 
simplest instance, when the two families of lines of curvature are plane or 
spherical, we saw that the parameters and other magnitudes connected with 
the lines are certainly subject to one relation and so cannot all be taken 
arbitrarily ; the relation is additional to the limitation that the curves are 
plane or spherical. A fortiori it is to be expected that, when curves are 
assigned initially without the specialising limitation, they will have to satisfy 
some condition or conditions, in order that they may provide the two systems 
of lines of curvature for a surface. 


Ex. 1. To illustrate the analysis, let it be required to determine surfaces having 
circles for both sets of lines of curvature. Then 


p=f(p), a '=0, 
Po Dia O 


hence 
ros if Kel 
aq dp 
Consequently 
a=P, a’ =Q, 


where P is a function of p only that may be constant or zero, and @ is a function of g 
only that may be constant or zero; these two results are, of course, Joachimsthal’s 
theorem on plane lines of curvature. 


Suppose that neither P nor Q vanishes in general. The special equations (other than 
the intrinsic relations for all surfaces) are 


N cosP 
ree FIG Wom eu ithe as Co oes (iiy, 
GEE _ sin P Ga 
sant = FAC mean oO Seat (ivy, 

L cosQ 
jie '1C) San (vii), 
B __sin@ ae 
25G} do a (viiiy, 


potentially sufficient to determine Z, V, E, G. The equations (iv) and (viii) suffice to 
determine Æ and G; their primitive is 
2 in P 
B AE U E 
GEO 


@-$ (Hi Ke 
mae tO 


where H is an arbitrary function of p and H” is its derivative, while Æ is an arbitrary 
function of g and X’ is its derivative. Then Z is determined by (vii and V by (iiy. 
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These quantities are to satisfy the intrinsic equations common to all surfaces. 
Substituting in the Mainardi-Codazzi relation 


L= (ptg) & 
a een E A } 
fF) ga) K' g(9)) 


As His a function of p only and Ķ of q only, while p and g are independent variables, we 


must have 
1 d {cos Q) _ A 
Phd dy {os | =constant=a7}, 


9 (9) 


say; and the foregoing equation then gives 


we have 


cos P cos Q 
H- -{ + aa : 
STE E 
Each side of this equation must be a constant, say —8; then 
cos P 
fp) ® 
cos Q 
K=-a—~+B 
a 


which satisfy all these equations. The same result follows from substituting in the other 
Mainardi-Codazzi relation. 


There remains the Gauss characteristic equation. Writing 


cos P __ cos Q _ 
fia? EA 
sin P_ sinQ _ 
FO rch ae: 


so that 
E7* Pi =(P,-Q) Ps, -O Egi (PG) 


and substituting in the Gauss equation, we have 


+ P 
POA PO 4+ Q Ps praAtB, 
Qı 1 
where 


A=P:PrZi-Pi, B=0,Q -Q 
so that A is a function of p only, and-B is a function of g only. Hence 
P (+85) +05, (Pape) = 45 
Py i (@+@ 22) QP =B, 
Pid (aro Gi) +g (Pap) =0 


From the last of these derived relations, we have 


d z IQ! d Py Epu 
5, (ato Gs) =r, J (Pz) a PY, 
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where @ is a constant ; and therefore 
t P. if ; ‘ 
+O Baath, P, 55= -a Pite, 
Qi Py 
where 0’ and ¢’ are constants. Consequently 3 
QP + =a Q? +20 QI +m, 
Pg= -a Pe+2c P+ w. 

Instead of using the other derived relations, we substitute these values in the modified 
form of the Gauss equation; it becomes 


bP, +¢Q,= -ePi bR lmm), 
so that 
b=- m+m=0. 


Accordingly, all the necessary equations are completely satisfied by the set of values 
QP+Q2= aQ- Q +m 
P2= —a' Py2+2c¢°Py—m 
H= (aP,=8 
C= —aQ+B 
These values are required for the expressions of E, G, L, N. When these are formed, 
a and 8 disappear; so that, in the forms obtained, three arbitrary constants a’, ¢’, m 
appear. 


The expressions can be simplified by changing the independent variables. Let new 
variables @ and @ be introduced, defined by the equations 


1 1 
— = u — 4 cos $, —=p'—ccos 6; 
P, Ie Q, Or K OS 
then 

P, ar: Qo Gry 

Ao Q, eins 0, 
provided 

1 / + t 
m=- C=mp=mp', a'=m (p -a)=l1 +m (p?— c). 
The last conditions are satisfied, provided 
=p, @=0—b?; 

and thus, instead of the three constants a’, c’, p, we have four constants a, b, ¢, p, tied by 


the relation 
=a? b? 


Let Ẹ and G, L and N, be the fundamental quantities when p and ð are made the 
independent variables, instead of p and q; then 


— /dp\? a /d6\2 
f= ee = aX 
a n S A 3 


and so for the others. After simple reduction, we find 


PAP (u — c cos 8)? 
(a cos œ — c cos 6)?’ 

G= b? (p — a cos p)? 

(a cos œ — c cos 6)?’ 
Ya o a 
E E ,u-ccosé’ 
ae ee 
G Q p-acosp 
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These (together with F'=0, M=0) are the fundamental magnitudes, of the first order and 
the second order, belonging to a Dupin cyclide. ` Hence, by Bonnet’s theorem (§ 37), the 
surface is a Dupin cyclide. 


Ex.2. In the preceding analysis, it has been assumed that both P and Q are generally 
different from zero. 


Shew that, when one of the two quantities vanishes, say P=0, the surface is an anchor- 
ring, given by the intrinsic Aen 
E=(e+cos 9), F=0, a 
L=c+cos q, M=0, N=) 


Ex. 3. Shew that when both P and Q vanish, the surface is a developable surface *. 


202. On the main line of development, especially when one of the 
families of lines of curvature is plane, much simplification comes when 
l/s is zero, so that œ is constant and may be zero. The most direct 
illustration arises in connection with tubular surfaces; that is, surfaces 
which are the envelopes of spheres, having their centres on any given curve 
in space, and having their radii any assigned continuous function of the are. 


Reference in general to surfaces, having one (but only one) system of 
plane lines of curvature, may be made to Darboux+ and to Bianchif. 


- 


Weingarten Surfaces. 


203. One or two incidental references. to Weingarten surfaces have 
already been made; and some special examples have arisen, particularly 
surfaces having a constant Gaussian measure of curvature and surfaces 
having a constant mean curvature (including minimal surfaces). We proceed 
to obtain some properties of these surfaces in general, defining them as 
surfaces whose principal curvatures are connected by some functional relation§ 


F (a, By=0. 
We refer the surface to its lines of curvature, so that 
Lae l F=0, M=0. 
The Mainardi-Codazzi relations are 
TEREN TEN 
1y=3(+g) E M=z(ptg) & 


* As regards these results, a note -by the author, Messenger of Math., vol. xxxviii (1909), 
pp. 3838—44, may be consulted. 
+ See his treatise, t. iv, pp. 198—266. 


t Geometria Differenziale, t. ii, chap. xxi. 
$ They were first discussed in general by Weingarten, Crelle, t. lxii (1862), pp. 160—173. 
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Now = r 
hence Pay E; A 
-323p et G)~ me 
B (LM 
--3p (E-G 
y (3-3) 
= OPa 
and therefore 
= 
fy 2 B 
ae ae a 
so that a 
E= Pe lees 


where P is a function of p only. Taking a new variable p such that 


dp’ = P2dp, we effectively make P equal to unity; so we can, without loss 
of generality, write 


a dp 
E=e 1B 4-8 
Similarly, we can take 
B da 
G= 2 a B—a 
Also 
FE 3G. 
as B > E a > 


thus the fundamental magnitudes of the surface are known, because the 
integrals in Æ and G are complete through the relation F (a, 8) =0. 


Ex. 1. In the case of a minimal surface, we have 
a+f8=0, 
Les, Gea Let, NS 
The lines of curvature are the parametric curves; the asymptotic lines are given by 
dp? + dq?=0. 


so that 


Ex. 2. In the case of a surface having its Gaussian measure of curvature equal to a 
constant, we have 


aB=c, 
where c is constant; then 
cae et 
= EST baa ery, 
1 1 
ae sak ty 


so that the fundamental magnitudes are known in terms of a and 8. As before, the lines 
of curvature are the parametric curves; the asymptotic lines are given by 


dp? — dq? =0. 
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xz. 3. In the case of a surface having its mean measure of curvature constant (but 
not zero), so that 


el 

= pases, 

we have Spang 
a CEAS B+a 
P-S mae 
a-—p’ G B-a 


As these satisfy the condition that 
02 E 
pa (g) 


the lines of curvature form an isometric system*—a known property of surfaces having a 
constant mean measure of curvature (§ 64). 


204. Returning to the general equations for the Weingarten surface, we 
can express the fundamental magnitudes in terms of a single parameter. Let 


da 
e'B-a = 
so that 
da e. 
T 6” 
and therefore 
da 
B=a—-O7,. 


Now we easily find 


so that 


hence 


Moreover, we have 


x F(a, B)=9 


* For Weingarten surfaces in general, on which the lines of curvature are an isometric 
system, see a memoir by Demartres, Ann. de Toulouse, 2™° Sér., t. iv (1902), p. 341. The 
complete solution of the problem requires the integration of an ordinary non-linear equation of 
the third order. 
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in general, say 
B =f (0); 


then we have 


da 
a— 07, = f(a), 


that is, 
dé AS aie 0 
OE O 
The arc-element of the surface is 
RENE 
ds? = PERG dp? + PE dq’, 
T) 


where @ is a function of p and q. 
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But the resolution of the equation F(a, 8)=0 in the foregoing form 


B= (a) may not be possible, even when F is a rational function. 


In that 


case, the simplest instances would lead to Abelian integrals and algebraic 
functions in the expressions for # and @; some of them might be worth 


investigation. 


Ex.1. Let a=$6?; then 


d 
B=f(a)=a—67,= - 46%, 
so that i 
a+B=0; 
the surface is minimal. We have 
E=}, G=}, 
so that the element of arc is given by the equation 
ds? =} 6? (dp? + dq’), 


the lines of curvature being an isometric system. When we substitute in the Gaussian 


characteristic equation, we find 
02 02 1 
jg (108 8) + zalog 8)= Ges 
or, with the transformation @=e", we have the equation 


Uy + Ugg =e ~ ™, 


Consider the surface of centres of the surface. The arc-elements on the two sheets 


are (§ 81) given by the relations 
2 
do? =da 4E ( £ s) dp, 
B\2 
do'?=dp?+ @ ¢ > 2) dq’, 
a 
in general for any surface; in the present case, we have 
da? = 6? (d0? + dp?), 
do? = 6 (dé? + dq?), 
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so that, on one sheet, the lines 6=constant and p=constant (that is, the lines a=constant 
and p=constant), and, on the other sheet, the lines 6=constant and g=constant (that is, 


the lines 8=constant and gy=constant), are isometric orthogonal systems on the surface of 
centres. 


Hg. 2 Let 
d 
0=sin $a, Jg 7008 bo 
so that 
daN? 
(a) Eg 
Then 


and therefore da=} cos? zo do=} (1+ c08 w) do, 
a=}(o+sin o). 

B=} (o —sin o). 
Hence the functional equation of the Weingarten surface is 
2 (a-ßB)=sin 2 (a+8); 


and the arc-elements on the sheets of its centro-surface are 


Similarly 


do? =cos' $a ($do)} +sint $o (dp)’, 
do? =sin' ġo ($de)? + cos zo (dq). 


Ex. 3. Obtain expressions for the principal radii of curvature in terms of a single 
parameter for each of the surfaces 


nee 
CA es 
aß =k? 


205. It follows from the functional equation F(a,8)=0, defining a 
Weingarten surface, that 


% 8. — 8, = 0. 


As regards its two-sheeted surface of centres, the Gaussian measure of 
curvature for one of them is (§ 81) 


1 (oy 
K= 2 
(a = BY Ap 
and for the other of them is 
1 a 
k= 
(a — BF B, 


hence for the Weingarten surface the product of the specific curvatures for 
the sheets of its centro-surface is such that 


fie 
— (a— By 


Again, assuming that the original surface is referred to its lines of 


KK’ 


348 PROPERTIES OF [CH. IX 


curvature as parametric curves, we have the asymptotic lines on the first 
sheet given by the equation (§ 81) 


B a 
Haste — Gee = 0, ` 
and the asymptotic lines on the second sheet given by the equation 
B a 
-Ep + Gap =0. 
When the original surface is any Weingarten surface, these two equations 
are the same; hence the asymptotic lines on the two sheets of the centro- 


surface of a Weingarten surface correspond to one another—a result due to 
Ribaucour (§ 83). 


The asymptotic lines on the original surface are given by 


Ldp + Nde =0, 
that is, 

E 2 G pan 

g dp? + = dq =0. 
If the asymptotic lines on the centro-surface correspond to the asymptotic 
lines on the original surface, their equations must substantially be the same ; 
that is, 

Bs = a, sh = a, 


6B ae aey aa. 


a3 = constant. 


and therefore 


Hence the only Weingarten surfaces, such that the asymptotic lines on the 
centro-surfaces correspond to the asymptotic lines on the original surfaces, 
are those which have a constant Gaussian measure of curvature. 


As another result, also due to Ribaucour (§ 82), we have the theorem 
that the only surface, such that the lines of curvature on the centro-surface 
correspond to one another, is a Weingarten surface such that 


a — 8 = constant ; 


but these lines of curvature are easily seen, from the analysis used (Z. c.) in 
establishing the result, not to correspond to the lines of curvature upon the 
original surface. 


206. Consider any elementary arc on either sheet—say the first sheet— 
of the centro-surface of a Weingarten surface. In general, (§ 81), it is 
given by 


do? = E (1— 3) dp” +da; 


and therefore, for the Weingarten surfaces F (a, 8) = 0, we have 
do? = dæ + f(a) dp, 
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where f(a) is a definite function of a, the form of which depends upon the 
form of F. Also 


ro-hi” 
22E 
=(a- Bye 


Ee ba 


> 


any additive constant being absorbed into the integral; so that the element 
of arc on the first sheet of the centro-surface is 


da 
dat = dat +0°!5-F dy? = dat + f(a) dp? 


Similarly, the element of arc on the second sheet of the centro-surface is ` ~ 


o f a 
do’ = dp? +e /®-*dq = d° + g (B) dg. 


Both these arc-elements are characteristic of a surface of revolution ; 
hence either sheet of the centro-surface of a Weingarten surface is deformable 
into a surface of revolution, a theorem first enunciated* by Weingarten 
himself. To consider in slight detajl the surface of revolution into which we 
can deform the sheet having 


do? = dæ + f(a) dp’? 
for its arc-element, let the equation be 
Z=P(r)=P; 


where the axis of z is the axis of revolution, and r is the distance of a point 
on the surface from the axis. Its arc-element is 


ds? =(1+ P”) dr’? + rdg, 
and therefore, under deformation, we have 


(1+ Pdr = da, 


dọ = dp, 
=f (G). 
From the last, we have 
di = Lf Bf’ da, 
and therefore 
14 P2241 


Ta 


P=|P'ar=]|(1 FY aa; 


* Orelle, t. lix (1861), p. 387. 


Consequently 
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an equation which, in conjunction with 


i =f (a), 
determines the surface of revolution, 


x 


Thus, for the minimal surface a+$8=0, the surface of revolution is 
given by 
97 = + y — 1); 


and, for the surface having its Gaussian measure of curvature constant, the 
surface of revolution is a catenoid. 


Ex. Obtain the surface of revolution, to which the centro-surface of the Weingarten 


surface 
a+cB=kh, 


can be deformed ; discussing, in particular, the Ribaucour surface for c = — 1. 
207. A sort of converse of the preceding theorem, also due* to 
Weingarten, can be enunciated as follows :— 


Any surface, that is deformable into a surface of revolution, can be regarded 
in general as a centro-surface of a Weingarten surface. 


The theorem is little more than an interpretation of a different arrange- 
ment of the preceding analysis. When the surface of revolution is given, 
we have 

da= (1+ P”)? dr, 


for the purposes of the theorem; so that, as P’ is known, we can regard a as 
a known function of r, determined by the relation 


ae | (+ PÈ dr. 
Also 


hence 


and therefore 


a—B=r(1+P%)?; 
that is, 


B=-r(l+Py+ f0 + Pdr 
=— | rP’P" (1 +P)? dr. 
Thus a and 8 are functions of r alone; the surface is a Weingarten surface. 


* Crelle, t. Ixii (1863), p. 160. 
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208. We must note Lie’s theorem* that the lines of curvature on any 
Weingarten surface can be obtained by quadratures. 


The equation of the lines of curvature on any surface can be taken in the 
form 
VW=| Edp + Fdq, Fdp+Gdq = 
Ldp+Mdq, Mdp+Ndq 


We have seen (§ 133) that W is an absolute covariant for all changes of the 
independent variables; hence, taking the parameters (say u and v) of the 
lines of curvature as the independent variables, so that 


HS G 


IRA M’=0, RE Ne V= EB’G’, 
we have 
w=(2-3) aid 
= ddudv 
say. Now 
a 5 +2 ze a da 
Pis BG =e a B-a. 
hence 
1 0d ea Oa — Bay By ME ay 
om B= u 6 wea 6 66 —a 
= 0, 
and similarly 
Lag _ 
$ ov 
Hence 
$ = constant = 1, 
say, so that 


W = dudv. 


Returning to the original form for W, we have 


W => (EM — FL) dp + (EN — GL) dpdq + (FN — GM) dg’) 


1 | 
= 7 (EM — FL) (dp + pdg) (dp + p'dg) 
= 8S (dp + pdq) (dp + p'dq), 


where p, p’, S are known quantities. Comparing the two expressions for W, 
we take 


=R (dp +pdq), dv= R' (dp + p’dq), 
RR =8. 


where 


* Darb. Buil., 2™° Sér., t. iv (1880), p. 300. 
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‘As the expressions for du and dv must be perfect differentials, we must have 


oR oR op = Ok’ oR’ , Op’ 
= =p R , 
ag 8 Op tap’ Bq? Opt ap = 
Hence 
os oR oR’ 
òq Eik R 
EES ORT oR’ op . op 
= oR G+ PRS ie a 
that is, 
p ok fe pit rel OS (2 -7 
Rəp F op Soq_ \ðp p” 
Also i 
LOR | IEOR RIOS 
Roop RIOp ~ Sop’ 
10R leo: : x es 
hence R an and R’ dp are expressible in terms of known quantities. The 
earlier equations then give ee nd Eee in terms of known quantities, 


Rog > Eq 
so that R and R’ are determinable by quadratures. When their values are 
known, and are substituted in du and dv, then u and v are determinable 
by quadratures—which is Lie’s theorem. 


EXAMPLES. 


1. A surface has both its systems of lines of curvature plane or spherical. At any 
point the plane (or sphere) of one system cuts the surface at an angle @;, and the plane (or 
sphere) of the other system cuts the surface at an angle œz, while the one plane (or sphere) 
cuts the other plane (or sphere) at an angle œ2; prove that 


COS w12 = COS w1 COS w9. 


2. Shew that the spherical image of a Weingarten surface is given by the equation 
dp? dọ 
dS? = ~~ +—4— 
y Pay 
where the principal radii of curvature are connected by the relations 


B=¢ (y) a=¢(y)- yọ (y) 


3. Shew that the asymptotic lines of the centro-surface of a Weingarten surface 
correspond to nul lines in the spherical representation when 


a+8=constant; 


and that they correspond to nul lines on the surface when 


+-—=constant. 


aie 
Rin 
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4, Shew that, for a Weingarten surface 
a—B=c, 
the geodesic curvature of the parametric curve p=constant on the first sheet of its centro- 


surface and the geodesic curvature of the parametric curve g=constant on the second 
sheet of its centro-surface are equal to one another, the common value being 1/c. 


5. The arc-element on a class of surfaces, referred to lines of curvature as parametric 
curves, is such that 


G?=9'(B), 
and the Gauss measure of curvature is given by 
p (E?) (p(B) - EtG; 
prove that the surfaces are of the Weingarten type. 
6. Shew that, if a minimal surface has plane curves for one system of lines of 
curvature, its other system of lines of curvature also is plane. Illustrate the result 


in connection with Enneper’s minimal surface by shewing that every line of curvature 
is a plane cubic; and verify that its asymptotic lines are skew cubics. 


7. A surface has one system of its lines of curvature spherical; prove that the 
radius of circular curvature of the lines is 


P+ Qg Že, 


where P and Q are functions of the parameter q of the lines, while e and g belong to the 
spherical image of the surface which is supposed referred to its lines of curvature as 
parametric curves. 


CHAPTER X. 


DEFORMATION OF SURFACES. 


THE problem of the deformation of surfaces has attracted many investigators. In 
its most general form, the discussion was initiated in the famous memoir by Gauss, 
so often quoted; and other investigations of the utmost importance for surfaces in 
general are due to Bour, Bonnet, Darboux, and Weingarten, among others. References 
to the original authorities will be found in Darboux’s treatise, vol. iii, Book vii, 
chapters ii—-iv. Reference may also be made to chapter vii in vol. i of the treatise by 
Bianchi; and important analytical developments are contained in the third volume of 
this treatise, published in 1909. 


Among surfaces that are subjected to deformation, special interest attaches to the class 
of ruled surfaces. This problem seems first to have been considered by Minding* ; among 
later writers, special mention should be made of Bonnett and Beltrami{. References are 
given by Darboux § and by Bianchil]. 


Among the deformations of surfaces which have secured much attention from 
mathematicians, there is one considerable class, viz. infinitesimal deformations, important 
alike on account of their intrinsic interest and the variety of results (as well as of methods) 
connected with them. Moreover, while some of the results are of long standing, much of 
the body of known doctrine belongs to more recent years. Full references are given by 
Darboux T and by Bianchi**, both of whom have made important contributions to the 
subject; and no lack of appreciation of the work of Beltrami, Guichard, Keenigs and 
Ribaucour is implied, because a special reference is made solely to two memoirstt by 
Weingarten, Only the briefest account of the elements of this interesting part of the 
theory will be given in this chapter; the authorities just quoted should be consulted 
for fuller discussion. 


* Crelle, t. xviii (1838), pp. 297—302. 

+ Journ. de V Ec. Poly., cah. xlii (1867), pp. 1—151. 

t Ann. di Mat., t. vii (1865), pp. 105—138. 

§ In the chapter occupying pp. 293—315 of vol. iii of his treatise. 

|| See his treatise, ch. viii. 

‘| Treatise, practically throughout, vol. iv. 

** Geometria Differenziale, vol. ii, pp. 1 et seq., 172 et seq. 

tt Crelle, t. c (1887), pp. 296—310 ; Acta Math., t. xx (1897), pp. 159—200. 
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ios) 
Or 
Or 


Deformation and Applicability ; Initial Conditions. 


209. Let a surface be supposed flexible; and let it be changed in any 
manner and within any limits, provided there is neither stretching nor 
tearing. Any such change is called a deformation of the surface. 


Again, let two surfaces be given such that either of them can suffer a 
deformation into the other, or (what is the same thing) that both of them can 
suffer deformations into some one and the same third surface. The two 
given surfaces are said to be applicable to one another. The mathematical 
theory of the applicability of two surfaces is usually (but not always) the 
same as that of the deformation of one surface; so it will usually be 
convenient to speak of the latter alone. 


Imagine any curve or curves drawn upon a surface; and let the surface 
be deformed. As there is no stretching or tearing, the distance between any 
two points on a curve remains unaltered when the distance is measured 
along the curve; in particular, any infinitesimal arc at a point remains 
unaltered. The angle between two curves through a point remains unaltered 
—a property secured by having every infinitesimal arc at a point conserved 
in length throughout a deformation. If, then, an arc-element on a surface is 
given by 

ds? = Edp + 2Fdpdq + Gde, 
and the deformed arc-element on the surface, however deformed, is given by 
ds? = E' dp? +2F'dp'dg + G'dq?, 
the necessary and sufficient condition is that, for all variations of the 
parameters, we must have 


ds = ds’. 
This comprehensive condition must be translated into more amenable forms. 


Manifestly, geodesics (being the shortest distance on a surface between 
two points) remain geodesics through any deformation; and similarly, the 
geodesic curvature of any curve (being the arc-rate of deviation of the curve 
from a geodesic tangent) remains unaltered. In fact, any absolute covariant, 
which involves only the equation of a curve or curves and the fundamental 
magnitudes of the first order (being those which occur in the arc-element), 
remains unaltered in a deformation. In particular, the Gaussian measure of 
curvature of a surface is expressible in terms of Æ, F, G and of their 
derivatives of the first and second orders ; accordingly, it remains unaltered 
during all deformations. The latter property is a condition necessary to 
secure that one surface can be deformed into another; it is not, however, 
a generally sufficient condition. But it is sufficient to prevent a sphere or 

93—2 
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a hyperboloid of one sheet from being deformed into a developable surface ; 
sufficient, also, to prevent an ellipsoid or a spheroid from being deformed 
into a sphere. Even a surface of constant curvature cannot be deformed into 
another surface of constant curvature, unless the constants are the same. 


210. As an example of the deformation of one surface into another, 
tested by the invariability of the arc-element, consider the catenoid of revolu- 
tion 


r=(æ + PÈ = ç cosh z 


Taking 
x=reosd, y=rsin o, 
we have 
ds? = dr + rde + dz” 
= dr’? + rdo? + = dr? 
y? 
= AE =o dr? + rdp? 
Let 
l 
PETES 
then 


ds? = dP + (P + e) d¢’. 


Now consider the helicoid 


Taking 
y=uUsNY, L=uUcosY, a= aU 
we have 
ds” = du? + (uw? + a?) dv’. 


Manifestly the arc-elements are the same, for all variations, if 
U=p, v=, a=C; 
in other words, the catenoid 
r=ccosh~ 
é 
can be deformed into the helicoid 


a 
J = tan~. 
P c 


We leave, as an exercise, the verification of the property that the Gaussian 
measure of curvature is the same for the two surfaces at corresponding points. 


211. Owing to a specially individual property of surfaces of constant 
Gaussian measure of curvature—that such a surface is applicable upon itself 
in an infinite variety of ways—, we shall discuss them first of all. 
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Take such a surface; and choose, for its parametric curves, a family of 
concurrent geodesics and the family of their geodesic parallels. Then the 
arc-element of the surface is given by 


ds’ = dp’ + Ddo, 
where the curves g = constant are the geodesics, and the quantity p is the 


distance along the geodesic measured from any selected directrix geodesic 
parallel. Then, if K be the Gaussian measure of curvature, we have (§ 68) 


To 
Dy 
moreover, when p=0, the general conditions (§ 68) require the limitations 
a on 
op 


for any non-singular part of the surface. When K is constant, there are 
three typical cases according as K is zero, positive, or negative. 


When K = 0, we must have 
gD _ 4 
i) ia 
D = pẹ (9) + ¥ (9). 
The conditions, when p =0, require that ¢(q)=1, y (q)=0; thus 
D=>p. 


so that 


Hence the arc-element is given by 
ds’? = dp? + pdg. 
When XK is positive, let its value be 1/a*; then 
a7 ULE 
Diop = 4 a. 
so that 


D=$(q)cos? +y (g)sin £. 
The conditions, when p = 0, require that 
$()=9 Wig)=4 
The arc-element is given by 
ds? = dp? + a sin? £ dq’, 
or (what effectively is the same thing) by 
ds? = a? (dp + sin? pdg’). 
When K is negative, let its value be —1/a?; then 
aps } 


Dop aa 
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so that 

ce $(q) cosh Ê + ar (q) sinh P, 
The conditions, when p = 0, require that > 


o(g=9, y)=a. 

Hence the arc-element is given by 

ds? = dp? +a? sinh’ Ê dq’, 
or (what is effectively the same thing) by 

ds? = a? (dp? + sinh? pdq’). 
Thus (as before, § 155) the surfaces of constant curvature have their arc- 
element of one or other of the forms 

ds? = dp + pdg, 

ds? = a? (dp? + sin? pde), 

ds? = a? (dp + sinh? pdg’). 


212. Now take two surfaces of the same constant Gaussian curvature. 
On them choose any two points O and 0’; and through each of these points 
draw a geodesic in any direction, measuring any distance p along the two 
geodesics. Let the surfaces be referred to the geodesics and geodesic parallels 
as parametric curves; the elements of arc on the two surfaces are given by 


ds? = dp + f(p) dg’, ds? = dp? + f (p) dq”, 
for one or other of the three forms of f(p). The arc-elements will be equal, 
and so the two surfaces will be applicable to one another, if 
dq? = dq”, 
that is, if 
q- = — > 
a relation which conserves the angle between corresponding pairs of geodesics 


through O and 0". 


Hence two surfaces of the same constant Gaussian curvature are applicable 
to one another, by making an arbitrary point on one coincide with an arbitrary 
point on the other and a second arbitrary point on the first coincide with a 
second arbitrary point on the second, the geodesic distances between the 
point-pairs on the two surfaces being the same. Thus two surfaces of the 
same constant Gaussian curvature are applicable to one another in an 


infinitude of ways. In particular, a surface of constant Gaussian curvature 
can be deformed over itself in an infinitude of ways. 


213. Among the surfaces of constant Gaussian curvature, which thus 
are deformable each upon itself, it is convenient to know those that are 
surfaces of revolution. We refer the surface to its meridians and parallels of 
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latitude; the former are geodesics which are not necessarily concurrent, and 
so the analysis in § 211 does not apply; we take the arc-element in the form 
ds = du? + r?dv*, 
where du is the arc-element of a meridian and r, the distance of a point on 
the surface from the axis, is a function of u only. Denoting by K the measure 
of curvature, we have 
1 dr 
rdu 
and therefore, for a pseudo-sphere having — 1/a? for its measure of curvature, 
we have i 


- K; 


dr r 


du? a? 


7 


so that 


w w 


r= Aet + Be %, 
where A and B are constants.. There are three cases :— 
(i) when A and B have the same sign; by adding a constant to u (which 
only means changing the origin of measurement along the meridian), 
we can make A = B, and then the arc-element is 


us. 
ds? = du? + c? cosh? — dv’, 
a 


while 
u 
r= c cosh =; 
a 
also 
du? = dr? + dz’, 
so that 


2b 
Cle uj? 
=| l- sinh? =) du ; 
a a 


Gi) when A and B have opposite signs; in the same way as in the first 
case, we can take A = -— B, and then the arc-element is 
9 2 Ou ae a W 9 
ds? = du? + e sinh? = dv’, 
while 
> u 
r=csinh -, 
a 


and 
E u\? 
z= | l- cosh?) du; 
a a 


(iii) when one of the two constants A and B vanishes (both cannot 
vanish); let B=0, and (as is permissible in the same way as 


before) take A =1; then the arc-element is 
2u 


ds? = du? + e% dv’, 
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while 


r=e*=asin ©, 


a= f(a — ae’) du x 
= a (log tan $¢ + cos ¢), 


which is the curve known as a tractrix. 


In the first case, we have 
(* + c Px me 
= || ——_—— } ar, 
| r — o 


so that r varies between c and (a?+c)}È; the quantity z is expressible in 
elliptic functions in the form 


2= (a? +0)? {E (0)- 0), 
where 
r=(a+ cys dn 0, k(a?+ œ)? = 0. 
In the second case, we have 


so that r varies between 0 and (@- eË; the quantity z is expressible in 
elliptic functions in the form 


z=aÍE(0)— 0}, 


where 


e 

r=(@- eno, k= (1 — Z) 

In the first case, the pseudo-sphere (said then to be of the hyperbolic 
type) has its meridian curve as in the figure on the left, the range being 


there from — K to +; and any part between (2m — 1) K and (2m+1)K is 
the same as the part drawn. 


‘I> 


In the second case, the psendo-sphere (said then to be of the elliptic type) 
has its meridian curve as in the middle figure, the range between the levels 
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of the cusps being from 0 to 2K; and any part between 2mK and (2m + 2) K 
is the same as the part drawn. 


In the third case, the pseudo-sphere (said then to be of parabolic type) has 
its meridian curve as in the figure on the right; it has cusps for ¢ = 4r, and the 
axis of z is an asymptote, the range for the curve being from ¢=0 to ġ =r. 


214. The formule for surfaces of revolution, as regards those deformations 
which always leave them surfaces of revolution, can be obtained very simply 
as follows*. Denoting the element of meridian are by do, and the axial 


distance by 7, we have 
do? = dr? + dz’, 


ds? = do + rde. 

For the deformed surface, when it remains a surface of revolution, we have 
ds? = do” + r°do”. 

All ares are to correspond ; hence 


Tdp =rdd, do =dae. 
The former is satisfied by 
Ter 


2 


and the latter gives Á 
dz? + dr? = dr? + de, 
that is, 

dz? = dz? + (1 — k?) dr’. 


The required surfaces of revolution are given by 
f=kr, 2 = i (de + (1 — k’) dr?}?, 


Thus in the case of a sphere, z = sin 0, r = cos @; so 


7 = kicos 0, 
= fa — k’ sin? 0)? dé, 


in agreement with the preceding result. 


Ex. Obtain the deformations of a hyperboloid of revolution of one sheet, discussing 
the configuration of the generators. 


Deformation; General Equations. 


215. From the essential property, that geodesics remain geodesics 
throughout any deformation of the surface, we can deduce one equation 
relating to all deformations. 

Let the arc-element on the surface be given by 

ds? = d? + Pde, 
* Frost, Solid Geometry, p. 350. 
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where g may be regarded as a known function of u and v such that, for small 
values of u, we have 

g=u— 4K ++... 
where K, is the measure of curvature at the geodesic pole u=0. In any 
deformation, let the arc-element be given by 

ds? = dU? + GdV?; 
then we must have 

dU? + @d V? = d? + pde, 

and the deformations will be given by the knowledge of all values of U, V, G 
which satisfy this relation. We must have 


aa 


aU aU. ,0VaV _ 


ou ov $ Cu ov’ 


three relations involving the three quantities U, V, G. When we eliminate 
G and the derivatives of V, we find 


# (5c) + (Ga) <2" 


a partial equation of the first order for U containing the function g. 

Should, however, g be unobtainable, some other method must be used ; 
accordingly, we shall adopt a more generally effective method. 

216. By Bonnet’s theorem (§ 37) we know that, when the magnitudes 
E, F, G, L, M, N are known, the surface is determinate save as to position 
and orientation. But if only Ẹ, F, G are known, so that the arc-element is 
given, the surface is determinate save as to position, orientation, and deforma- 
tion. We proceed to indicate the equations for this limited determination of 
the surface. 


We have 
t—-2%.C -nA =LX, 
ma- ni -nA = MX, 
By — 2,1" — 2A” = NX, 
EN—M=KYP?, 


where the quantities T, 1’, T”, A, A’, A”, K, V are known functions of E, F, G 
and their derivatives. Also 


V®X == (Uta Yor) 
= (yè + 2°) (yo? + 22°) — (Yo + 22) 
= (E — wf) (G — x2) — (F — aa.) 
= V? — (Gee — 2Fxr æ, + Exe). 


217] FOR DEFORMATION 363 
Consequently we have 
(@y — aT — mA) (a — aI” — 2, A”) — (a. — 2,1’ — 2, A’? 
= (LN — M» Xe? 
= K [V° — (Qa? — 2Fx, x, + Ese), 


a partial differential equation, of the second order and the Monge-Ampère 
type, for the determination of æ. 


The same partial differential equation is satisfied by y and by z. 


Connected with the solution of an equation of this type, and especially 
with the process of obtaining an integral to satisfy assigned conditions, there 
is a subsidiary equation (commonly called the equation of characteristics * 
of the differential equation) which is of fandamental importance. Denote an 
equation by 


oS: 
its characteristics are given by 
0, 00) BOY See 
din, — mp PAH G0, = © 


Thus, for our equation, the charaeteristics are 
X (Ndg? + 2Mdpdq + Ld) = 0, 
and similarly for the equations satisfied by y and by z; that is, the charac- 
teristics are given by 
Ldp + 2Mdpdq + Nde = 9. 
Hence the characteristics of the equation for the determination of the surface 
are its asymptotic lines, a result that will be seen to bring these lines into 


specially significant relation with conditions that may be assigned as governing 
all deformations of the surface. 


217. Some forms of the equation are of special importance; we shall 
consider three of these forms. 


I. Let the equation of the surface be 
z= f (æ, y); 


and give to p, q; r, s, t their customary significance as the first and the 
second derivatives of z with respect to æ and y. We require the equation of 
the second order, satisfied by every surface into which the given surface can 
be deformed; so we take æ and y to be the independent variables throughout, 
and we denote by Z the ordinate of the deformed surface, and by P, Q, R, 5S, T 


* See-the anthor’s Theory of Diferential Equations, vol. vi, chap. xx. 
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its first and its second derivatives with respect to æ and y. Now, for the 
given surface, we have (p. 60) 
Halve, Leap G6 = lg) Veal yg 
VE=pr, VI'=ps, Vl” = pt, 
ViA=or, VEIN 9s... Va =a, 
rt — s 
K = ——.—; 

f (arpg 


hence the equation, which is 
(R — PT-QA)(T-— PT" — QA”) -—(S-— PI’ — QA’? 
= K |V? — (GP? — 2FPQR + EŒ), 
becomes 
(RT —S*?)(1 + p?+ @) — (rT + tR — 288) (pP + qQ) + (P?+ @—- 1) (rt — 8’) = 0. 
The general value of Z, satisfying this equation, will give the general set of 
surfaces derivable from 
z=f (x, y) 
by deformation. It ought to include (and manifestly it does include) the 
possibility 
Lm te 


II. Let the surface be referred to nul lines as parametric curves. The 
arc-element then has the form 


ds? = 4 dudby ; 


also 


M A ipa. 
P= T= 0; T720, 


nae w__ Ae 

A=0; A=0; A a: 
ee ae ow," 
K 2 dudv ` 


Then, using @ to denote a, y, or z, we have the equation for @ in the form 


(6,0, i) (B20 — o ™) — 6 2 


Lee See 


0 log 
= 9? 
(A — 0,8,) T ay 


To adopt the customary notation for partial differential equations with two 
independent variables, we write 


0; ="p, =g Oy; =a. OREN On, = t; 


218] FOR DEFORMATION 365 


and then, if 
ry Ne A P loga _ 
N A Ae L OO 
our equation for surfaces, deformable into a given surface, is 
rt — 8 — cqr — apt = b (N — pq) — acpq, 


the parametric curves being nul lines on the surfaces. Manifestly we have, 
among the coefficients a, b, c and the quantity A, the relations 


_dlogr 
jia Ou ” 
_ dlogr 
ee Ge 
p = 0% _ 2e _ Plog r 
= ov ðu uw ` 


The variables u and v are conjugate quantities, known (§ 55) to be derivable 
by integrating an ordinary equation of the first order; the quantity à is then 
a factor, obtainable by merely direct operations. 


III. Let the surface be referred to geodesic polar coordinates. The arc- 
element then has the form - 
de? = du? + Ddw. 
With corresponding changes of notation, the equation, which determines 
surfaces that are deformable into a given surface, is 


r(t + pDD -4 F) - (5-1 T) + EO- Dr-e) =0, 


the form being due to Bour. The equation naturally is equivalent to the 
equation in the preceding type of representation of the surface; but it is 
dependent upon the determination of the variables u and v, which requires 
the integration of an ordinary differential equation of the second order. 


218. Two other methods of constructing a critical equation—always of 
the second order, for the surfaces that arise by the deformations of a given 
surface, should be noted. One of them is due to Bonnet*, the other to 
Darboux Ff. 


In Bonnet’s method, the surface again is referred to its nul lines as 
parametric curves, and the arc-element is taken in the form 


ds? = 4?2dudv. 
All the surfaces, into which it can be deformed, are given by 
da? + dy? + dz = 4x’ du dv, 


* Journ. Ec. Polytechn., cah. xlii (1867), p. 3. 
+ See his treatise, vol. iii, p. 253. 
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so that 
aè +y +a =O, w? +y? +z =0, 


Lila + YY + ZZ = 2, 
The first two of these equations are satisfied by taking 
g=t (m+ w), y= m ne 27 =2mn, 
aE E D D m?—n, 
for any values of m, n, m’, n’; and then the third equation is satisfied if 


Z, = 2m'n', 


MN — M'N = Xr. 


But we must have 
0x, Oa, OY 2 OYs 02, ah é 
ov ou’ w ou’ w Ow’ 


and therefore 
MM, = Mmi, 

rg / 

MN =N'Ny, 


NM, + Mna = n'm + M'n’. 


Hence 


Ny m Ty My 

mom ie 
m? O fn’ 
—ir du \m 
mè oO (=) 9 
ar dv \m/ ’ 3 

say. Also 
n n ON 


and therefore 


1 o A i ð ee my 


ow \m ng ou \m/ mm? 
2a Bo t 0 (5) K2 Q: 
~ u\m m dou \m 7 
hence 
0 (es tO (S) 
Ae du \m/ — m du \m/" 
Similarly 
2 (2\=% NEN E 3 
ov \m) mæ mw e 
Now 
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where p and q have an altered significance, which correspondingly will be 
associated with r, s, ¢ Thus 


) WN, Ol (fi) 
Beier Mere 
O /n rO ek 
ities cae 
and therefore 
0 Ay OVER ONA OAN Oi 
ov Ura) Ue (4) ou (a) ~ Ou (a) ov (i) ‘ 


becoming, on expansion, 

A (rt — £) — 2A.gr — 2A, pt + 4pqMe2 = 0. 
This is the required equation; its difference, from the earlier equation in 
form, is due to the fact that the dependent variable now is 4 (y — tæ). 


When this equation is integrated so that € is known, we know m and m’; 
and then, by quadrature through the above relations, we find n/m, that is, we 
know n. The value of n’ follows from mn’ — m'n =i. Substituting in 

da = 1 (m + n?) du +7 (m? + n?) do, 

dy = (m? — œ) du + (m? — n?) do, 

dz = 2mndu + 2m’n'dv, s 
and effecting the quadratures, we have the equations of all surfaces derivable 
from the given surface by deformation. 


219. Next, consider Darboux’s method of constructing the critical 
equation—always of the second order—for surfaces deformable into a given 
surface. The latter still is referred to its nul lines so that the arc-element is 
given by 

ds? = 4A dudu ; 


all the required surfaces are such that 


da? + dẹ + de? = 4rdudv. 
Thus 
dæ + dy? = 4rdudvu — (pdu + qdvy 


= — pdw + 2 (2 — pq) dudv — gdr. 
The surface, of which the arc-element is given by 
ds? = — pdu + 2 (2X — pq) dudv — gdv*, 


is thus deformable into a plane; consequently, its Gaussian measure of 
curvature is zero. We have 


H=-p, F=2-pq, G=-¢, V?=4A0(pq-A); 
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and therefore 
4 (En — 2Fi + Gu) = rt — 8? — Wry. 
Also, with the notation of § 34, we have x 
m= -— pr, m =—ps, m” = 2^ — pt, 
n=2\,-qr, n =-qs, n'=—qt; 
and therefore 
nn” — n? = — 2d, gt + F (rt — 8°), 
nm” — n'm + mn” = 44 — 2A, pt — 2.gr + 2pq (rt — sè), 
mm” — m”? = — 2d pr + p? (rt — 8°). 
In order that the Gaussian measure of curvature may be zero, we must have 
4 (Be — 2F i + Gr) V” 
= — E (nn" — nn?) + F (nm — 2n'm' + mn”) — G (mm — m”), 
which, when we substitute and reduce, becomes 


Fe a Pn re cae OSLO 
TER Se Gm DEN DG) 2 cra ae aa age 


the equation in question. Manifestly it is a partial differential equation of 
the second order, being of the Monge-Ampére type; of course, the dependent 
variable is not the same as in Bonnet’s equation. — 

Moreover, supposing the value of z known, we have 

da? + dy? = — pdi + 2 (2X — pq) dudu — gdi’, 
so that 
w? +Y? = =p 
Dy By + YY = 2A — pq, 
Ly + Ys = — e; 
and therefore 
: (P + ay?) (P + a9") = (2X — pg — tt), 
that 1s, 
Pa? — 2 (20 — pq) tit + pa? = AA — AAPA, 
an equation of the first order for æ. 
When s is known from this equation, then 
Yy = — p— 2", YY = 2X — py — Liia, 
and so the value of y is derivable by quadrature. 

It thus appears that, whatever process be adopted, an essential and critical 
condition—in the form that leads to surfaces which are deformable into a 
given surface—is a Monge-Ampéere partial differential equation of the second 
order. The limitations of sufficiency of the equation, in varied possibilities 
will be discussed later; we shall now deal with some special examples. 


2 
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Es. 1. Consider the surfaces deformable into a plane. The square of the arc-element 
is equal to dx? + dy’, that is, 


dudv, 
where uw=x7+ty, v=x-— iy. Thus, for Darboux’s equation, A=}; and so the equation is 
rt—s*=0. 
The intermediate integral is 
q=f(P); 


and the primitive is 


z=autvf (a) +¢ (a) 
O= utef' (a)t+¢’ wor 
where f and ¢ are arbitrary functions. 
The equation for x now is 
Cx —2 (2) — ae) vivy + a? Hy2=4V? — 4a, 

where c=/ (a); and its primitive is 

xz=au+ßv +y (a) 

o= upo Pay a 


where 
— 2 (2 — ac) aß +a? B? =4X? — Aac. 


The equations for y are 
j= — p= E 
ye = -g 22 y= —@-—B=p? A 


and so the most general value is 
yY=pu+vv+p. 


The equations can be simplified by taking # and y as the independent variables, say 
L=uU, y=v; then 


z=an+yf (a)+o se 
0= x+yf'(a)+¢'(a))’ 
being a developable surface, as was to be expected. 


Ex. 2. Consider the deformations of a sphere, not restricted (as in § 213) to give 
surfaces of revolution. 


When the surface is referred to its nul lines as parametric curves, the arc-element is 


ds? Seay a mo alud, 
so that 
SER" 
~ (1+ur)’ 
for Darboux’s equation. Thus 
Ay — w A2 — 2u 
`a l+w’ A l+w’ 
@logh  =2 


uo Fw’ 
and so the differential equation, which governs all the deformations, is 


E e $ 
ee 1+wo 4404 ara aa 
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It is easy to verify that this equation is satisfied by 
2=f (w)=f (w), 


4 (w—1)? x 


where 
prs i ; 
(w+1)* w(w+l)t 


the sphere itself being given by 
l-—w 


eG Neel eigen: 


Ex. 3. Consider the surfaces into which the paraboloid of revolution 
Ww=wvr+y? 
can be deformed. To represent the surface, let 
z=4$), w=? cos 6, y=)? sin 6; 
the parameters of the nul lines are 
Pet 4 f PE ew: 
z= {5 (14+d)2 dd +26, 20=5 | x (1+)? dà- 18, 
and the arc-element is 
ds? = 4) dudv. 

We take 


g=uto=z | OHNA 


= oT- pog Atte! 
Obeh 
though the integrated form will not be used. Writing X= dA/dé, we have 
QR p E 
OENE sal (1+A)? : 
and therefore 
oi Pe fac) WENES 
LS ee 
@logr _ 2A 


w GHY? 
so that the Darboux equation is 
2_2(gr+pt) _ 
he 

(1+1)? 


+X 


: ENS ees ae SE 
Cl CESSA PQ) | 


ee ee 
AAP GH 


the customary partial differential equation of the second order and the Monge-Ampère type. 


Ex. 4. When we retain w and y as the independent variables, and again consider the 
deformations of the paraboloid of revolution 
22=8 +y, 
so that 
p=%, q=4, r=l, s=0, t=1, 
then the critical equation of the deformed surface is 


(RT—S?) Q+ +y)- (R+T) wP+yQ)+ P?+ -1=0, 


220] THE CRITICAL EQUATION 371 


say (with an obvious change of notation) 
pans eee WG Lee ao 
met) Tate ety 
This equation of the second order is of the customary type; and it is equivalent to the 


equation in the preceding example, regard being paid to the difference of significance in 
the symbols. 


The critical equation of the second order; its integrals. 


220. It is clear, from the general theory and from all examples which 
are not exceedingly special, that the determination of the surfaces into which 
a given surface can be deformed depends upon the integration of a Monge- 
Ampère partial differential equation of the second order. Adopting Darboux’s 
initial resolution of the problem, we have the equation in the form 

rt — s*—cqr — apt = b(A— pq) — acpq, 
where’ 
HP logr 
Oudv — 

The possible methods, at present known, of actually forming the primitive 
of an equation of this type are set out in treatises on differential equations. 
In general, no one of the methods is of compelling power; that is to say, a 
primitive cannot be obtained in finite terms, unless some special form or 
other characterises the quantity A. It may at once be said that no inter- 
mediate integral (that is, an equivalent partial equation of the first order) of 
the foregoing equation can be derived by the method of Monge or the 
equivalent method of Boole; nor can an intermediate integral be derived by 
the amplification of Darboux’s method for proceeding to the primitive of the 
equation. All that remains therefore is to see how far Ampere’s method, 
which is perfectly general in idea, can prove effectively manipulative in 
particular cases*. 


oh Reine b=2a,=2¢,=2 


Stated briefly for the equation 
rt—-s+Ar+2Bs+Ct=D, 


where A, B, C, D can be functions of æ, y, 2, p, q, Ampere’s method is as 
follows. Writing 
A=B?— AC- D, 


we construct the two systems of subsidiary equations 


dq + Rdv- A?du=0 dq + Rdv + Adu =0 
q ee 

dp+A?dv+ Tdu=0;, dp—A®dv+ Tdu=0 
dz— qdv— ad. dz— qdv— pdu=0 


* See the author’s Theory of Differential Equations, vol. vi, ch. xvii; and some remarks in a 
lecture before the Rome congress of mathematicians (1908) in vol. i of the Atti, as well as ina 
presidential address to the London Mathematical Society in 1906. 


. 24-9 


372 AMPERE’S METHOD [CH. X 


We attempt to frame some integrable combination of the first set; let it be 


f (p. q, 4 u, v, %) = 4, 
where a is an arbitrary parameter of integration. We attempt alsọ to frame 
some integrable combination of the second set; let it be 

I(Ps q, Z, % v, N)=R, 
where 8 is another arbitrary parameter of integration. The quantities a and 
@ are then made the independent variables; and we form the equations 


og Ga gO og ov 400 
ag t Bae A* 9B 0 aF Rata F =0) 
ap 4 300, pdt ap _ 390, p du 
ag t+ A’ agt ae 3 A? T3 i 
o OU a o a a 
3G EE eae Oa Taa A Baer 


These equations are to be integrated; the integration has the same range of 
practical possibility as the construction of the preceding quantities f and g. 
Arbitrary parameters of partial integration for each set are made arbitrary 
functions of the latent variable; and so the primitive may be obtained. 
But, as already remarked, it happens only too often in individual cases that, 
while the theory is complete, the practicability of a primitive in finite terms 
is out of the question *. 


And manifestly, at this stage, the analysis is much more concerned with 
the integration of partial differential equations than with the properties of 
deformation of which they merely are the expression. 


Ex. 1. Taking the equation for the deformation of a paraboloid of revolution as given 
in § 219, Ex. 3, shew that an integrable combination of the first set of subsidiary equations 
in the preceding statement of process is given by 


p-9+2 asn (1-82) =a, 


and that an integrable combination of the second set is given by 


Coia fa+x(ı -20t g. 


Lx. 2. Shew that the surfaces of revolution into which the paraboloid 


Complete the primitive +t. 


2z=% 4y? =r? 
can be deformed are given by 


z=r (r? + 20)? +clog{ir+0?+ 2c)2}, 
where ¢ is a parametric constant. 


* For a detailed construction of the results stated, see the author’s Theory of Differential 
Equations, vol. vi, ch. xvii. 


+ See a memoir by Calapso, Rend. Cire. Mat. di Palermo, t. xv (1901), pp. 1—32. 
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221. But, though there is the customary impossibility of integrating the 
critical equation in finite terms, there exists the important theorem due to 
Cauchy which governs the existence of integrals of partial differential 
equations. When it is applied to an equation of the second order, the 
theorem affirms the existence of a uniform integral, which is uniquely 
determined by the properties that z and one of its derivatives—say p— 
acquire assigned values along any given curve that is not a characteristic. 
The properties can be stated in another form. Let the curve be 


 (u, v) = 0, 
so that 
op Op, 
An du + T dv=0. 
Now 


dz = pdu + q dv, 


while z and p are given along the curve; hence q also is known along the 
curve, and therefore the properties can be regarded as giving the values of 
p, q, z along the curve. When u and v are w and y, as in the equation in 
§ 217 (1.), we can say that a surface exists as an integral of the equation, 
uniquely determined by the requirements of passing through an assigned 
curve and touching a given developable surface along the curve. But the 
assigned curve must not be a characteristic; in the present case, therefore, it 
must not belong to either of the families of asymptotic lines. 


In the most general form, the quantities w, y, z satisfy one and the same 
equation of the second order. Suppose that, when w=a, where a is a 
parameter and u is not the variable of an asymptotic line, the values of 
æ, y, z are required to be A (v), B (v), C(v), and the values of æ, y%, 2 are 
required to be a (v), b (v), c (v). Then 


e+ B+ =E 
aA’+bB'+cC'=F >}, 
A”? 4+ B+ C°=G4 


where Æ, F, G are given quantities; thus, in the least restricted assignment 
of conditions, three arbitrary elements appear to survive. The two inde- 
pendent variables are unassigned and arbitrary, yet they would have to 
disappear when the surface is represented by a single equation; so they may 
be considered as absorbing two out of three arbitrary elements. It follows 
therefore that one arbitrary element certainly survives, when all requirements 
are met and the surface is given by a single equation; and so a question 
arises as to the use which can be made of this disposable arbitrary element. 
Some instances are given in the propositions which follow. 
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Some illustrations as to deformation. 


222. For instance, can a surface S be deformed, while some curve ( upon 
it is kept rigid ? 


On the surface, take a set of orthogonal curves with parameters w and v, 
where 


y=0 


is the equation of the curve C’; and let È denote the deformed surface. The 
correspondence between the points of the surfaces S and © is birational ; 
hence, by Tissot’s theorem (§ 156), an orthogonal system on S has an 
orthogonal system on = as its homologue, and there is only one such system. 
By hypothesis, C is conserved through the deformations; hence the system 
of curves given by the parameters u and v on > is orthogonal. 


Again, as ( remains rigid, its circular curvature is unaltered ; and the 
geodesic curvature is not changed under deformation. Hence, with the usual 
notation (§ 104), the quantity sin w is unchanged along C; and therefore the 
normal to along C coincides with the normal to S along C. 


Denote by w’, y’, 2’ the coordinates for $, and by X’, Y’, Z’ the direction- 
cosines of the normal. Then, along C, we have 


Lae, y =, g@=2 
lá / 
Lı =X, Uh Uae, Ciel 


Ly = Xp, Yo = Yo, 22 a 


XK =X sYisY 2isZ 
that is, when v=0. From the second and the third lines we have 
By hy, Yn == iis fn =2y, 


/ / / 
UM, SL, Y2 SY, Ze = Are, 
when v=0. But 


Sy, FAL FA TLA: a =a,1" +2,A'’ 4+ UX, 
Bay = Aes p A BRIN + DENS, IA = DA Di + mA + M’X', 


and so for the other coordinates, the quantities T, A, T’, A’ depending only 
upon Æ, F, G which remain unaltered. Hence 


Te Dy. MEM, 


when v=0. The Gaussian measure of curvature is unaltered by the de- 
formation, so that 


EN — M®=LN— Mt, 
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that is, 

I'N’=LN; 
and therefore V’= NV when v=0, unless L'=2=0. Thus, if W’=N, we 
have 


Lo, ier , 
Za =H, Yo = Yə, Z = Zæ, 


when v= 0. 

Thus, except in the excluded case, all the second derivatives of æ’, y’, 2’ 
agree with those of æ, y, z, when v=0. The same holds of all the derivatives 
of all orders when v=0; hence, taking the Taylor expansions, we have 

me S AE 
everywhere, that is, S and ¥ coincide. There has been no deformation. 


In the excluded case, L = 0; we cannot infer that NV’ = N, or that £x = £», 
Yoo = Ya, Zæ =Z. When L=0, the asymptotic lines are 


2M dudv + Ndv?=0, 
that is, the curve C is an asymptotic line. We cannot now infer that 
Gaal V 2 =z, 


everywhere, so that S and ¥ do not coincide. There has been deformation. 
Hence a surface can be deformed: while a curve upon it remains rigid, only if 
the curve is an asymptotic line*. 


The simplest example is that of a hyperboloid of one sheet. The 
hyperboloid can be deformed+ so that its generators continue generators, 
like a netted flexible frame of straight rigid rods. 


223. Next, consider those deformations (if any) of a surface such that one 
given curve C traced on the surface is deformed into another given curve C”. 


Denoting the circular curvature of C’ by 1/p’, and the angle between the 
normal to the deformed surface at any point of C’ and the principal normal 
of C” by a’, we have 


sine’ 1 


/ 3. 


p M 
owing to the persistence in value of the geodesic curvature of any curve on 
the surface; hence in all cases 


| ee > 


ize wees 
as regards magnitude. Consequently the circular curvature of the final 
curve C’ must be at least as great as the initial (and unchanged) geodesic 
curvature of C at the point. There are two cases to consider. 


Teia al 
> 


* On account of this property, asymptotic lines are sometimes called lines of folding. 
+ For details, see Cayley, Coll. Math. Papers, vol. xi, p. 66. 
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iver 


Diet 
I 
On the deformed surface, take an orthogonal system of curves determined by 
parameters ų and v, such that the final curve C’ is given by v=0; as any 
function of u can be substituted for u, let the magnitude of u be chosen 
so that, along v=0, the arc of C’ measured from some fixed point is equal to 
u. Then the arc-element on the deformed surface is given by 


de = Edu? + Gd, 


where H=1 when v=0, Also, du is the arc-element of C on the undeformed 
surface; and Æ and G are known throughout. 


The principal trihedron of C’ is known at every point. Hence the values 
of #, Yı, 4 are known when v=0, for they are the direction-cosines of the 
tangent to ©”. The values of p’an, pP'Yn, p’2 are known when v= 0, for they 
are the direction-cosines (say cos &, cos 7, cos £) of the principal normal to C”; 
thus, as p’ is known, the values of £n, Yni, Zn are known when v=0. And the 
direction-cosines (say cos à, cos u, cos v) of the binormal to C” are known, that 
is, when v = 0. 


As æ is the angle between the normal to the deformed surface and the 
principal normal to C’, it follows that $7— œ is the angle between the line 


. 5 > — ape ae | 
whose direction-cosines are G 2 a», GEY G #2z,; hence 


G- 


whe 


Lo = SIN w’ cos E — cos w’ cos A, 
aut , 3 F 
G 2y,= sin w COS n — COS © COS p, 
ae l 
G Èz = Sin w cos f — cos w cos V. 
Thus the values of a, Yz, Z2 are known when v=0; and so also the values of 


Ly, Yiz, 22 are known when v=0. Moreover, the variable æ satisfies the 
equation 


ae igen: G e fo By Gea 
(gH + 5g %) (atapa 9q%) (73ga agh) 
= K {EG — (Ga? + Ex?)}, 


while y and z satisfy the same equation; hence the values of £», Yə, Z» are 
known when v=0. Thus, partly from the data and partly from the nature 
of the case, all the first and second derivatives of x, y, z are known along the 
curve 0’. And similarly for all the higher derivatives; e.g., the values of 
£m, Znz, Ly, When v= 0, are the u-derivatives of £n, £2, £, and therefore are 
known, while the value of a». is obtained by differentiating the critical 
equation with respect to v and then inserting in the derived equation the 
values of the other quantities which are known. 
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Now consider deformations of the surface in general. For the purpose, 


we require integrals of the foregoing critical equation which are such that, 
when v=0, 


Paw, w= a, | 
lá + 

SU Gs ae 

Z=2, B= | 


They exist, and they are uniquely determined by these relations. Thus the 
curve on the deformed surface, given by v= 0, coincides with C’; in other 
words, the deformation of the original surface is possible. A curve, originally 
given by v=0, is deformed so as to coincide with O”. 


Moreover, in the present case, we have 


sine 1 
eee 


Pp 7 
so that there are two (supplementary) values of a’. Thus we have the 
result :— 


It is possible (in two different ways) to deform a surface, so that a 
gwen curve C traced upon it can be deformed into a given curve C’, 
provided the circular curvature of C' is greater than the geodesic curva- 
ture of C on the original surface. 


II. The other case arises when 


ate 
pans 
We must then have w’=47. Also, when v =0, we have 
= o, 
kp 
and H=1, when v=0; consequently 
L=$, 


and therefore the curve C’ is an asymptotic line. Hence, as in the preceding 
case, we are led to the theorem :— 


It is possible to deform a surface so that a given curve C should become 
an asymptotic line C’ in the deformed surface, provided the geodesic 
curvature of C is equal to the circular curvature of C”. 


These results will suffice to indicate the manner, in which the external 
arbitrary data in Cauchy’s existence-theorem concerning integrals of the 
critical equation can be used to obtain some conditioned deformations of a 
given surface. Further developments will be found in Darboux’s discussion 
of the subject*. 


* See his treatise, vol. iii, especially pp. 253—292. 
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Deformation of Scrolls. 


224. Among the surfaces which can be subjected to deformation, a special 
interest attaches to scrolls, thereby meaning surfaces which are ruled and are 
such that their rectilinear generators of any one system do not meet, the 
surface not being developable. Hitherto, all the deformations under considera- 
tion have related to the conservation of the arc-element, so that only the 
fundamental magnitudes of the first order have been involved; we now 
proceed to deformations limited, more or less, by fundamental magnitudes of 
the second order. 


Some hints have been given that a ruled surface can be deformed, while 
each single generator is kept rigidly straight, though these generators are 
not kept rigidly connected with one another. Accordingly, we first consider 
those deformations, which allow a ruled surface to be changed into a ruled 
surface. 


Suppose that, if possible, such a deformation exists under which the 
generators of one surface (being, of course, asymptotic lines of one system, 
and also geodesics on the surface) do not deform into the generators of the 
other surface (being also, of course, asymptotic lines of one system, and also 
geodesics on the surface). Let p be the parametric variable of the uncon- 
served generators on the first surface, and q the parametric variable of the 
unconserved generators on the second surface; and take p and q as the 
parametric variables of reference for both surfaces. As the arc-elements of 
the two surfaces are the same, we have 


Edp + 2Fdpdq + Gde = E'de + 2F’dpdq + G'd@, 
for all variations of p and q; hence 
E=E', F=F’, G=@G. 


The asymptotic lines of the first surface are, as to one set, given by 
p= constant, and the general equation is 


Ldp? + 2Mdpdq + Nde = 09. 
Hence we have 
j N=0. 


The asymptotic lines of the second surface are, as to one set (not being the 


set of the first surface), given by q = constant, and the general equation is 


L'dp + 2M'dpdq + N’dq? = 0. 
Hence we have 


L =0. 
The measure of curvature for the two surfaces is the same; hence 


L’N’ — M?= LN — M?, 
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that is, 
M'= + M. 


Next, p = constant is a geodesic on the first surface, because the asymptotic 
lines of the system are generators; hence 
Piz! 


Again, q = constant is a geodesic on the second surface, for the same reason ; 
hence 


A= 0. 
For the first surface, we have N=0, [”’=0, A=0; hence its Mainardi- 
Codazzi relations are 


LE-A CLAM A M= M+M. 


For the second surface, we have L'=0, T”=0, A=0; hence its Mainardi- 
Codazzi relations are 


DM’= M/+A'M', Ni +A”M' =M; +TM +A. 
When the condition M'= + M is used, the first two of these relations give 
L, = DA: 

and the other two give : 
MESANE 
The quantity I” is the same for both surfaces, and the final value of L after 
deformation (being L’) vanishes; hence the former inference leads to 

EN: 
The quantity A’ is the same for both surfaces, and the initial value of N’ 
before deformation (being N) vanishes; hence the latter inference leads to 

NV =0; 
Thus there is a third surface which has its asymptotic lines (being geodesics) 
given by p= constant, q= constant; that is, the surface is a ruled quadric. 
Each of the two surfaces can be deformed into this quadric, on the hypothesis 
that the generators of the first do not deform into the generators of the 
second; and a quadric is the only proper surface with two systems of linear 
generators, for the intersection of a ruled surface of order n by its tangent 


plane is composed of a generator and a proper curve of order n — 1. Hence 
we have the theorem * :— 


When two ruled surfaces are deformable into one another, then either :— 


(i) the system of generators of one of them deforms into the system of 
generators of the other ; or 


* It is due to Bonnet, Journ. de Ec. Poly., cah. xlii (1867), p. 44. 
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(ii) each of them can be deformed into a ruled quadric, the generators 
of one surface deforming into one set of quadric generators, and 
those of the other surface deforming into the other set of quadric 
generators. 


225. We now proceed to consider the more general deformation of ruled 
surfaces; for this purpose, it is sufficient to obtain the surfaces which 
have the same arc-element as a ruled surface. The discussion will be 
restricted to real surfaces. 


On a given ruled surface, let a curve C (to be called the directrix) be 
drawn so as to meet all the generators. The position of a point on the 
surface is uniquely determined by 


(i) the are of the directrix measured from a fixed point on the curve, 
say v; 

(ii) the direction-cosines (say a, b, c) of the generator of the surface that 
passes through the point of C; 


(iii) the distance (say u) along the generator from the point where it 
meets C; 


and the coordinates of the point on the surface then are 
c=ptau, y=q+ bu, z=rt+cu, 


where p, q, r are the coordinates of the point on C through which the 
generator passes. In these expressions, the quantities p, q, 7, a, b, c are 
functions of v only. As p’, q’, r” are the direction-cosines of the tangent to O, 
we have 

a+ b +. = 1, 


pit q- aL y2 = ilk 
ap’ + bq’ + cr’ = cos 0 = D, 


where @ is the angle between the tangent to C and the generator; and then, 
when we write 


a? +b? +e =A, 
ap + bg +7 = B, 
where A, B, D are functions of v alone, the arc-element on the ruled surface 


is given by 
ds* = du? + 2Ddudv + (Ar? + 2Bu +1) do. 


Accordingly, all the surfaces into which the ruled surface can be deformed 
must have this are-element; and so, for the general equations relating to all 
surfaces, we have 


K=1, FD G=Awv+4+2Bu 4, 
V? = Aw + 2Bu41— De. 
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Also 
w= a, U=; Ae, 
Ta o a S T a A Hue ; 
and therefore 
VX = br’ — cq + u (b — cb’), 
VY =cp' — ar’ + u (ca — ac’), 
VZ = ag — bp' + u (ab — ba’). 
The quantities T, ['’, T”, A, A’, A”, are such that 
Var =; 
Vel’ =—(Au+ B)D, 
VT” = (D' — Au — B) (Aw +2Bu + 1)—(w A’ + 2uB’) D, 
PATI 
V?A' = Au +B, 
V?A" = wd’ +2uB' —(D'-— Au — B) D. 
Further, we have 
day to, Za = 0, 
Ly=a’, Vas b’, Bom, 
Bg =p UO Yay =Q ub’, tear + uc’; 
and therefore 
L= Xay,+ Yy + Zz, =0, 
VM = VX + VV yy + VZz: 
=| o@y ts © |, 
pr gt 
i Dee 


VN = VX zy + V¥yn+ VZen 


/ 


=| dans b i c 
prua, g tub, r +u 
p 4k ua”, he Jt ub”, y” a uc” 
= Eu? + nu + &, 


where £, », are functions of v alone. Squaring the determinant which gives 
M, we have 
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and therefore the Gaussian measure of curvature is 


Me 


K=-5, 


| ia f : 
=— y- — AD*— B>, 
a result also obtainable from Gauss’s characteristic equation by inserting the 
values 


mE O =0; m” = D — Au — B, 
i T 247 ç / 
n=0, n'=Aut+B, n= wA + 2uB, 
Ey =0, F,, = 0), Gy = 2A. 


As the general equation of asymptotic lines is 
Ld + 2Mdudv + Nde = 0, 


and as £=0 for our ruled surface, one system of the asymptotic lines is 
given by 
v = constant, 


that is, by the generators, as is to be expected. The other system of 
asymptotic lines is given by the equation 

2Mdu+ Ndv=0, 
that is, by 


du N Vi Ew+2nut+ ft _ 
2 


do OM (A—ADP=— BY 


As the coefficients of the powers of u on the right-hand side are functions of 
v alone, the equation is of the Riccati type; its primitive is of the form 


_rAat+ PB 

mire Fe 
where A is an arbitrary constant, and a, 8, y, ô are known functions of v. 
Accordingly, this is the integral equation of the non-generator family of 
asymptotic lines; and the members of the family are given by the varying 
values of the parameter 2. 


Take four values ^, As, As, A, Of A, thus choosing four non-generator 
asymptotic lines; and let w, Us, Ug, uy be the corresponding values of u. 
Then we verify at once that 


(w = Uy) (us a U4) = (A, ae A) As = rx) 
(Ur — Us) (Uy — Uy) z (Ai — As) (Aa — Ma) 


a constant for the same four lines. Now w is the distance along a generator ; 
and therefore the anharmonic ratio of the four points, where any generator 
intersects four given non-generator asymptotic lines, is constant. 
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Line of Striction. 
226. Take any generator given by 


z =p + au, y =q + bu, z= Tr + cu, 
and a consecutive generator for a consecutive value of v, so that its equations 
are 
æ=p+ pw + U (a + a'dv), 
y =q +q'dv + U (b +b'dv), 
z =r + rdw + U (c +cdv). 


Draw the shortest distance between the two. Let w be the distance along the 
former generator from the directrix curve to the foot of this shortest distance, 
and u+ du the distance along the latter generator for that curve to the other 
foot of the shortest distance. The direction-cosines A, u, v of the shortest 
distance are such that 


rAa + pb + vc =0, 


ra’ + pb’ + ve’ = 0, 
and therefore 
A Sd ie ON peel 
bie—be’ ca—ca «b—ab 43` 
The length do of this shortest distance is 
do = Xp'du + pq'dv + vr'dv 
_ VM 
A? 
Let dọ be the angle between the consecutive generators PN and P'M, and let 
MN be the shortest distance between them. Then, in the figure, we have 


PP'=dv MN=KP=do, udb=PL, du= LK = -— PP’ cos 0 = — dv cos 0, 


dv. 


and therefore 
wdd? + do + di? cos? 0 = dv’, 


so that vat 

: do ae. he + 2 2 

ut ano - 
=1-p-(1-P-4)=4. 


But, as usual, 
dg? = da? + db? + de? 
= Adv’; 
hence 
RB 
aS Ae f 


u? 


384 PROPERTIES OF THE [cH. X 


and therefore 


suo AB 
ue 


The sign must be determined. When we take the spherical image of the 
generators, the quantities a’, b’, c’ are proportional to the direction-cosines of 
the spherical arc which makes an obtuse angle with PP’, and the direction- 
cosines of PP’ are p’, g, r’; hence B, which is equal to a‘p’+ bd +e’, is 
negative. The quantity A is necessarily positive; and u is taken positive 
along the direction a, b, c. Hence* 


U He 

The limiting position of the foot of the shortest distance between two 
consecutive generators is called the centre of the generator (sometimes, also, 
the centre of greatest density). The locus of this centre is called the line of 
striction of the ruled surface. Obviously the shortest distance between two 
consecutive generators is not itself part of the line of striction. 


The equation of the line of striction in terms of the parameters of the 
surface is 
Au+B=0. 


As A is not zero for real surfaces, the line is determinate; and it is the 
directrix curve, if B= 0. 


227. We know (§ 105) that the geodesic curvature of any curve ¢ (u, v) =0 
on a general surface is given by 


eee e a, RE ae a8 í 


y ~ Ou © ov 


© 
where 
O = (Ep? —2F did. + Go,)?. 
Now the directrix curve is given by u = 0, so that ¢,=1 and ¢,=0; hence 
its geodesic curvature is given by 


* The result is obtained, without reference to any figure, by Darboux (t. iii, p. 299) as 
follows. The shortest distance between two given generators will be obtained by making ds?, 
where 


ds? = du? + 2D dudv + (Au? +2Bu + 1) dv?, 
a minimum when u and du are regarded as variables, while v and dv are fixed. Hence 
Au+B=0, du+Ddv=0. 
The former is the required result ; the latter is the incidental relation 


du= —dv cos 0. 
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For the ruled surface in general, we have 


B=1, F=cos@, G=Av?+2Bu+1, 


V? = Au? + 2Bu + sin? 6; 
and therefore 


for the directrix curve, and 


o y E sno do F RTE a 
ay (a) = a Game aise u? + 2B w) 
: dé 
= einh y 


for the directrix curve. Hence the geodesic curvature of the directrix 
curve is given by 
i 1 B d0 


y sind dv’ 


Also the curve is chosen arbitrarily, subject to the condition that it intersects 
the generators; and so we have the theorem :— 


When a curve is drawn ùpon a ruled surface so as to intersect all 
the generators, and when it has any two of the three properties :— 


(1) that ct 1s a geodesic ; 

(11) that it ts a line of striction ; 

(111) that it cuts the generators at a constant angle ; 
it has the third property also. 


228. Next, consider the orthogonal trajectories of the generators. On 
the surface, the family of generators is given by 
du = 0. 


The orthogonal trajectory of this family upon any surface in general is given 
by the equation (§ 26) 
(Edu + Fdv) du =0; 


and therefore on the ruled surface it is given by 
du + cos @dv =Q, 
that is, as @ is a function of v only, by 


u+ | cos dw = constant. 


Now suppose that one of these orthogonal trajectories is chosen as the 
directrix curve; we then have 


S 
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so that 
F=0, ġ=1, &=0, V?=Aw+2Bu4+1=G, 


and so the geodesic curvature of the curve is 2 


ii Au+B 


AT Te 
Thus the line of striction is the locus of points on the ruled surface where the 
geodesic curvature of the orthogonal trajectories of the generators vanishes. 


229. When an orthogonal trajectory of the generators is chosen as the 
directrix curve, @=47r; the arc-element of the surface is then given by 


2 B 1 2 
dst =du'+ (w425 wt 4) Adv’ 
Let 
A DRS 1 Ee et 
Ady? = dt, = qiA- B) => 
then 


dè = du? + {(u— a)? + 6} dë. 


The centre of the generator is given by w=a. Let the normal to the surface 
at any point on the generator make an angle with the normal to the 
surface at the centre of the generator. At any current point, we have 


VX = br’ — cq + u (be — cb’)) 
VY =cp — ar’ + u(ca' —ac’) ; 
VZ =ag — bp’ + u(ab’ — ba’) 


> 


while the corresponding quantities at the centre are given by 
V.X. = br’ — cq +a (be —cb’) 
V, Y, = cp’ —ar’+a(ca’ — iA : 
V, Z, = aq’ — bp’ + a (ab' — ba’) 


where 
! (u a} +e 
ae 2B PY oy Se 
V?= Aw + 2Bu +1 e+e 
e 
= 2 C A S 
V,=4¢ +2Ba+1 EN 
Now 


VV,cos Q = XX, + YY, + ZZ, 
=X (br’ — cg} + (u +a) E (br' — cq’) (bc — cb’) + wa (bo' — cb’? 
=l+(u+a)B+uad 
SAR 
e+ p 
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hence 
(u—a)y + B?}2 
and therefore | 
u—a=6 tanQ, 


giving the angle between the normals at the points u and a on the same 
generator. 


Let the tangent plane at the centre of a generator be turned round the 
generator through an angle ¢. In its displaced position, it is the tangent 
plane at a point on the generator given by 


U—a= pĝ tan ¢; 
and it is the normal plane at a point on the generator given by 
U, —a=— p cote; 


thus 

(u — a) (u — a) + B? = 0. 
Hence any plane through a generator is a tangent plane at some point on the 
generator and is a normal plane at some other point on the generator; and, 
for different planes, the two points generate an involution having its centre 
on the line of striction. 


Beltramis theorem on ruled surfaces. 


230. The preceding general properties are necessary to facilitate the 
discussion of our main question as to how far a ruled surface is determined 
by a given arc-element. 


When the element is given, the quantities A, B, D are known. We then 
have 


e+e +e =1 | 
a? +b% po =A)” 
Pt? tr a1 | 
ap'+ bq’ +r =D>, 
ap si b'g + cr = B 
five equations in all, consistent with one another and satisfied by six functions 
of v. Hence one of the six functions can be taken arbitrarily, or an arbitrary 
relation among them can be postulated; hence there is an infinitude of 


ruled surfaces, which possess an assigned arc-element of the form, proper to 
a given ruled surface. 


Accordingly, let a relation 


F(a, 6, ©) =0 


bo 
or 
L 
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be chosen arbitrarily. This relation, together with the first of the preceding 
equations, determines b and c as functions of a; when these values are 
substituted in the second equation, the determination of a as a function of v 
is a matter of quadrature. Thus we can regard a, b,c as known functions 
of v. 


For the determination of p, g, 7, we have 
ap’ + bq + cr’ =D, 
ap’ + b'g +r = B, 
(be — b'c) p + (ca’ — c'a) g + (ab' — a'b) r = — VM 
= (A= ADS E, 
say, where J has either sign of the radical. When these three equations, 


linear in p’, g, 7”, are solved, we find 


p =Da+t = a+ 4 (be — b'c), 


A 
q = Db+ a b + 2 (ca’ — ca), 
Y= De+ 2 C + Z (ab — a'b), 


while the equation 

pet+g?t+re=l 
is satisfied in virtue of the value of J?. The determination of p, q, r is then, 
again, a matter of quadrature. 


As #+0'+c’=1, the values of a, b, ¢ give a spherical image of the 
generators, through the radii of the sphere which are parallel to them; 
the aggregate of these radii forms a cone which is called the director cone. 
Hence as the equation 

: F(@ 6, ch=O 
was taken arbitrarily, and as no condition was subsequently imposed on the 
equation, it follows that the director cone of a ruled surface possessing an 
assigned arc-element of the proper form can be taken arbitrarily. 


Thus there remains a disposable element through which some added 
external condition can be satisfied. 


231. One property of the preceding solution, first rendered significant 
by Beltrami *, is to be noted. When a, b, c are regarded as known, there are 
three linear equations for p’, q’, r’; but the quantity J in those equations can 
have either sign. Hence, given a ruled surface, there is another (and different) 
ruled surface applicable in such a way that the corresponding generators are 
parallel and in the same sense. 


* Ann. di Mat., t. vii (1865), pp. 189—150. 
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As an illustration, consider the paraboloid 
a y? 
Dig a a L 
Aar 


m? 


(where J and m have the same sign), so as to obtain the associated ruled 
surface. 


The generators can be taken in the form 


æ=. 4 (P+ lm)? tan 0 + u cos 0 cos a 
y=— 4} (m + Im)? tan 0 + u cos 0 sin ar ; 
z=usind 
where 
3 
tan a= (7) ; 
thus 
a=cos@cosa, b=cos@sina, c= sin, 
p= (P+ Im)? tan 0, g=—4(m + lm)? tan 0, r=0. 
As 
p”? de q” +r? = T 
we have 
= cos? 0, 
lim 
so that 
I m \3 
P r=- (r) FA 
Thus 
og Pe eS 4 
A= (T+ my cost 0, 
p= AUE cos? 0 sin 0, 
(1+ my 
_l-m Wah: 
‘+m 
and therefore À 
B sin 0 Ji (Im)? 
aye Te ar, ee a 
A v cos? @’ A + cos? Ô 
Substituting these values, we find 
$ $ 


ria) ea =e 


p=k(P+ lm) tan 6, q=-4(m +m? tan, r=0, 


so that 


leading to the original surface ; or else 


Kaal 21 —3m i m (ie Heng 
A ae a i l 
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so that 


1 1 \? 1/ m \2 
E L EOE = “== (), 
PS Gs G K —) (J —3m)tan@, q 5 h 5: -) (31 = m)tan 0, 7 


x 


Thus the associated ruled surface is given by 


= Leu (L— 3m) tan 0 + u cos 0 cos a 
OA 


blk 


Ly aime 3 
y=; (8L— m) tan 6+ u cos 0 sin a 


= usin 0 


its Cartesian equation is 
1aæ23l-m 14 l-3m 
2l l+4m 2ml+m 
and therefore it is another ruled paraboloid. 


a= ay (Im) ~ 2 


> 


Ex. 1. Shew that the ruled surface, which can be applied to the hyperboloid of 
revolution 


so that corresponding generators are parallel, is the helicoid defined by the equations 


ce u nae v . a@—e si 
T 7 2 2 
a (a2 +02) a a+c 


Y u svo ee w 
a aa ue 
a (apek a ate 


U a 


= =“ 2 


<= T v 
Ca CEE 


Ex, 2. Obtain equations of the generators of the cubic scroll 


wz=y? (y—1), 
in the form 


where 
GEA vt +06)? ; 


and shew that the ruled surface associated with the cubic scroll, so that corresponding 
generators are parallel, depends upon the equations 


p q' r 1 


vH —4 1w -43 4 Dy? 4-4" 


Ke, 3. Discuss similarly the cubic scrolls* 
Lety w=0, «x (ywtuz)+y=0, 


where w is a linear function of x, y, z. 


* These equations give the two distinct kinds of cubic scrolls ; see Cayley, Coll. Math. Papers, 
vol. v, pp. 211—213. It may be added that there are no undegenerate cubic scrolls of revolution. 
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Beltrami’s method. 


232. The preceding method is due to Minding; it leaves an arbitrary 
element in the solution without giving any clear indication of the way in 
which the element might be used to satisfy some imposed condition. Another 
method has been devised by Beltrami*; it pays special regard to the changes 
in the directrix curve during the deformation of the surface. 


In the deformations of the ruled surface which leave it a ruled surface, 
the arc-element persists unaltered; 
hence the quantities D, A, B, u are 
unchanged. The directrix curve will 
be deformed, though its geodesic cur- 
vature is unaltered; let P, Q, R be the 
point corresponding to p, q,r. In the 
figure, let AK be the tangent at A 
(the point P, Q, R) to the directrix 
curve; KAT the tangent plane, and 
AG the generator through A making 
the unaltered angle 0 (= cos D) with 
AK; AWN the normal to the surface, 
and AC the principal normal to the curve, lying in the normal plane NAT. 


7 


Let l, m, n be the direction-cosines of AG, while v is the arc measured 
along the directrix curve from some fixed point; let p be the radius of 
curvature of the directrix curve, and let its direction make an angle œ with 
the principal normal to the surface. Then 


pP’l + pQ’m + phn = cos y, 


where y is the angle between AC and AG; the direction-cosines of AG are 
cos 0, 0, sin 0, while those of AC are 0, cos a, sin a, so that 

cos = sin @ sin ø. 
Thus 


IP” +mQ’ +nR’ =sin 0°". 
p 


But 
LP’ + mQ +nkE = cos 0, 
and therefore 


LP” + mQ” +nR” = — b' sin 0 — (VP+ mQ +n R) 


=—Osnd—B; 

hence 
inea ee 
ee ne. 


* References to Minding and to Beltrami have already been given: see p. 354, 
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in accordance with the result of § 227. The equation expresses the property 
that the geodesic curvature of the directrix curve remains unaltered. 


Let the direction-cosines of AK be cosa, cos 8, cosy; those of AC be 
cos &, cos n, cos £; and those of the binormal to the directrix curve be cosh, 
cos u, cosv. As the generator AG makes an angle 6 with AK, an angle 
cos! (sin @ sin æ) with AC, and an angle cos™ (sin 8 cos w) with the binormal, 
we have 

l = cos 0 cos a+ sin evils ante anni alana el 
m = cos ô cos 8 + sin 8 sin œ cos n + sin 6 cos @ cos u 


n = cos 0 cos y + sin 6 sin æ cos € + sin 0 cos œ cos v j 
For the directrix curve, the Serret-Frenet formulæ are 


dcosa _ cos & 


dv pe 
d cos & _ cosa , COSr 
dv p ap” 
dcos _ _ cos & 
dy ap 


where 1/c¢ is the torsion of the directrix curve. We thus have I’, m’, n’. 


Now the quantities A and B are unaltered throughout the deformations, 
and they are known functions of v. Also 0 is a known function of v. But 
B=VP +m +w R =} cosa +m cos 8 +n’ cosy, 
A=1? 4 m+n”. 
When we substitute in the former, we have 
pee 
Pp sin @’ 


sin ow 


a result already obtained. When we substitute in the latter, and reduce 
slightly, we find 


vient fs 0 sin coso $ d ECEN a. 
p o dv j 


+ [S (sin 0 cos w) + sera 
dv o j 


Thus there are two equations involving œ, p, o, the other quantities being 
known functions of v; when œ is eliminated between the two equations, a 


single relation of a form 
dp 
v (Fp CG »)=0 


results. This is an ordinary differential equation, of the first order and of the 
second degree, which governs any assigned shape for the deformed directrix 
curve. 
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When it is satisfied, we can regard p and o (and then œ from the first 
equation) as known functions of v. The Serret-Frenet formule would then 
be satisfied, as the curve is given, so that the direction-cosines of the 
principal lines are known; and then the values of l, m, n are known. 


In that case, the surface can be deformed. 


Ex. 1. Consider the possibility of deforming a ruled surface, so that it shall remain 
ruled and that any curve drawn upon it becomes an asymptotic line. 


. 
The curve is, of course, taken as the directrix curve. In its deformed shape, it is an 


asymptotic line. The osculating plane of the latter is the tangent plane to the surface, so 
that 


@=$n; 

hence 

Lug 2 

De sin 6 
Also 

ee (= oy A o) 4 m 
P T 
sin? 6 
= B? cot? 6+ ge 


and therefore 


ca sin? 6 — B?) 

aa sno - 

Thus the ruled surface can be deformed, remaining ruled, so that a given curve upon it 
can be deformed into an asymptotic line, provided the curvatures of the asymptotic line 
are given (and therefore the asymptotic line is defined) by the preceding equations, where 
the quantities 6, A, B are defined in connection with the original given curve on the 
undeformed surface. 


Ex. 2. When the directrix curve is chosen so as to be a geodesic, in all deformations 
of the surface it remains a geodesic. Hence 


sinw 
= 0; 
P 
for its geodesic curvature is zero; hence w=0 for all deformed shapes unless one of them 


is a straight line when SE while æ is not settled by this equation. 
P 


In general, therefore, we have 


so that 
BS; 
Also, in general (so that the deformed geodesic is not a straight line), the final shape of 
the geodesic is such that 
i 2 
Abe g= (2 y me) 462 cos? 6, 
p 


oO 


sin 2 
(=° psam 8) A 
p T 


that is, 
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Ex. 3. Shew that, when a ruled surface is deformed, remaining ruled, while some 
assigned geodesic becomes a straight line, the equations of the surface in its final form are 


z=usindcosy, y=usindsiny, z=v+ucosdé, 
where ` 


gD 
v= | EL *) dv. 


Ex. 4. Determine the condition that must be satisfied by the quantities A, Ð, 6, in 
order that a given curve on a ruled surface may, in the deformations which leave it ruled, 
assume the form of a plane line of curvature. 


Other illustrations will be found in Beltrami’s memoir and in Darboux’s treatise (vol. iii). 


Infinitesimal Deformations. 


233. When we come to consider the whole aggregate of deformations of 
surfaces, there are two modes of approaching the subject. 


In the first of them, we can have the coordinates of any point on the 
surfaces expressed in a form 


s=f(p,q t) y=9(p,4,t) z=h(p,q,t), 
where p and q are current variables on a surface, and ¢ is a parameter 
varying from one surface to another. Should ¢ survive in the eliminant 
which results from eliminating p and q between the three equations, that 
eliminant represents a family of surfaces which, for continuous values of t, 
can change into one another in continuous succession. If the fundamental 
quantities Æ, F, G, defined as usual by the relations 


B=aPt+y + z,, F = ttot Y Yat Zi, G = gè + Yo? +z, 


are independent of ¢, then any two of the surfaces are applicable to one 
another; they are usually (but not always*) deformable into one another. 
In particular, when two surfaces arise from values of ¢ that differ only 
infinitesimally from one another, each of the surfaces is regarded as an 
infinitesimal deformation of the other. 


In the second of the methods of discussion, the actual infinitesimal 
displacement of a point on the surface (subject, of course, to the persisting 
conditions of deformation of surfaces) is considered, rather than the whole 
body of the surface. We take 


w=a+eX, y=yteY, 2=2+ed, 


where e is a small constant, of negligible square, and X, F, Z are functions of 
the current superficial variables ; and then any arc-element of the surface is 
to remain unaltered, either actually, or subject to changes of small quantities 


* An exception occurs in the case of Beltrami’s associated ruled surfaces which, owing to the 
difference in the sign of J for the two surfaces (§ 230), are not deformable into one another. 
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that are of the second or higher orders. Such an instance of infinitesimal 
deformation is provided by a small rotation of the surface given by 


a cok e y=y—ex, 2=2. 


The question, as to how far the two modes are equivalent, belongs mainly 
to the theory of continuous groups of transformation. As we are concerned 
with continuous deformations, rather than with the applicability of surfaces 
(whether deformed or not), we shall deal with the second mode. 


In either case, the essential and sufficient condition of applicability of two 
surfaces is that the relation 


dx” + dy? + d2”? = dæ + dẹ} + d2 


should be satisfied ; when the deformations to be considered are infinitesimal, 
this relation is also essential and sufficient. When the values 
GQ=nt+eX, y=yteY, g=z+ eZ 
are substituted, and when the terms multiplied by e are neglected because 
the deformation is infinitesimal, then (on the removal of a factor e) we have 
the equation 
dadX + dydY + dzdZ=0, 
which is critical for our purpose. It is the resolution of this equation 


which contains the soiution of the problem; and there are various ways of 
resolving it. 


Before proceeding to two of the ways, we may note an interpretation of 
the equation which shews that our problem is analytically tantamount to 
another of an apparently quite different kind. The quantities X, Y, Z, being 
functions of the two parameters in 2, y, z, are the coordinates of a point on 
an (unknown) surface; and dX, dY, dZ determine an arc-element on the 
unknown surface, just as dæ, dy,dz determine an arc-element on the given 
surface. The critical equation 


dad X + dydY + dzdZ = 0 


expresses the condition that the two arc-elements on the two surfaces are 
always perpendicular to one another: and so the problem of infinitesimal 
deformation is analytically equivalent to the problem of determining a surface 
that is associated with a given surface by means of orthogonal arc-elements*. 
* It may be added that a corresponding result applies in the case of deformations which are 
not infinitesimal. Let two surfaces be deformable into one another, so that 
dx? + dy? + dz? = da'? + dy’? + dz’? ; 

then, writing 

Xoo Vy, ZEF, 

AOD Silly DONG VRB 
the two new surfaces are such that 

aX dX’+adYdY'+dZdZ'=0, 

and therefore they correspond by orthogonal arc-elements. The transformation is the basis of 
one of Weingarten’s methods ; see § 237. 
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234. We have seen that, when a surface 


z = f (æ, y) 


is referred to æ and y as the parametric variables, and when the òrdinate of 
the surface (however deformed) is denoted by Z, the equation for the 
determination of Z is (§ 217) 


(RT -—S*)(1+p?+@)—-(rT + tR — 288) (pP + qQ) + (P+ Q?- 1) (7t— 8°) = 0. 
Now consider an infinitesimal deviation, represented by 
Z=2+eZ’, 

where the square of e can be neglected; denoting the derivatives of Z’ by 
P’, Y, B’, S’, T’, we have 

RT-S?=rt—s8+e(rT’ +tR’ — 288’), 

rT +tR —2sS = 2 (rt — $) + e (rT + th’ — 288’), 
pP+qQ= p+ g@t+e(pP’+ q@), 
P?+Q?-1l=p?+ g@—1+ 2c(pP’ + qQ’). 

The critical equation, after substitution, rejection of cancelling terms, and 


division by e, gives 
rT’ + tR’ — 28’ = 0. 


235. The preceding infinitesimal deformation gives the variation of an 
ordinate alone. Consider a more general infinitesimal deformation, repre- 
sented by 


4=2+e4", X=a2+eX’, Va=yteY’, 
governed by the critical relation 
dæd X’ + dydY’ + dzdZ” = 0. 
The quantity Z” can be taken the same function of X and F, as Z’ is of 
æ and y; as Z” is multiplied by e, while X and Y differ from œ and from y 
by small quantities, we can substitute Z’ for Z” in the expression for Z. 
Thus Z’ is determined by the equation 
rT” +tR’— 288’ =0; 
the infinitesimal deformation is represented by 
Z=2+eZ', X=a2+eX’, Ya=y+eY’, 
while we have 
dad X' + dydY' + dzdZ’ = 0. 
The latter gives 


0X’ OX’ oY’ oY’ j 
dx (= dæ + Dy dy) + dy (= da + Sy dy) + (pda + qdy) (P’dx + Q’dy) = 0, 
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for all variations of æ and y; hence 


a + pl =0, 
Ox" - x 
ro tone 
OY" : 
three equations to be satisfied it X’ and Y’, when Z’ is known. Let 
ze ; ee ae 
a p= Ean U 
Then 
SUTEA ETEN 
Gio Pa e +r’, 
while, from the first, 
pee pph, 
oa oy P i 
so that 
e =r) — 8P": 
Again, 
CNTs 7 ; 
T eae gS’ + tP’, 
while, from the third, . 
oy / ie 
02 andy ar qs SF sQ 1 
so that 
oU ; ; 
ay = sQ = tE Š 
Hence 
2 Q sP’)=2 F) 
oy ohai i 
leading to 


rT’ — 288’ + tR’ = 0, 
the equation* which is satisfied by Z’. Consequently, when Z’ is known, we 
determine X’ (save as to an additive function of y) and Y’ (save as to an 
additive function of z) from the equations 
OX" ; oY’ paar 


and then these arbitrary functions must be such as to satisfy the equations 
+ : oY’ 
tay aoe”) 
=U 
= l {Q' (rdx + sdy) — P' (sdx + tdy)} 
3 | (Q'dp — P'dq). 


* This analysis is another establishment of the equation for Z’ deduced from the equation 
da dX +dydY+dzdZ=0. 
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Exs. 1. Consider the infinitesimal deformations of the paraboloid of revolution 


2z=8 +4. 


We have 
p=4, q=y, T=1, 8=0, t=1. 
The equation for Z’ is `~ 
PEL E 
so that 


Z' =Q (x+ iy) +y (x iy), 
where ¢ and w are arbitrary functions of their arguments, and their derivatives are taken 


in the expression for Z’ to avoid transformations needed to effect subsequent quadratures. 
Then 
— X= so (w+ iy)- p(ety) tay (w—-iy)— vla-ty)+4 (y), 
-Y'= yf (erty) + ip (ety) tyy (a ty) — ip (a@—-ty) + B (2), 
U= ig’ (w+ iy) -i4 (x — iy), 
where A (y) and B(s) are arbitrary functions of their arguments. When we substitute, 


we find 
A'(y)=0, B'(x)=0, 


so that A is a constant, as is B. These quantities occurring in 1’ and Y’ merely give an 
infinitesimal uniform displacement of the surface perpendicular to the axis of revolution. 
Neglecting this displacement, we have the infinitesimal deformation given by the equations 
-X'= sip (oti tv (w-ip}— (ety) +y (e iy) 
- F'=y ip (s+ iy) +y (w - iy) +i {p (w+ iy) -y x- iy) 
“=G (s+iy)+ y (s— iy), 
where ¢ and y are arbitrary functions of their arguments. 
Ex. 2. Shew that the infinitesimal deformations of the paraboloid 
e= ay 
Zaire (+n), 
X= ate {2n—-y (E +n); 
Voy te {2% -e (E +n}, 
where é is any function of x, and ņ is any function of y. 


are given by 


236. In various investigations, we have seen that it can be convenient to 
refer a surface to its nul lines as parametric curves, the arc-element being 
given by the relation 

do? = 4nX.dudv. 
Then, denoting the derivatives of z with respect to u and v by p, q, 7, s, t, we 
obtained the equation characteristic of any deformed z in the shape (§ 217) 


; REFA MEAE . log A AA 
Po OPO naa oe 


We proceed, as in § 234, to obtain the equations for the infinitesimal deforma- 
tion of the surface. Writing 

e=mH+t+eX, y= yteY, 2=2,4 2’; 
where a, Yo, Zo are the coordinates of the point on the undeformed surface 


and the square of e is to be neglected, we denote the derivatives of Z’ with 
respect to u and v by P’, Q, R’, S’, T’, and similarly for the derivatives of z 
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Substituting, omitting the terms which cancel, and removing a factor e, we 
have the equation for Z’ in the form 


E y7 rp Ay / y A ry r 
tR — 285 +r T — i (YR +r) x (pol” + t)P’) 


2 
+ (ql? + pR) (2 o? log A ma) =0. 


oudy N 
The governing equation 
dæd X’ + dyd Y’ + dzdZ’' = 0, 
on the supposition that Z’ is known, thus gives the (consistent) equations 
for X’ and Y” in the form 


WO oe OY ON a ap 
ðu ðu % du ou +pP'=0 
a nY 


ov Ou oD On a =U 


0x, 0X’ ài OY. OY’ 
du ov Ou ov 


Gay OX’ Oy, OY’ 
ay Ov + av Oy 1 He 


These are the general equations for the infinitesimal deformation of the 
surface. The result depends primarily on the integration of the Monge 
equation of the second order, whatever be the surface. 


\ 
+p =—U 


As an illustration, take the case of the general minimal surface; we have 


(§ 174) 
re 1(1 ug uy fg”, 


where f is any function of u only, while g is any function of v only. Also 
Zo = uf” -f a vg” ai gi 


Po = uf”, Yo = vg”, 
To = teas +f", So eS 0, t = vg” ae G 
My oy J X 2u gee 
Te Frm? sE ap aR 6 
Ny lw f `à l+w g 
When these values are substituted and reduction takes place, the equations 
for the infinitesimal deformation become 


wt / mi rm AA 2v ae t ttt 2u Ja 
gest sg! (Tape) P+ ET 


so that 


Q' = 0, 


PE oY’ ; 
A- w) tiA + wt) a + 2uP =0 


NON arn ATOY NT) 3 n 2U 
a Oia eT T 
Dee wove need bis 
qd —u) ti +u?) N WQ = F" 
ox’ ; J aY’ , ae 
Omari ite) ay + 20’ =0 
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the quantity U ultimately dropping out of any particular solution, when 
it has been completed. 


Hence, in order to obtain the full expression of the infinitesimal deforma- 
tion of a minimal surface in general, it is necessary to solve the foregoing 
partial differential equation which is of the Monge type in the second order*, 
as well as equations of the first order ultimately integrable by quadratures 
alone. 


Ex. Thus, for Enneper’s surface (§ 177, Ex. 1), we have 


f=, g=% ; 
and so the equation for Z’ is 


Ponta OL or eee 
LS Ee renege 
of which a particular solution is 
Z' =k (l-—wy’, 


where x is a constant. When we introduce new variables v’ and v’, such that 
w=utw, v=u-W, 
the differential equation becomes a Laplace equation, with equal invariantst ; it can be 
expressed in the form 
eZ” 8u'y’ ee 
dw dv’ {4-7 (v'2@—y/2)}2 ? 


where 
Z' ={4-7 (v2 -uw Z". 


Weingarten’s Method. 


237. We now come to Weingarten’s method}. He discusses, not merely 
the surfaces into which a given surface can be deformed but also two other 


surfaces which, at each stage of the deformation, can be associated with the 
surface. 


Suppose that S’ and S” are two surfaces in space, such that S’ can be 
deformed continuously into S”. Let a’, y’, 2’ be any point on S’; and let 
æ”, y”, Z” be the corresponding point on S”. The necessary and sufficient 


condition for the deformational correspondence of the surfaces is that the 
relation 


dæ? + dy? + dz”? = dx"? + dy” + dz” 
shall be satisfied everywhere for all variations along the surfaces. 


* See Darboux, vol. iv, §§ 913—915. 

+ This is a special illustration of the general theory : see Darboux, vol. iv, ch. ii. 

t Only an elementary sketch will be given here. His chief memoirs have already been 
mentioned (p. 354). References have already (l.c.) been given to the accounts and developments 
of his investigations which are to be found in the treatises by Darboux and by Bianchi. 
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Now let 
s= (æ +a") yas +y")  z=4( +2"), 
w=h(—a +a"), v=} y +y) wate +2’); 
the point æ, y, 2 describes a surface S, which can be regarded as a middle 
between S’ and S”. This surface Sis made the clue to the whole development. 


Clearly 
dædu + dydw + dzdw = 0; 


and so, with p and q as the parametric variables, we have 
LU, + YU, + aw =0, 
Ly Uy + By Uy + YV + YV, + 2, W, + zw = 0, 
Ly Uy + Yods + 22W = Q. 
We use the customary notation for the magnitudes of the first order and the 
second order connected with the surface S; and, for the purpose of dealing 
with these equations, we introduce a central function ¢@ under the definition 
ZV = Llo + YW + ZW — (LA + YN + 25M). 

Then the foregoing equations are 

Lur + YY, Haw = 0 

Lilas + YW + ZW. = Vb 

Lath + Yat + 2, = — Vo 

Lalo + YW + ZW, = 0 j 
From the first of these, we have 

Elun + dsan = 0; 

and, from the second, we have 

Lay + Yayo = - (Vo), 
so that t 

= (Vb) = Eutun — ZUe. 
Similarly, from the third and the fourth, 

> (Vo) = 2, — Sula: 


Also, as usual (§ 34), we have 

,=2 +A + LX, 

Ly = a0’ +2,A' + MX, 

tye Gal’ +a," + NX, 
and similarly for the derivatives of y and of z; all the coefficients concerned 
belonging to the middle surface S. Then substituting, we find 


(V$) =Vel + LEX, + Vea'— MEX, 
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But we have 


N 


= eA 


| 


and therefore 

pi = p (LSXu — M ZX). 
Similarly 

o;= (MEX us — NZ Xu). 


238. Two cases occur, according as the Gaussian measure of curvature of 
our middle surface S is zero or is not zero. 


When the Gaussian measure of curvature is zero everywhere, then 


IN —-—M=0; 
and so we have 


No, -M$,=0, — Md, + Ld, =0, 


equivalent to only a single equation. The central function $ satisfies a partial 
differential equation of the first order. 


When the Gaussian measure of curvature is not zero everywhere, the two 
equations can be resolved ; they give 


iL 
TX uy, =— ry Le: = M¢,), 


1 


LXu, = — gye: = N¢;). 
Hence 
0 (N¢,—- Mo, 0 (Ld,—Md,\ _ Sr: = 
A RV uT (Sgr =- Xan + Xu. 
Now (§ 29) 


VX =(FM — GL) x+ (FL— EM) 2, 
V-X =(FN—GM)a + (FM — EN) 2, 
and similarly for the derivatives of Y and of Z; hence 
V°ÈX aa = — (FM — EN) Vẹọ, 
V$ Xu, = (FM -— GL)Vẹ, 
and therefore 
0 eee) $ 0 (Ld.— Mo, ip EN-2FM+GL, . 0 
A RV A KV V aii 
The central function p satisfies a partial diferential equation of the second 
order and the Monge type. 
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As regards the quantities «u, v, w, we have 
LyUy + YV + 2w, = 0, 


Hotty + YoY, + aw =— OV, 
Xu + Yn + Zu, =- py (Lge — Mh), 


which can be solved for u,, v, w,. There is a similar set for u, va, vw. The 
resulting values are easily found to be 


{— L(X,— pX.) + M (Xp, — $X))} 


1 

SKV 

1 a 

n= gyl- L(V. - bY.) + M (Vb. - $Y) 

1 

w= pyl- L (Zg: - p2) + M (Zo, -—64,)} 
“ad 


{- M(X¢, — 6X.) + N(X¢,— pX.) 
m= y M (Yh — $Y.) + N (Yẹ, - $Y.) 


{-M (2g: - $2) + N (2g, - 64); | 
Thus, when ¢ is known, the determination of the quantities u, v, w is effected 
by a process of quadratures. 

We therefore have the following result :— 


Take any surface S and, in connection with it, determine a function ¢, by 
the appropriate partial equation of the first order when S is developable, and 
by the appropriate partial equation of the second order when S is not develop- 
able ; and construct the quantities u, v, w. Then there are two surfaces S’ and 
S”, given by the equations 


ge =art+u, Y =y to 2 =24+4, 
ae =a-u, y =y-v, # =2-4, 
such that each can be deformed into the other. 


Ex. l. Let the surface be referred to its asymptotic lines as parametric curves, so that 
DO, AO 


We do not then have M=0, so that the function ¢ satisfies a partial equation of the second 
order. This equation is easily found to be 


bu] (qi bat Bb) +PKO=0, 
a Laplace equation with equal invariants which, on the transformation 


p=ok?, 
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acquires the canonical form 
Pis + 6d = 0, 
where 
Ky 5 Ky Ky = s 
eke ka 


This is the simplest form of the partial equation of the second order which, ultimately 
in some form or other, must be solved before the central function can be determined. 


Ex. 2. Shew that, if the parametric curves on the surface S are such that 
LEN M=0, 
the equation for the function ¢ can be transformed to 


Pi +h2=0'9, 
where 


p=0K4, 


and ©’ depends solely upon the surface. 
239. Consider, under the new analysis, a question already (§ 222) discussed; 
can a surface be deformed while some curve upon it remains rigidly fixed ? 


As the parametric variables are at our disposal, again choose them so that 
one of them is constant along the rigid curve, say p=a. Now along this 
curve, we have 


that is, 


when p=a; and therefore also 
u= 0, ys Op 9 SO, 


when p=a. We shall assume that we are dealing with real surfaces 
throughout ; the assumption, that V does not vanish, then is no limitation. 


We have 
Hy Uy + YV + ZW. = Vo, 


in general; hence we have 


d= 0, gp. = 0, pa = 0, teeny 


when p=a. Again, we have 
Jan 
DX Uy == gyo: ss Ng), 


in general; and therefore, if the middle surface S is not developable, we 
have 
N pı =0, 
when p= q. 
Suppose that N does not vanish (the influence of the alternative to each 
of the suppositions can be considered later); so we have 


ġ = 0, 
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when p=a, and therefore 


2=0, a) 
when p=a. % 


The differential equation satisfied by ¢ is 
0 (Nd — =H) ò (L¢,.- Md, _ EN-2FM+GL 
ap | 4 GA y Pear hee 


in general; hence 


Pn = 0, 
when p= a, and so all the g-derivatives of ¢,, vanish when p=a. Differentiate 
the general characteristic differential equation with respect to p, and then 
make p=a; we have 

din = 0, 
when p= q, and so all the g-derivatives of ¢,, vanish when p = a. 


Similarly for all the derivatives of @ when p=a—each of them vanishes. 
Taking a Taylor expansion of @ in any non-singular region round the rigid 
curve, we see that p vanishes everywhere in such a region. Hence, when 
regard is paid to the expressions for the derivatives for u, v, w, and to the 
fact that u, v, w vanish when p=a, it is clear that 

w =N, AO w=, 
everywhere in the region. Conséquently 

nae, yo my, f =eZ, 
everywhere; and so there is no deformation between 8’ and S”. It therefore 
follows that usually a surface cannot be deformed while a curve upon it is 
kept rigid. 


240. The negative conditions, under which the preceding result has been 
obtained, are three. It was assumed that the surface S is real—the quantity 
V was supposed not to vanish; the surface S was assumed not to be 
developable; and the magnitude V was supposed not to vanish. 


We shall maintain the first condition. If V=0, the two nul lines through 
a point coincide; so that not merely would the surface be imaginary, but it 
would belong to a very special class of imaginary surfaces. 


Consider the possibility that N should vanish; in that case, we should 

have (along p = a) 

X2 + YY» + Zz = 0. 
And we always have 

Xæ, + Yy, + Zez =0; 
hence 

VO GF Yo, — 2oYo + Zola — Uy Zon + LoYor > Yoon 
=e —Zy 220 —a'2": ey — yk", 

where dashes denote differentiation along the curve p=a. When this curve 
is not a straight line, it has a definite direction for its binormal ; hence our 
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assumption implies that the normal to the surface coincides with the binormal 
to the rigid curve along the whole length of the curve. Now when Ñ is zero, 
we cannot infer that ¢, = 0 along the curve, and so we should have a function 
ġ satisfying the equation of the second order, vanishing along the rigid curve, 
but not vanishing everywhere on the surface. Thus the analytical condition 
N = 0 is necessary for the conclusion. 


When the surface S is developable, the function @ satisfies a partial 

equation of the first order 
Ng, — Md, = 0. 

An argument similar to the earlier argument shews that, if M is not zero, 
the function ¢, which satisfies this equation and vanishes along the rigid 
curve, vanishes everywhere; and then there is no deformation. Thus the 
condition is unnecessary, when JV is not zero; and the latter condition has 
just been retained. 

Summing up, we have Weingarten’s theorems*:— 


When two surfaces deformable into one another coincide along a curve, 
which is not a straight line and the points of which are self-congruent in 
any deformation, the whole surfaces coincide unless the normals to the 
middle surface of the two surfaces constitute the binormals of the common 
curve. 

When the measure of curvature of a real surface is everywhere positive, 
N cannot vanish ; and so the exception cannot arise. Hence :— 


Surfaces of a positive measure of curvature cannot be deformed, if 
a curve or part of a curve (not being a straight line) on the surface is 
kept rigid. 
Also :— 


Surfaces of a negative measure of curvature cannot be deformed, if a 
curve or part of a curve other than an asymptotic line on the surface 
is kept rigid. 

If the curve, which is to be kept rigid, is an asymptotic line on the surface, 
we can have N=0; we may have ¢=0 along the line, where ¢ satisfies the 
equation of the second order, and yet we may have œ different from zero 
elsewhere. The surface may be deformable. The definite establishment of 
a theorem, that it is deformable, would require the derivation, from the 
equations, of the set of deformable surfaces which have their Gaussian 


measure of curvature everywhere negative and which possess one asymptotic 
line in common, 


For further developments of the subject, reference should be made to the 
memoirs by Weingarten. 


* Crelle, t. c (1887), p. 307; the earliest (but only partial) establishment of the second of 
them was made by Jellett. 
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EXAMPLES. 


1. Shew that it is possible to deform a surface so that a given curve becomes a line of 
curvature on the deformed surface. Are there any conditions to be satisfied ? 


2. Shew that a surface cannot be deformed so that a whole system of asymptotic 
lines remains asymptotic, unless it is a ruled surface of which the asymptotic lines are 
generators. 


3. Prove that the Gaussian measure of curvature of a ruled surface is greater at the 
line of striction than elsewhere along a generator, 


4, Spheres are drawn according to any law, which makes the centres lie upon a 
surface and their radii a function of the position of the centre upon the surface; and 
their envelope is formed. Shew that the normals to the spheres at the points of contact 
with their envelope remain rigidly connected with the surface on which their centres lie 
when this surface is deformed. 


5. Shew that a scroll can always be deformed into another scroll so as to make the 
generators of the first become the principal normals of any one of their orthogonal 
trajectories. 


6. Shew that, if a scroll can be deformed into another scroll so that its generators 
become the principal normals of two of their orthogonal trajectories, the equation 


a? 82+ 2aa+2bB+c=0, 
(where a, b, c are constants, and a, 8 are the magnitudes of § 229), must be satisfied. 


7. Shew that when a hyperboloid of revolution of one sheet is deformed, while its 
generators remain rectilinear, its principal circular section becomes a (Bertrand) curve 


such that 
1 al 


8. Prove that the only real ruled surfaces, which can be deformed into surfaces of 
revolution, are the one-sheeted hyperboloid of revolution and the minimal helicoid. 


where A and + are constants. 


9. Prove that a pseudo-sphere can be deformed in an unlimited number of ways so as 
to leave an asymptotic line rigid and to conserve the principal radii of curvature along the 
line; and that it can be deformed in one way so that any two lines through a point on the 
surface become asymptotic lines for the deformed surface. 


10. A given surface can be deformed into a ruled surface, a family of geodesics 
becoming the generators. At the points where this family meets an asymptotic line, 
the rectilinear tangents to the geodesic are drawn; prove that they generate a ruled 
surface into which the given surface can be deformed. 


CHAPTER XI. 


TRIPLY ORTHOGONAL SYSTEMS OF SURFACES. 


THE present chapter is devoted to triply orthogonal systems in ordinary space. No 
account will be taken of multiply orthogonal systems in space of more than three 
dimensions. 


The first important theorem—that the intersections of three triply orthogonal surfaces 
are lines of curvature on the surfaces—was obtained by Dupin in 1813. Later, the subject 
attracted the attention of a multitude of mathematicians, among whom particular mention 
of Lamé should be made; the theory of curvilinear coordinates in space, and a large body 
of developed results, owe their origin to him. Later, in 1846, it was pointed out by Bouquet 
that any arbitrarily chosen surface cannot belong to a triply orthogonal system. In 1862, 
Bonnet had shewn that the determination of such a system must depend upon a partial 
differential equation of the third order; and this equation of the third order was first 
obtained by Cayley in 1872. Soon there followed the researches of Darboux, on orthogonal 
systems, as on so many parts of differential geometry; and many workers, among whom 
Bianchi may be specially named, have laboured in the field. 


It is unnecessary to set out detailed references to the many memoirs that are concerned 
with the subject. The reader, who wishes to obtain a comprehensive grasp of the theory, 
must refer to Darboux’s treatise Leçons sur les systèmes orthogonaux et les coordonnées 
curvilignes, published (in its completed form) in 1910. He will there find a systematic 
exposition of the theory, which deals with all the important matters and includes many 


of the latest developments. In that work, ample references to the original memoirs are 
given. 


Curvilinear coordinates in space; fundamental magnitudes. 


241. Just as a point on a surface can be determined by two variables 
which are taken as the parameters of two families of curves on the surface, 
so a point in ordinary space can be determined by three variables which are 
the parameters of three families of surfaces in the space. We shall assume 
that, in any region which will be considered, the surfaces are uniform, regular, 
and free from singularities; hence through any ordinary point of space there 


will pass three surfaces, one (and only one) belonging to each of the three 
families. 
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We shall denote* by u, v, w the parameters of the three surfaces, so that 
these are given by 


U(L,Y,Z2)=U, V(e,y,z)=v, we, Y, 2) EW: 


The Jacobian of u, v, w with respect to æ, y, z is not identically zero; and 
we do not consider regions of space where, at points or along lines connected 
with any of the surfaces, the Jacobian might happen to vanish (though not 
identically) or to become infinite. The surface w = constant will contain two 
families of curves, given as its intersections with the family of surfaces 
u = constant and the family v = constant; thus u and v can be taken as the 
parametric variables for the representation of points on a w-surface. And so 
for a u-surface and a v-surface. 


When we suppose the variables æ, y, z expressed in terms of u, v, w, we 
take them in a form 


a= u (w, v, w), y=y(u,v,w), 2=2(u,v, w). 


Naturally we have the same excluding suppositions about the Jacobian of 
æ, y, z with respect to u, v, w as about the former Jacobian, the product of 
the two being unity. 


We require derivatives with respect to u, v, w, and also derivatives with 
respect to x, y, z We write - 


u 
0x2 
and so on, with a similar notation for the derivatives of v and of w; and we 


also write (no confusion need be caused by the identity of the suffixes) 


ox Ox Ox p ag 
Sih, SS N S — 
oume he 4 ou On 


and so on, with a similar notation for the derivatives of y and of z. 


ei ee 


Kino ess 


Three quantities h,, h., hs are introduced under the definitions 
w? + Us + Us? = h? 
v2 +e + 03 = h,? 
wè + WP + w= h) 
Moreover, it is customary to assume that the three families of surfaces are 
everywhere orthogonal to one another; and so we have 
UV, + UV + UY = 0, 
WW + VW + VW = 0, 
Wt + Wgt WzUz= 0. 


* The notations are very varied. In addition to u, v, w, the quantities p, p1, p2 are used 
(by Lamé, and Darboux); others (e.g. Bianchi) use p1, p2, p33 Cayley and Salmon have used 
p, q,r; and not a few writers use a, B, y. 
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Now, as u, v, w are independent functions of three independent variables 
æ, Y, 2, we have 
Uy, 2, + UY + W2 = 1, 


UL, + UY, +V = 0, 
WB, + Woy, t+ W3%= 0; 


and therefore, from the second and third of these, we have 


Tı E. Yı E. Kl 
Va Wz — VW VWy — NW; VWa — VW 
But 
Vz Uz + Volly + Vey =O, WU + Wolly + Wus = 0, 
so that 
UW JE Ua ott Us t 
VW — VWa VW — VW; NW — VW 
thus 


a A 
wi 16s EU 
say. Substituting in 


UWT + Uola + Ugh; = 1, 


we have 
h2d=1; 
hence 
mY, ey 1 
te as Ob: 
Similarly 
Zo _ Yz_ Zz _ ED 
A Ta Us Ai h? 
Os oe L 
W, WW, W, he 
Hence 


Ly Ly + YY + 2,2, = 0 
Lols + YoYs + 2o23 = 0 
LyX, + Ys, + 232, = 0 
We also introduce three quantities H,, H,, H}, under the definitions 


oe + Y? -+ ay = H2 


a; ct Ys" ar if == He 
Manifest] 
y hH? =1, h2HZ=1, hegHeg=1: 


or, if we give positive values to h, hə, hs, Hy, Ho, Hf, then 


hAleatT, hi io. =i 
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The following relations can easily be established, and may be useful 
hereafter :— 


hah; Haw; 
VW — VW: = - Uy Yo23 — Ys = -F~ VY 
h i 
vyw — Nw Falta | Zoly — Zyl fi / 
PE Sek Ui es Uz?» Zh, — Zzgl = -py Ii >) 
h “| yey Meter 
hohe H,H, 
VWa — U,W, = -7 Us L2Y3— L3Yo = Fy 21 
h, i; 
igh, 3H, 
Wy Uz — W3Uy = —— V Y221 — YZ = i 
hs 2 
Wy, — W ħħ 2,2, — 2 Hdi y 
3U, — Wig = — Va Ps 3% — 203 = 27> 
hy H, 
wu fishy v t4 HH, z 
Wy Uy — Wt = —— V5 LY — BY = = 2a 
1 Us 2U hs Yi Ly H, 
Us TS YZ — Yor HH, x. 
Ul ena les Ue eat 142 CLA =~ 3 
h; H, 
UV — UV falia 2, Wo — Zol Hd, y 
3U, — UWjU3 a We -; 1o — Soh, = - eee 
hiz H; 
sie 3 HH, 
UVa — WN = E E Uy Yo — PY = H 23 


Also 


U, V, W | 
J ($25) lan, ty an) = hahah, 


7 (222) i, gy |= HHH, 


U, V, W 


Xs, Yz, Z3 | 


Ex. In §195, the equations of a Dupin cyclide were obtained in the form 


faat@ 0° OOS O =p) 
YF Ge a—ccos 6 cosy | 
bE b(a—pecosw) eee ig 
< a—ccos Â cos y | 
b(ecosO—p) .. | 
z= — A sin 
a — c cos 6 cos y $ 


where ¢?=a?—b?, Thus three families of surfaces are given by regarding p, 6, ~ as the 
family parameters; and the equations of the three families are easily proved to be 


(C+P+2—p+ bP =4 (ax — cp)? rome 
(x2 + y2 +22 — p2—b®)?=4 (cr — ap)? — 4b? 2? : 
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(these two equations of the Dupin cyclide pce equivalent), 


g PY 
pr ty? + 224 b2 t 6)2 
w+ y+ 24 D2 A = Las- by cot 8)”, 
a? +y? ++- 2bz cot p= 7 (ca — bz cosec Yy ¥. >: 

It is not difficult to verify by direct substitution that 

Oa 0x _ dy Oy | 0% Oz 

Op 06 ° Op T Op C8 ”’ 

Ox Ox +9 02 2 oz 02 a; 

00 oy t 00 Ow tz Oy” 

0x ox | Oy Oy Oz Oz i 

TAa OF en ey T 


hence the surfaces are orthogonal to one another. 


Thus the three families of surfaces 


(one of them being a family of Dupin cyclides) are a triply orthogonal system*. 


242. The construction of the fundamental magnitudes of the second 
order for the surfaces requires the derivatives of w, y, z of the second order 


with respect to u, v, w. 


When we differentiate mæ, + 142+ %2=0 with respect to w, and 
similarly for the other two corresponding relations symmetric with it, we 


have 
0 = & My, + HX), + AY + YA + 2203 + Z223 
0 = Loig H U3 + Yotis + YsYr2 + 2213 + Z322) ; 
0 = 2X2 + Lli + Yr Yrs + YsYio + 21223 + 2329 


which are easily seen to be equivalent to 
LiLo + Yr Yos + 2203 = 0 
Bola + YoYn + 222 = 0 
LyX + Y3Yr2 + 2,2, = 0 


Further, 


MM F YAYn + 22n = H, 


Lilis + Yio +212 = H 


Ban + YoYn + 222 = 


DMs+ Y Yis + 21213 = H 


Lyn + Y3Yn + 


— H. 


L. 


an, 

ou 

ath, 

|! Ov 

0H, 

1 Ov > 
all, 

| dw 


oH, 
naa ow 


* In regard to the systems which include Dupin’s cyclides, two memoirs by Darboux, Mém. de 
_ VAcad., t. li (1908), n° 1, n° 2, as well as Note iii at the end of his treatise on orthogonal systems, 


should be consulted. 
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Bala + Yoo + 2.2 = H, 2 Lss + YYis + 23213 = H, A 
Lila + Y Yoo + 22a = — pee Liss + Y Yz + 21233 = — H, = 
Lola + YoYo + Za2a =H, at Ttm + YY + adm = Hye 
Lolos + Yo Yos + 2223 = H, A Valss + YaYss + 20233 = — H; = 
W3Hng + Ys Yo + 232m = — H, a Usa + YsYss + 25255 = H; a 


The direction-cosines of the normals to the three surfaces are given by 


U= S = E = = — pe = —— 

SOE oat HF B, Hr i S My 

i i Vz Yo V3 2z 
GE A a 


The parametric variables on the w-surface are u and v; hence the funda- 
mental magnitudes L, M, N for that surface are 


H, òH, 
L = ay, + BsYu + Ys2u = — H dw’ 


M= 45%. + Bsitz + Js22 = 0, 
N = O55 + Yoo + 2g ae eee A 
3X9 Bs Yo: 3422 H, 


Similar results are deducible for the w-surface and the v-surface. The whole 
table of the six fundamental magnitudes for each of the three surfaces is as 
follows :— 


| kon Superficial | ; 3 3 
Surface parameters | E PENE G L M N 
[pee a a E —- = = 
5 Hy 0H, H; 0H; 
Mea) v, W H, (0) | H; DAT 0 Sarr 
: a | MRE 
| H oH. H, òH 
= | | a 2 Pee et) et oe 
v=b | W UÙ H; 0 Hi RTT 0 Bo 
H, 0H, H, 0H. 
= ; pee ze parece Caen — #42 Cite 
ae f KA BERS a 9 ees ae le” oe 
| | 
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243. It will be noticed that F=0, M=0 for each surface; so we have 
Dupin’s theorem :— 

When three surfaces cut orthogonally, the curves of intersection are lines 
of curvature on each surface. 

The last theorem can be associated with a theorem of Joachimsthal’s 
already (§ 128) proved—that, if two surfaces cut one another along a curve 
at a constant angle, and if the curve be a line of curvature for either surface, 
it is a line of curvature upon the other also. 

When the constant angle is a right angle, the theorem can be established 
very simply by the following method which is an adaptation of the method 
of Puiseux to be used hereafter (§ 259, post) for triply orthogonal systems. 
Let the surfaces be transferred to any point current along the line of inter- 
section; take the tangent plane to one of them at the point as the plane 
z= 0, and the tangent plane to the other as the plane y=0; then, in the 
immediate vicinity of the origin, the equations of the two surfaces have the 
form 

O=2+ aa’ + by? + 2Way+..., 
O=ytar+c2%+ 2Baz+..., 
where, in each case, the unexpressed terms are of order smaller than the 
retained terms near the origin. The curve of intersection of the surfaces 
at the origin (which is a current point on the curve) is 
z=0, y=0; 
on the former surface, it is a line of curvature if C=0, and on the latter if 
B=0. The condition of orthogonality everywhere is 
(2ax + 2Cy +...) (2a'a + 2Bz +...) 
+(1 4+...) (2by + 2Cx +...) 
+(1+...) (Qc'2+ 2Be+...)=0; 
along the curve of intersection, we have 
— z = qa? + higher powers of æ, — y=a’a + higher powers of s; 
hence we have 
B+C=0, 
so that the vanishing of B or C means the vanishing of the other. 


244. The expressions for all the second derivatives of a, y, 2 with regard 
to u, v, w are derivable from the foregoing equations. We have 
oH, 
ou” 
aH, 
1 ov ’ 
oH, 


Læn + Y3Yy + 232, = — H, aw 


Mey + YWYu + 22n = A; 


Uy + YoY + 202 = — H 
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and therefore 


ITOH HEO Yay oH, 
ASTI, e tal Fe 7) ta (=T Bu ) 
EOW O (ney) ee Hy OH, 
w= Gu t» w) AC H? iw) 


“csi 10H, , (- 
Be Edge ts sion 


H; r 
Again, 
Hy Log + Yi Yos + 21203 = 0, 
oH, 
Ly Log + YoYo3 + 22203 = H, Ap 
oH, 
Eslas + Ys Yos + 23203 = H; a ; 
and therefore 
aii) OA, 
3 `T, ðw H, dv 
Lok, 10H, 
Js=} F, ow HAT, ov 
1 0H, 1 oH, 


(eye aA aan O H. oy 


It may be noted that the last three equations are the forms of equations of 
conjugate systems on the u-surface; as they are also orthogonal, they are 
necessarily lines of curvature. Similarly for the other surfaces. 


The corresponding results for the other derivatives can be obtained by 
the cyclical interchange of variables. The remaining formulæ which, with 
those already given, constitute the full aggregate of second derivatives, are 
as follows :— 


a H, 2G) y a(g LA . $ ie B 


He du H., ov Hè ow 
at He bu) + (Hr, on) +H (HS be) 


i ee cere in e 
ta A Fa ou) e a aa( 

_,, 10h, 1 am, 
BOT Von eA, Ow 
Wiss HN 
Ya = Ys H, ou ” F, dw’ 
18H, , on 
EL sg ou ATT, Ow 


231 
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Hens H, oH, / 
=a (me Fy) taO H} ae) tala, 
H, oH; l 
yu= i (Fp RA H; a) +! de Bw N 
H, òH, 1 oH, 
m= al- Fr aital- i eet) + (Fp = 


and 


e gs 
A AH A U 


From these, we have 


ix, Sue ee E 
ott yt tant= (7) Ea (Gy) + Ha ar)» 
0H, 0H, H 0H 0H 
LaVi + Yn Yro + Zu = aan ao arr Sa aon” 
HoH, oH, Hel cH: 
TuUe + Yn Yes + 21122 = — r w ow H, dw ov’ 
OH, oH, 


Biais + Yr Yis + 2413 = ih Soy 


together with others derivable by circular interchange of the variables u, v, w 
and of the suffixes. 

Some of these relations for the second derivatives of s, y, z can be 
expressed in another form which will be used later. As 


h) 


1 
B=, A = y Boas B= 
1 H, 1> 2 THe 2) i, 


we have 


om t _ 4 0H, l oH, _ 1 on, 
Ok. HH,” Henu i Hy Ome ow 


on using the value of xu; and so for the others. The tale of the results is:— 


OO, 1 of} IEOH 


w a 

OG, 1 oH, | 

ov H, u i 
0a, Tod. 
sess E eh 
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0a, 1 Of, a 
Ou H Oe 
0a, 1 oH, | L0H, 
dv H, ow B H, ðu “jo 


Qaa aa, OH, | 

ow §€©6 A ou 

0a; 1 OH, 

du H, ow a | 
0a, 1 oA, 
av H, oae 
0a; liek, 1 0A, 


dw i, au ay, Hy oy) 
together with corresponding results for 8,, B2, 8s and yı, Yos Ys 


Further, it is important (especially for some of the equations of triply 
orthogonal systems) to associate a magnitude 


G=H4+Y4+27 


_ with z, y, z, and to have the corresponding equations; these are 


lou H, oH. H, ou, 
— 2= ace ela eee D IA 
Ta w mentee 0.( H = 0s ( He ia) 
an 5 OH. 1 oH, Hy oH, 
Om 2H 8. (— a Fe) + OH Go OOE w) P 
Hy 0H; H, 0H, i 2A, 
Pa- 2H = 0-77; ga) + 85 (— Fes ww) * H, w 
and 
E ET 


To 


It will be noticed that the forms of the last three equations are the same as 
the forms of the corresponding equations for æ, y, z—a property to be 
compared with the corresponding property, noted in § 77, for surfaces when 
they are referred to lines of curvature as parametric curves. 


245. As the fundamental magnitudes of the three surfaces are known, 
and as the parametric curves are lines of curvature on each of the surfaces, 
the principal curvatures can be written down at once. 


For the surface u =q, the principal curvature along v= is V/G, that is, 


__1_ aH, 
HH; 0u 


F, 27 
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and along w= c it is L/F, that is, 
ees 
HA, ou ` 


For the surface v =b, the principal curvature along w =c is 


and along u=a is 


For the surface w=c, the principal curvature along u= 4 is 


1. 0H, 
~ HH, dw’ 


and along v = 6 is 
ana, 
HH, ðw ` 


Ex. It is known that a triply orthogonal system is constituted by the complete set of 
confocal quadrics 
g2 + y? 22 1 
NAGER FA * 


for various values of A. Taking uw, v, w to be the parametric values of A for a point in 
space, shew that 
(u—v) (u—~w) 


4H? 


~ (a+u) btu) (c+) 
2 (v-w)(v-u) 
4H = a0) (6-40) (0+) 
4H; (w—u)(w—v) 


= AFOFO CFO). 


and obtain all the fundamental magnitudes of the second order. 


Lamé relations satisfied by H,, H,, Hs. 


246. Although there are only three functions H,, H,, H, of the three 
independent variables u, v, w, yet it appears that they satisfy a set of 
differential relations, which can be obtained in the same way as the 
Mainardi-Codazzi relations for the fundamental magnitudes of a surface. 
The space-relations are six in number. One set of three is made up of the 
equations 


Of 1. oti. o jis 1 GH, OL. ‘ 
aii ae) as ae) eG ee eis 
ð 71 od, Oo Se, 1 0H,0H,; 
aah Be) NE acts ðu du = Diet 
O/ kOe o fl On, 1 oH, aff, | 
so (Ht, a) tu) RS oe t 
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they sometimes are called Gauss relations, more often Lamé relations, and 
may be briefly written in the form 
[u,vJ=0, [v, w]=90, [w, w=. 

The other set of three is made up of the equations 
CH, 1 0H,0H, 1 0H,0H, _ 
dvow H, dw ov H, w dw 
H, 1 0H;,0H, 1 0H,0H, 
owðu H, ou ow H, dw du 
@H, 10H,0H, 1 0H,0H, _ 0 | 
ouw H, w du H, du w 

they sometimes are called Mainardi relations, more often Lamé relations, and 

may be briefly written in the form 

{v, w}=0, O E {u, v}=0. 


All the expressions for the derivatives of x, y, z of the second order have 
been obtained ; these derivatives of x are linear in 4, #, 7, and similarly for 
the second derivatives of y and of z. Now we must have 


o 


ob: 


Otn _ Oy OYn Yoe Oh _ ORs 

Ov O°? Aa av’ oo ou 
When we substitute the values of zn and £2, Yn and Yi, 2, and 2, effect the 
differential operations, substitute again for the second derivatives which are 


introduced by these operations, and reduce, we find 
0 =[u, v] x + {v, w} zs, 
0 =[u, v] ya + fv, w} Ys, 


0=[u, v] 2+ fv, w} 253 
and therefore ; 
[u vJ=0, {v, w =0. 


Similarly from the necessary relations 


dan Ôt OYn Phs 2 _ s 


Ow ou’ ow ow’ ow w’ 
we find 
[w uJ=0, {v, wt} =0; 


from the necessary relations 


OT = OTa Yio =~ Yo Ziz PA 0209 


ov ou’ ov ow’ ov du’ 
we find 


[u, vJ=0, {w, u =0; 
from the necessary relations 


Oar, _ la De Ys Ory _ 2s. 


ow ou’ ow ou’ dw ow’ 
A 


420 LAME RELATIONS [CH. XI 


we find 
[w, u]=0, fw, wu =0; 
from the necessary relations e 
Batre _ Ott Oyie _OYfrg_ OZ _ 02i 
ow dv’ ow w’ w w’ 
we find 


[v, w]=0, {v, w}=0; 
from the necessary relations 


Oy; _ Olas Yis _ OY Oz; _ 02o 
ov ou’ ov ou’ ov ou’ 


we find 
[u, vJ=0, {u,o}=0; 


from the necessary relations 


Ois N OTz; Ois ft OY 0245 L$ 025 
ow ou’ ow du’ ow du’ 


we fa 
[w, uJ=0, {u, vo} =0; 


from the necessary relations 


Onin _ Ong Pro _ Yas Onn _ Oe 
ia ow w’ dw w’ ðw dv’ 
we find 

i ; [v, w]=0, {w, u}=0; 
and from the necessary relations 


Olos O33 — OYax _ OY 0203 _ O25 
ow ov’ ow w’ ðw dv’ 


we find 
[v, wJ=0, {u, v} =0. 


Hence there are six relations in all, in the two sets as arranged. 


247. It thus appears that the three quantities H,, Ha, H;, which arise 
from a triply orthogonal system, must satisfy six partial differential equations 
of the second order; the independent variables do not explicitly occur in 
these equations. Two questions at once propound themselves. 


The first can be put into the form:—supposing that three quantities 
H,, H,, H, are known, or are found, as satisfying these six equations, what is 
their significance for the construction of a triply orthogonal system ? 


The second arises out of an obvious doubt. We are to have six partial 
differential equations satisfied by three quantities, regarded as dependent 
variables; and the independent variables do not occur. It is manifest that, if 
the equations were quite general in form, common solutions would not exist. 
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But the equations are special in form, and have (in the two sets) a circular 
symmetry in the variables; and so they may possess common solutions. 
Thus a question arises as to whether any conditions must be satisfied in 
order that the equations may coexist. Our concern, however, is rather with 
systems of surfaces than with systems of equations; and so the question will 
rather relate to the conditions that may be required of families which can 
belong to triply orthogonal systems. 


The two questions will be taken in turn. 


Extension of Bonneťs theorem (§ 37) to space. 


248. Accordingly, we proceed to investigate how far a. triply orthogonal 
system is determined by three quantities H,, H,, H;, which are given in 
value and satisfy the six characteristic partial equations of the second order. 


The equations to be satisfied by the coordinates of a point in space, being 
the intersection of particular members of the three families (if they exist), 
are three sets for each coordinate. One of these sets is 


1 oH, x lla i Tae) =0 


iF ou \ Hy 0) \ Hye bw 

z nae, Ry pas =() 

po EO) > H, ou > 
lve; Tol, & 

EIR «hase KGR ere = 


being a set linear in a, 2, £, and in their first derivatives with regard to u. 
The other two sets for æ also are linear in a, 2, 2, and in their first 
derivatives with regard to v and to w respectively. The three sets coexist, 
after the earlier analysis of § 246, provided the six characteristic equations are 
satisfied by H,, H., Hs. 
As the foregoing set of equations is linear in a, £2, 73, the primitive is of 
the form 
a, = Ea, + nb, + Sc, 
£ = Ed, + nbz + Seo 0 
a; = Eds + nb; + Fes 
where £, n, ¢ are arbitrary functions of v and w, and where three linearly 
independent sets of particular solutions are given by 
Zi, Ly, Hz = A, Ag, Us; 
=; b,, bs ; 
=a 01, Op xs 
Also, no limitations upon &, 7, € are imposed by the above set of differential 
equations. 
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249. The second set of equations in the derivatives of æ is 


bein EA AE E Si 
Taaa as 2 H, du 
HOH A” "Oe ere unje 5 
a 0 (— Fy ote oe ( H; ow aes 


LOH A er, 
-H ty h ov 


if the triply orthogonal system exists, this set must be satisfied by the 
primitive of the first set. When 


Log 


=0 


Ehe Cani = Oy Oey le 
are substituted in the left-hand sides of these equations, let the latter become 
A,, A,, A; respectively*; and similarly let them become B,, B», B; when 
Gis la, oe = Ol, Ory Oe 
are substituted, and become C,, C,, C, when 


Lı, La, Lz = Cy, Co, Cz 


are substituted. Then, in order that the foregoing set may be satisfied by 
the primitive of the first set, it is necessary and sufficient that the equations 


aE, Om is 
) p a at 
Eo a +nB, + %0.) > 


Uy E Taa (Edy + 7B, +o | 
should be satisfied by values of £, 7, € which are independent of u. This last 
requirement will be satisfied if, at the same time, the equations 
da, 0E 0b, 0n 0c, 0€ 0A, OB, S 
du dv * du v t du v alt a ae 
Oa, 0E | 0b, dn | OC,0F _ 0A, oB, 
Bu Ov Ou bp ee ake o ou sect 1 Ou + =) 


0s oE 0b, on 0c; ache JA, = 
ðu w mw w ( Ou 7a a 3 2) 


also are satisfied. That they are so satisfied, in connection with the equations 
which now define ¥, n, &, can be established as follows. 


Take the set of equations now defining £, », &, and multiply them by 
1 oH, H, oH, H, of, . 


H ou’ AZo’ He dw’ 


then adding, and remembering that 2,, 2, 8s = M, @, ds constitute a particular 


* The quantity A, formally is zero: it is retained for the sake of symmetry. 
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system of solutions for the first set of three equations in x, and similarly 
for s, %, #3 = bi, ba, bz, and for £, a, £ = Cy, C2, Cz, We have 


da, OE | db, On n dc, o¢ 


ou ov Ou dv uğu 
— oe ib OH, _ H, oH, H, 0H, 
5 Pan i tHE Oe AH a) 
= (B Toh" p MoH, H, 0H, 
TV. Ou °He dv) CO AS 7) 
> ‘1 08, H, aH, H, oH, 
t (O T a Gy O oe) 


Similarly for the second and the third of the set of equations for & 7, &. 
Accordingly, they all will be satisfied, if only nine relations of the type 


24,4 LO 4 HoH, , H, aH, 
ou | Hy du °? He æ ° AY ðw 
are satisfied. Now 
te Eh 1 0H, 
A, =n md: ay ee vay pee 
so that J 
OA; _ 0m a 1 of, a Isc) A EEN «eel 0H, 
ðu Ou "A ov ” Hy ou SeT (a. =) 2 Fy (Z ale 
But 
dan _ an 
ou w 
San Wy ou (BAB), (- 9m) 
TP Roe Oe ov 2 ( Hè ow 
mê (dO) a2 (E 2) a, 2 (E 2E) 
! dw a ou 2w (He dv ? w (H2 ðw) 
: GA. 4 OA) | : 
In the expression for a? insert this value for Ou? substitute for ay, de. 


from the original equations which they satisfy; gather together the terms in 
Gop dg, and substitute for d», a, from A,, A;: then, after reductions which 
are merely laborious, we find 


7 
ou T 


H, oH, 
? H2 ov 


—A 


Also A,=0. Hence the first of the nine relations is satisfied. 


In precisely the same way, the other eight of those relations can be 
proved to be satisfied. 
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Consequently the three equations defining & 7, € possess a primitive 
in which é, 7, ¢ occur as functions that do not involve u. As those equations 
are homogeneous and linear in £, 7, € and their derivatives with regard to v, 
the primitive is of the form s 

| E= pe +08" rE” 

n= pr’ bon” +T” Yy 

f= pb! + of" +t” 
where p, ø, t are arbitrary constants so far as derivation with respect to v is 
concerned ; and where &’, 7’, ¢' are one special set of solutions, £”, n”, ¢” are 
another special set, and £”, 7”, €’” are a third special set, these three sets 
being linearly independent of one another. When these values of €, , Ẹ are 
substituted in 2, £, 7, we have 

æ= pa + opit Ty 

X= pl + op: + TY 

L = pa; + ofp; + TYs 


as the simultaneous primitive of the first two of the three sets of equations 
satisfied by æ; and p, æ, T are (so far as concerns these two sets) arbitrary 
functions of w. Also 

Li, Lo, Lz = h, Ay, As, 


= By, Bax Bes 
=, Ya. Yess 
are special simultaneous sets of solutions of the two sets of equations. 


250. The third set of equations for æ, viz. 


strap Ys O HOt a 
Ha eet cre 


Log 


SPAR op OAS ; 
H; 0H; HoH, 1H; | 
eat H? ou oe He ov = H, dw i 

must be satisfied. All that remains at our disposal for satisfying them are 
three arbitrary (and so disposable) functions p, ø, r, of w. The procedure is 
similar to the procedure for the preceding set; the difference lies in the fact 
that, when the linear equations of the first order for p, e, r are formed, two 
subsidiary systems have to be satisfied instead of one alone. All the necessary 
tests are satisfied in virtue of the six relations between H,, H,, H,; and the 
result is that the most general values of p, o, tT are 


P = Api + Hpo + vps 
o = N0, + ho, + Vos }; 


T = ATi + MT, + VTS 
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where à, u, v are arbitrary constants; and where the other quantities are 
functions of w only, forming linearly independent sets of solutions of the 
equations for p, o, T. 


When these values are substituted in the expressions for a, 2, “3, we 
have (as the ultimate primitive of the nine equations satisfied by «) the 


expressions 
U=NX,+ bY, + vZ, 


L = AX., + uY, + v 
2 =\X; +uY;+ vZ; 
The quantities à, u, v are arbitrary constants; the other quantities are 


functions of u, v, w, which combine to form special sets of simultaneous 
solutions of the equations. 


The equations determining y1, Yə, Ys are precisely the same as those for 

X,, L, ,; hence their primitive is 

YW=NnX,+pY¥,4+VZ, 

YN Xo +p Y, +v Zp, 

Y=N X; +w Y; +v, 
where 0’, w, v are arbitrary constants. Likewise as to the equations 
determining z,, 2, 2;; their primitive is 

2= WX, +p" Y +Z 

PENNA TUY TT Z +, 

=X, +p" Y; +v"Z 


where A”, p”, v” are arbitrary constants. 


251. Thus the complete primitive of all the equations together appears 
to contain nine arbitrary constants. But these equations are not independent 
of one another; they are differential inferences from the earlier equations, 
viz. from 

gety? t2 = HY, 2At YoY + Z223 = 0, 

La? +Y? + 29? == HY, 23%, + YY + 2% =, 

Gy + Ys +z =H}, ttt YY tal; 
consequently the complete primitive, which has been obtained, must satisfy 
these equations also. When substitution takes place in the first of them, we 
have 

X PDA? + DE TORN + 2X,Z, Sav D E 4 2Y,Z, S + A = AY. 
But A wel Se eae z,, constitute a special solution, so that 

Xe +Y? +Z? = AY; 
hence, writing 
k= Ix -1, ka= ÈA, k; = Xv, k,= 2p? -1, keg Spy; k= Sv? — l, 
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Xk, + 2X, Yr ka + 2X, Z, ky + Yek, + 2Y,Z,k, + Zek = 0. 
Treating the other equations in the same way, we find 


X, Xk, + (XV. + XY) ky + (XZ, + X2) ks + ViYok, j 
+ (YZ: + Y.2,) ks + Z,Z.k, = 0, 
X Xk +(X Y; + XY.) k +(X: Z: + X:2) k; + ViV sky 
ag (Y2 =F Y;Z) k; + Z,Zk; = 0, 
Xek FOXY l + OA Ze + Vek, + Y Z k Zork, = 0, 
X Xok, +(X:Y; + XY) ky + (X-Z; + X34.) ks + YoY 3h, 
a5 (Y.Z; ar Y;Z,) ks ote Z,Zk = 0, 
Xk, + 2X: Yk, + 2X,Z,k, + V2k, + 2Y; Zk, + Zk = 0. 
Thus there are six equations, homogeneous and linear in the six quantities 
ky, ka, ky, ka, ks, kg. The determinant of the coefficients of the six quantities 
in these equations is equal to 


A K Z, ms 
AS Ys Zi 
AG; VS Z; 


which does not vanish because the quantities X, Y, Z constitute three 
linearly independent solutions of our equations; hence we must have 


k, =0, k,=Q; k, =0, k=: k= 0, k= 0, 
that is, 
XHAN” =], wtp’ +p” =0, 
e+e ete e=1, MAHN HA =0, 
yo ve ie yl = ik Au a8 N + ale ad 0. 
Thus the nine constants are limited by the six equations satisfied by the 
direction-cosines of any three directions in space that are perpendicular to 


one another. Now 
dæ = 2,du + xdv + a,dw, 


and similarly for dy and dz; hence 
e-Az= | adu + xr,dv + a,dw 


=A% + py +02’ 
y-B=Ne' +y'y +v 
z— O= x + py + "2 
where w’, y’, 2’ are definite functions of u, v, w, and A, B, C are arbitrary 
constants. The result can be enunciated in the form :— 


Quantities H,, H,, H,, satisfying the six characteristic equations, 
determine a triply orthogonal system of surfaces uniquely save as to 
position and orientation in space. 
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The theorem is the extension, to triply orthogonal surfaces in space, of 
Bonnet’s theorem (§ 37) concerning the determination of a surface in general 
by its fundamental magnitudes. After the theorem, a knowledge of appro- 
priate quantities H,, H,, H, is sufficient to ensure the existence of a triply 
orthogonal system ; the difficulty is to obtain this knowledge. 


Ex. As an illustration of the use of these equations, consider the conformal repre- 
sentation of space upon itself. 


Let x, y, z be the coordinates of a point in space; and let u, v, w be the coordinates of 
the associated point in the conformal representation. The arc-elements are given by 


ds? =d2?+dy?+dz, ds?=du? + di? +duw?. 
As the representation is conformal, we must have 
ds'=)ads, 
where À is any variable function free from differential elements; hence 
da? + dy? +dz?= (du? + dv? + dw). 
Consequently 
1 
H, = H,.= H= x: 
Let these values be substituted in the three relations of the type 
CH, 1 0H,0H, 1 0H; 0M, 


Mag VG. Cree, pee 
they give 
ad Pa A o 
wow wou ’ duw 
so that 
E 


where (so far as these relations are concerned) U is any function of w alone, V of v alone, 
and W of w alone. 


Let the values of Hı, H, H; be substituted in the three relations of the type 


0/1 oH n/a. 2) 1 0, 0H o. 
ou \H, ou ov \ Hy dv H dw dw’ 


they give three equations of the form 
ËA A _1(/dr\? MN, (OA? 
m o N E) a (a) aP (5) ) ; 
Inserting the value of A, we find 
U" 4 V"=V" + W"= W" +" 


_ U4 V+ W’? 
=—=T 40 


Hence 
Le VC wW” ; 


and therefore, as U, V, W are functions of w alone, v alone, and w alone, respectively, we 
must have 
2 
U"=V"= W"=5 or 0, 
a 


where a is a finite constant. 
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Taking the common value of U”, V”, W” to be 2/a, we have 


(u—a,)?+ao, 


= (w —¢))? +c, 


where the new quantities a, b, c are constants. But 


U2 4 V+W’? 
U+V+w ° 


when the values are substituted, we must have 


U" At Ve. 


aa + bo + C3 = 0. 
Hence, changing the origin for u, v, w (which amounts only to a displacement in space), 
we have 
A=U04V+ w=" (uw? +0? + w?), 


while 


Let this value, common for 4,, H,, H3, be substituted in the equations for the 
derivatives of a, ag, a3, obtained in § 244. They become 


Oa, 2 da 2 0a, 2 

Ju qn 2t vas), a ace a kako 

dag 2 daz 2 daz 2 

aie ee By ay Vta) ve a 

daz 2 daz 2 Caz 2 

hag a Gp Boke aw ~ Gy (a + a2) 5 


together with similar equations for 81, 62, B3 and y1, Y2; Y3- 
Integrating, and maintaining the relations of the type 


a? +BP+y2=1, BiyitPeye+Bsy3=9, 


we have 
2u? 2wv Quw 
a,;=1— NGS ONE a3 Qr” 
Quv 2v 2vw 
1 TEN 5] Bla B3= aÀ , 
Quw 2vw 2w? 
a a ar ica a 
But 
=a, w&2=a,Hp, X3= a3 Hz, 
so that 


it Qu? Que Quw 
dem {(1- 7) du x dv — X du}, 
and therefore 


au 
yr +y2+ wy?’ 


w—A 
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Similarly 
av 
Y~ B= aye 
aw 
1—C= ee 


These equations express an inversion with respect to the sphere 
V+r+w=a. 
Next, taking the common value of U”, V”, W” to be zero, and noting the relation 
U+ y+ W”? 
UVW’? 
we have U’, V’, W’ zero. Hence U, V, W, M, Hı, H, H} are constant, and so the 
equations for x, y, z when integrated, give 


(gf V"=- 


x— Á, y-B, z-C=(a, a, a” Xu, v, w), 
b, b', b" 


n 


OG G 


where the constants a, b, c on the right-hand side are proportional to the direction-cosines 
of three perpendicular straight lines. These equations express displacement and rotation, 
with constant magnification. 


Hence there are only two independent methods of representing space conformally 
upon itself, viz. 


(i) by displacement and rotation, together with constant magnification, 
(ii) by inversion. 


The two methods can be repeated and combined in any manner and any number of times. 


252. The difficulty of determining H,, H,, H, does not depend solely 
upon the fact that, by one method of procedure, we should be obliged to solve 
a number of simultaneous partial equations of the second order. An added 
complexity is caused by the fact that the number of independent equations 
in the system is greater than the number of dependent variables involved ; 
and so even Cauchy’s existence-theorem cannot be applied to the system. 


A preliminary investigation reveals the degree of generality which is the 
utmost to be expected among such solutions as exist. In order that three 
surfaces 

uls, y, Z)=U, Vg, Y, Z)=V, Wa, Y, Z)=w, 
may be orthogonal to one another (the quantities u, v, w on the right-hand 
sides being parametric), the equations 
VW, + VWa + VW = 0 
WU + WU + Wz Uz = 0 
UV + Uy, + Usd3 = 0 
must be satisfied. Let 


— 8, = VW + VW, — z = WU + Wet, —S,=u,0,+ Up Vo 5 
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then resolving the equations for us, vs, Ws, we find 


$ 

oe Se aD ssn} 7 SS), 

Us = ( Si 5) V3 = ie > Wg = ( S; >; 

This is a set of three partial equations of the first order in three dependent 

variables, and so we can apply Cauchy’s theorem, as follows. Take any 

arbitrary (constant) value of z, say* z=0; and let a, 8, y denote three 
arbitrary functions of æ and y, such that no two of the curves 


x 


a=constant, @=constant, y= constant, 


in the plane of z cut orthogonally. Then the quantities S,, S,, S; do not 
vanish when z=0; and so, within some range of values of z, the values of 
the branches of ws, v, w, are uniform and continuous. Then Cauchy’s theorem 
declares that unique uniform functions u, v, w exist, satisfying the partial 
equations, and acquiring the values a, 8, y when z=0; in other words, a 
triply orthogonal system exists, determined by the condition that three surfaces 
pass through any three assigned curves in the plane of z, provided no two of 
these three curves cut one another orthogonally. (The same limitation must 
hold for any set of three curves in the plane through which any three of 
the surfaces would pass.) 


We have taken any plane z=0. A corresponding theorem, with corre- 
sponding limitations, would hold if we chose curves in any plane in space or 
curves on any surface in space. 


The importance of the result is obvious. The utmost degree of generality 
that can be expected from solutions of the six characteristic equations corre- 
sponds to the generality represented by the assignment of three arbitrary 
functions of two variables. 


The critical equation of the third order. 


253. To make some nearer approach to the actual determination of 
triply orthogonal systems, we proceed once more from the conditions of 
orthogonality as follows. From two of them, we have 


where 
Wy = Wus — Wo, Va = Wat — WU Vy = Wy Uy — Wt. 
In order that the function v may exist, it is necessary and sufficient that the 


equation 
Vide + Fady + V,dz=0 


* This particularisation involves no loss of generality ; it only implies a change of origin of 
coordinates. 
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should have a single equation as its integral equivalent; hence the condition 
of integrability 


Y, (=: 5) +Y, (5 a +Y, (= oy ‘) = 


atin SSE rT mee 
must be satisfied. Now 
ov, ow 
a = ie WVPwW — WV? WU — (Uy Wy + tW + Uy Ws) + (Wy Uy + Wats + Ws Us), 
where 
Ye = o + A gh oe 
o oy oz 


Moreover, the remaining equation of orthogonality is 


Uy Wy + UyWe + WW = 0, 
so that 
Uy Wy + Up Wyy + Ug Wis + Wy Un + Wt + Ws Uy3 = 0 ; 


IND OV, 


PS ar = U,V? w — WV U + 2 (Wun + Whg + Wss). 


hence 


Similarly for the other quantities of the same kind. When the values are 
substituted, the condition of integrability becomes 

Wy Uy + Watr F Wz, Wi, UW |=0, 

Wy Wrz + Walo + Walog, Wz, Ug 

Wiig + WeUlog + W3Us3, Wz, Us 
which, on multiplication by 2, can be written 


Aw, + Bu? + Cw? + 2Fw,w; + 2Guw,w, + 2Hw,w, = 0, 
where 
A =2 (Uythg — Ugur), F = Uy Ugg — Up Uy, + Ugthys — Ur Usg 


B = 2 (tzun — Uy Usg), G = Uggs — Wg Uss + Uy Ue, — Uy Uy 

O = 2 (Ugg — Uug), H = Uzun — Uy Ugy + Ug Ugo — Us lop 
Manifestly the same equation would be satisfied, if we write v, va, vù in place 
Of Wi, We, Ws. 

When we associate the equation 
Uy Wy HUW + UzW; = 0 
with the preceding relation which is homogeneous and quadratic in w, We, Ws, 
and resolve the two equations for w : w, : ws, we find 
Otel E RA 

where U, U’, U” are two-signed functions of A, B, C, F, G, H, w, us, ug. 
(For one of the signs, we have w : Ws : Ws, while the other gives the values of 
V : V : vz.) In order that the function w may exist, the equation 


Uda + U'dy+ U"dz=0 
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must satisfy the condition of integrability ; hence 
CUS KU OU OU, oU aU" 
ON a: fi ets CLA | Sail emis rises 4.) VF 0. 
i a We a ws a 
This relation is not evanescent. It remains as a partial differential equation 
of the third order satisfied by u (æ, y, z). Moreover, all the foregoing analysis 
is reversible; hence this condition is sufficient as well as necessary. So we 


have the theorem :— 
In order that a family of surfaces, represented by 
u(x, y, 2) = constant, 


may form part of a triply orthogonal system, it is necessary and sufficient 
that u should satisfy a partial differential equation of the third order. 


254. Should the equation be satisfied by u (a, y, z), it still is necessary 
to determine v(a, y, z) and w(#, y, z) in order to have the full system. 
These two functions satisfy the same equation of the third order as u (a, y, 2); 
but it is unnecessary to take further solutions of that equation. We have 
seen that quantities U, U’, U” in the preceding analysis arise, as two- 
signed functions; let U, U’, U” denote one set, and T, T’, T” the other set, 
all of them involving derivatives of u alone. Then 

Wi, 5 aUn ti = Uy U 

E Saclay Soest Seid PE Bite 
The condition of orthogonality ought to be satisfied, so that we ought to 
have 

UT+ U'YT' + U”T”=0. 
Now the two sets of ratios are given by the equations 

AE + Br? + OE + 2F nf + 2GEE+2HEn = 0, 
Eu, + NU, + Sus; = 0; 
hence 
a TAUT A, A Us pie EKA RA 
Bu} + Cu? — 2Fusu, Ou? + Au? —2Gusu, Au + Bu’? — 2 Huu, i 


It is easy to verify that 
A+B4+C=0, 

Au? + Bu? + Cug + 2Fuyus + 2Gusu, + 2Huu,=0: 
hence 
UTS ps A fide ladda GY 
so that the condition of orthogonality is satisfied without any further 
conditions. 

The surface, w (a, y, 2) = constant, is obtained by the integration of the 
equation 


Uda + U'dy + U"dz=0; 
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and the surface, v (, y, z) = constant, is obtained by the integration of the 
equation 

Tdæ + T’dy + T”dz= 0. 
Hence, when one of the families of surfaces is known, the triply orthogonal 


system can be completed by the integration of two ordinary equations of the 
first order. 


255. The equation of the third order, satisfied by any one of the families 
in the triple system, is 
NONOR OU GU a OU OUN a 
u i “ Gua 4 Gy ae) 7° 


\ Ou oz 
When the values of U, U’, U” are substituted*, we have the equation 
required; but the analysis is long and laborious. In preference, we adopt the 
following method of constructing the partial equation of the third order to be 


satisfied by a family of surfaces forming part of a triply orthogonal system ; 
it is duet to Darboux. 


Let a denote any one of the three quantities u, v, w; the operator D, 
is used, where 


0 ð 0 
Dy = % = + agy t say 


We have 
UV F UVa + Uz Vs = 0. 
Denoting by x» any one of the variables æ, y, z, we have 


0 
ann (U,V, + UaV + Uzv) = 0, 
Mm 


and therefore 
DU Se DUm =0 ; 
and, similarly, 
Dim + Diyttm = 9. 
Again, we have 
VW + VWa + VW = 0, 
say, 
Um Um =0 ; 
m 
hence 
DWnDulm + Vm Du Uma 9, 
m m 
and therefore 
DUm D Un Ae EUn Dig üm 0 
m m 


When this is expanded and a superfluous factor 2 is removed, it becomes 


ES Un Un toma = 0. 
mnn 


* This is the method adopted by Cayley; see Coll. Math. Papers, vol. viii, no. 518, where the 
equation is obtained with a superfluous factor; ib., vol. viii, no. 519, where the superfluous 
factor has been removed from the equation. 

+ Systèmes orthogonaux, (1910), §§ 9—12. 


F. 28 
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To the last relation, we apply the operator Du; and then, using the above 
relations, we find 


> > VmWn D uUmn — > X Um Umn D wUn — > > WnUmn D wm = 0. 


m n mn mn ` 
Let 
A = DP pe. —2 (Gratin + Umllon + UmsUsn) 
4 
am LuyUimn A 2È Umüm» 
l A 
so that 


; ; Amn = Anm ; 
the new equation 1s 
EÈ BmYynAm = 0. 


mn 
We thus have three equations, containing homogeneously and linearly the 
six quantities * 


VW, VW + VAW, VWa, VW; + V3Wi, UgW3 + VWa, VWs; 
they are 
VW, + VW + VW; = 0, 


UVW + Ugg (VWa + VW) + UVW + Ung (VWs + VW) + Uos (VWs + VW) 
+ UVW = 0, 
Ay VW, + Ar (VW + vw) + AVW + A (VW + VW) + Aa (VWs + VWa) 


+ A zgzVz Ws = 0. 
Further, we have the earlier equations 


UV, + Ue + Ug, = 0, 
UW, + UW + UW; =O; 


so, multiplying these by w, and 2, w, and v, w, and v;, and adding in each 
case, we have three further equations 


ZU VW, + Ug (VW + VW) + Us (VW; + vw) = 0, 
Uy (VWa + VW) + UVW + Us (VWs + VW) = 0, 
Uy (VWs + VW) + Ua (VoW s + Use) + ZUtytsWs = 0, 
homogeneous and linear in the same six quantities. Now these six quantities 


do not simultaneously vanish; hence the determinant of their coefficients in 
our six linear equations must vanish, so that we have 


| Ange: Aa ae Ax, Ay, Ax | = 0. 
Uiis ‘Mess. “Uys Phage Ue this 
BT atk Re ie) eee) 
207, © OO fe tis s:: | Ply 
Oz, » 2thei) tr R 0. A 
OR SOs a wu, O | 


* Tt may be added that, save as to a common multiplier, these six quantities are equal to 
OD, UNUT U 0 Curie Oe Lote Ui em re 
in the notation of § 254; but these relations will not be used for our immediate purpose. 
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Expanding this determinant, and removing a factor 2, we find 
DA, {yet (Ayn — Ugg) — Uys (U? — Ug?) + (Ua? + Ug?) (Uathis — Ugua)? 
+ SA qo [Us (w? (Uss — Ua) + Us? (Un — Ugg) — Us? (too — Un )} 
+2 (u? + Us?) Uzas — (U + U5?) Urtia} ] = 0, 


where the first summation is cyclical for 11, 22, 33, and the second summation 
is cyclical for 12, 23, 31. 


As Án, A», Ag, Ax, An, Ay contain the derivatives of the third order 
linearly, this equation has the form 


© +=0, 
where © is linear in the derivatives of the third order, 
AEA ERIN RT aoe ers tees ive ahs second order, 
MILB EUICY losses A ties tents» first order, 
while DS CR Gre cera cai an tad sek Ooo es second order, 
URE CPR elated a ea hearts first order. 


So far, however, as concerns the simpler applications, it is easier to deal with 
the unexpanded form of equation. 


256. Many forms can be given to the equation; among them is one 
which has a similar form, though with a different first row of constituents. 


Let 

T= (uy? + Ue? + ug) 2, 
so that Th,=1; but we keep T as the variable* in preference to h,. Then 
we have 


A, 3 a Oe, : ; 
Ty, + ee mag ae (Urt + Utha + Uzt)? — he (Un? + Ue? + thy”), 
4 1 1 
Aj; 33 
Tio + moe (Uy, + Ugly + Ustlari) (Urthy + Ustloy + Uglas) 
1 1 


3 
it (Unt + Wrts + Urges) 5 
1 


the other second derivatives of T are given by cyclical interchange. Now 


A, vw, + Ary (vw, + vw) + Ass (VW qF vw) + AVW 
+ As (VW; + VW) + A VWs =0. 
Substitute from the above relations for the quantities A ; there are three 
aggregates of terms. 
du 
dn 
quantity du/dn may be regarded as the dilatation of the surface u at the point. 


* It is easy to prove that 7—=1, where dn is an element of arc along the normal. The 


28—2 
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In one aggregate, we have a set involving the second derivatives of T, 
the same in form as the left-hand side of our equation with a factor /,~. 


The aggregate of terms with the factor 3h,~ is ` 
(eaea ntt (ahem eB 
= eo s (« uae + Y2 + 2, a) («, - I nee + 2, a 
= hehehe 2 ae 


The aggregate of terms with the factor — 3h,-* is 
(Mtn + Vallo, + Valar) (WU + Wyo + Wus) 
SF (VU + Vallo + VsUso) (Wits + WU + WsUsz) 


+ (Vts + Vatla + VzUlss) (Wyths + Wallas + Wss). 


Now 
Vln + Vatlin + Vta = he? (Ln + Ya + Zalli) 
Du 
= id Ov 
a 
= h?2 aa (2h?) 
ol 
=h (eh? + 22,h, x) 
CS OL, hi ohy 
== jy Gu By 7 T a; 
also 


hy 1 
Wun + WU + Wta = h? (« : us aE 


A h U 
and similarly for the others. Hence the aggregate is 


_ oh. T h,? dh, Ohi as hè oh, oh ht oh, dhs 
= h? AA aE ph eee ee RIES, 
be {hs poe he Ou Ow hy 00 Ou” SHET ov du Sam) 
oh, oh 
= hè hgh? ET = 
oh, oh, 
= hehe a dv ðw ` 


Thus the second and third aggregates cancel; and so the equation becomes 


Lyd, + Tov, + vw) + Tis (tW + vw) + PgdoQ'y + To (VWs + vw) + T,,v,w; =0. 
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Taking the other five equations which involve ww, W+ UW, .., VWs 
linearly and homogeneously, and eliminating these six quantities, we have 
Pn, Ts T's; Le T's, Ts = 0, 

Ware le Une! Ses Ua: Ui 
eee ele te Oe, OT on) 
Dene ier A ea i, 
OR Aa a Or, © aie! 4 ON a, 
Divers O Merwe a ea O 


the other form of the equation indicated. 


If this form (which was obtained first by Cayley) be denoted by 


YY’ = 0, 
and the earlier form by 
C= 0) 
the foregoing analysis shews that 
Q = — hè. 


The earlier form is the more direct; the latter will be used to establish 
a theorem due to Darboux. 


257. Still another form can be given to the general equation of the 
third order ; and it is required when the family of surfaces, forming part of 
a triply orthogonal system, is given by an equation 


p(x, ¥, 2, u)=0, 
where ¢ is either not actually or not conveniently resoluble with regard to u. 
Such a case occurs with the triple families of confocal quadrics. 


Instead of proceeding from the last form of the equation, where the value 


of T would now be - 
T Op a 3) ey 2 
Ju ile A (5 > 

we proceed from the earlier form involving the quantities A. Let 


ab _y %_, A 
EP, goat gate Gea 


as usual, and similarly for the derivatives of other quantities; then 
dy ar Up P’ = 0, 
for r=1, 2, 3. Hence three of the equations in § 255 become 


Whyyw, + fy (Vw + vw) + hs (vw, + vw) = 9, 
pı (mw + vw) + WhV2We ais $: (vW; + vw) = 0, 
fy (VW + vw) + Pa (VW: + vwa) + Why; = 0; 
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and the equation 
VU + VW + VW = 0 
is unaltered. 


Again, we have 
— Uns P = bys + Ur Ps + Ushy + UUs" 
hence, substituting in the equation 
UNDU, + Ugg (VWa + VW) + th (VWs + VW) + UaV Wa + Uos (VWs + VWa) + UaV Ws = 0, 
after multiplication by — ¢’, the coefficient of 6” 
= Luv, . EW, 

and therefore is zero; the coefficient of ¢, 

= VY DUW, + UW, Dwr, 


and therefore is zero. Likewise for the coefficients of pġ; and @¢,. Hence 
the equation becomes 


bn, + ACA + Vt) + $13 (Vv + vw) + PVW + ox (VW; + VWa) + Psst W; = 0. 


There remains the sixth equation 
A nnw + A (vw + VW) + A ( vW + vw) + AVW 


+ Aag (VW + VW) + AV = 0. 
-Now 


— Urt P = Prst + Ursi + Use Pr + ler Ps + (UrsUt + Ustlr + Urls) p” 

H UUP” + Utes” + UMehy” + Urps + Urhst’ + Ushrt’ + Uhre ; 
as corresponding to the quantities A,,, we introduce quantities P,s under the 
definitions 

Prs = PE (Pirse — Wor hes) + pr Vhepse + ps UVbidis — prs Zp, 
where the summation in each case (as for the quantities A,,) is for t= 1, 2,3; 


and we substitute in the A-equation for the various quantities tyst, Us, Urt, Ust, 
after multiplying by ¢*. In the resulting equation, the coefficient of 6” is 


fh Due Duy, TUuw,, 
which is zero; the coefficient of °? is 
— 26/ Sul Tuy, Dnw, 


which also is zero; and similarly for all the aggregates of terms which contain 


” as a factor. Gathering together the remainder, we have the resulting 
equation in the form 


PMU, + Pa (vw + vw) + Pas (vw, + vw) + Dvw 
+ Pos (VWs + VW) + Baztsws = 0. 


Thus, as before, we have six equations, homogeneous and linear in the six 
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non-vanishing quantities vW, ..., ..., UWz; hence the determinant of their 

coefficients vanishes, and so we have Darboux’s equation* in the form 

Pan, Pa, Py, P, Pa, P =0, 

pi > ho» > Pss > Pas, Pa > di 
Iz P L OTO O 

2¢,, 0 5) 0 ‘] 0 5) ds; h 
0 > 2h, 0 ) ps, 0 ? Qı 
0 ? 0 ) 2s, do ? hı > 0 

as the partial equation of the third order to be satisfied by a function 

(x, y, z, u), when 


(x, ¥, 2, u) = 0 
is a family of surfaces constituting part of a triply orthogonal system. 


The invariance of form of the equation will be noticed, throughout its 
different shapes. It is through certain invariantive forms that Darboux 
constructs all the forms, after the first original equation of the third order 
has been obtained. 


258. One modification of the fundamental equation is worthy of notice. 
It reduces the equation to an arithmetical test at a point in space on one of 
the surfaces, while the point is current upon the surface and the surface is 
any member of its family. The degenerate form of the equation is useful as 
a test for any particular family of surfaces, and some examples will be given ; 
but it cannot be used for constructive purposes of integration. 

Let the u-surface be referred to any point, that lies upon it within the 
region considered, as origin. Take the normal to the surface at the point as 
the axis of æ; and take the directions of the lines of curvature at the point 
as the axes of y and z. Then we have (always at the point) 

Uy = 0, U, = 0, Uz; =0, Ur = 0; 
and so the quantities, denoted (§ 254) by B, ©, F, are such that 

B = 0, Co = 0, F= Uy (Ges = Ugs). 
Now the lines of curvature on the u-surface, being the intersections with the 
v-surface and the w-surface, are given by the equations 

Eu + NU + Su; = 0, 
AE? + By? + 06? + 2 nf + 2GCE + 2HEn = 0. 

The former of these equations requires that £=0, when E= v or when E= w, ; 
the requirement is satisfied. The latter of the equations, now that §=0 
definitely, requires that the equation 


Uy (lo T Uss) në =0 
£ len pos: 
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shall be satisfied at the point; thus if =», so that 7=%, or if E=w, so 
that »=w,, the requirement is necessarily and sufficiently satisfied, unless 


Ung — Us, = 0, 7 
which also will satisfy the second equation, without limitations upon 7 and €¢. 
Thus all the conditions required, in order to secure the lines selected as 
axes, are satisfied except only when 
i Nig Os 
and the directions are definite and unique at the point, save for the possible 


existence of this relation (which will be found to be a current characteristic 


of a sphere). 


In these circumstances, and with these values at the point, the terms 
involving Án, A», As, Ay, Ay: in the general expanded equation become 
evanescent as aggregate coefficients; and thus the general equation becomes 


Aya! Cin — Um) = 0. 
Inserting the value of A» at the point, and rejecting the non-vanishing 


power of u, the equation of the third order degenerates at the point into the 
critical test represented by the relation 
(Uoo — Ugs) (Utes — 2u) = 0. 

But, as already remarked, this test is arithmetical at a current point; it is 
not a differential equation. 

Ea. 1. A family of parallel planes can belong to a triply orthogonal system. For the 
family can be taken in the form 

L=4U, 

so that 


f ; W2=0, wg=0, w3=0; 
the test is satisfied. 


The determination of the other families in the system must be effected specially ; for 
the general method of § 254 is ineffective, because all the quantities A, B, C, F, G, H vanish. 


The u-surfaces are known; they are such that 
UW=1, U=0, uz=0. 
The v-surfaces must satisfy the equation 
U1 V1 + Uy V+ Uz03=0; 


hence we must have 
7, =0, 


v=¢ (y, 2), 
where ¢ is any arbitrary function. Thus the v-surfaces are a family of cylinders having 
their generators perpendicular to the plane of v, that is, perpendicular to the w-surfaces. 


and therefore 


The w-surfaces must satisfy the equations 
Uy W + Ug We + Ug W3=0, VW HVW + Vzw =0. 


From the former, we have 
w,=0; 
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from the latter, we have 


Op OP 
ay UG, w=0. 


Let an integral of the equation 
op op 
y dz— T dy=0 
be given by 
+ (y, z)=constant ; 
then we can take the w-surfaces in the form 


y (y , &)=U. 
(We could take w equal to an arbitrary function of y; but no generality is gained thereby.) 
These w-surfaces also are cylinders having their generators perpendicular to the plane of «. 


Ex. 2. A family of concentric spheres can belong to a triply orthogonal system. 
The family can be taken in the form 


+Y HSU, 
so that 


y : U2=0, %3=0, U3=0; 
the test is satisfied. 


AS Uy = Uqg=U33=2, UW_g= U3 = Uz =0, all the quantities A, B, C, F, G, H vanish; so 
again the determination of the other families in the system must be specially effected. 
We have 
UWj=22, Ug=2y, Ug=2z; 
hence the v-surfaces satisfy the equation 


LM +Yv +203 =0, 


a) 
=¢ (n, ¢); 


say, where @ is an arbitrary function of its arguments. 


so that their equation is 


The w-surfaces must satisfy the two equations 
LW, + YW, + 203 =0, 
V1 Wy HVW + V3.W3=0. 


From the former, it follows that w can be any function of 7 and ¢. Making ņ and ¢ the 
independent as we have the second equation in the form 


oe {ata ot aT $l + e i ae Pate?) $l =0 


Let an integral of the equation 


fata Pane Sh ac- fetat Play =0 


(yn, €)=constant ; 
then we can take the w-surfaces in the form 
vn, (=v. 
As an illustration, let ¢ (n, ()=7; then  (n, ()=(1+7")¢-2. The triple system then is 
e+P+P=u | 
ee | 
+ y= we 


be 
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Ex. 3. A family of spheres, touching one another at the same point, can belong to a 
triply orthogonal system. 
The family can be taken in the form 
aa aa 
Tam 
then 


Ung, 


Il 
| 
| 
= 
S 
Oo 


the test is satisfied. 


Once more, the method of § 254 cannot be applied*; for the equations are 
Cee 
fa (1-“ 5) o-a) £=0, 


(- EA (yn-+20) =0, 


and the left-hand side of the latter is a factor of the left-hand side of the former, so that 
the equations do not determine two sets of values for €:7: ¢. 


¥ een = 
Siete 


The v-surfaces must satisfy the equation 


Uz V HUV + U3 V3 =0, 
ee 
a-# a tnt n=, 
Ei 
L+H z 
Ley 
$ (n, &) =v, 


as the equation of the v-surfaces, p being any arbitrary function of its arguments. 


that is, 


Hence, writing 


we have 


The w-surfaces must satisfy the two equations 
Uy Wy + Ug We + Us Wz =0, 
Vi Wi + V2 WetV3 W3=0. 


The former equation is the same as the equation for the v-surfaces ; hence w must be some 
function of ņ and ¢ alone. When we take ņ and ¢ as the independent variables, the second 
of these equations becomes 


(vic) + ta ao 


Let an integral of the equation 


reba ee a dn - Ge sa 2) d¢=0 


Y (n, ¢)=constant ; 


be given by 


then the w-surfaces are given by 


Y m, ()=w. 


* The explanation of the failure in this example and in the preceding examples is simple. 
The two equations determine the directions of the lines of curvature on the u-surface ; these are 


not definite when the surface is a plane or a sphere, and so the two equations must cease to be 
effective. 
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As a special illustration, let 


b(n, Q= t= 
’ Seat a y > 
then we find l 
O e aA 
y t 3 , 


so that we have a triply orthogonal system given by 


R cae ü 


x 
re Dine?) 
C+ +zZ Par 

y 
OA A E 
TEIE w 


Another triply orthogonal system is given by 


HYH 
eee S) 
fe 


ee) a 


Pre 


Ez. 4. As a last example for the present, consider a family of parallel surfaces. 
The quantity «v, in the equation of a family of parallel surfaces given by 


Ub, Y, Z=U, 
satisfies a simple partial differential equation of the first order. To find it, measure 
a small constant distance p along the normal; the consecutive surface is given by the 
equation 


UÙ Us Uz 
u+du=u (e+p, IHTP e+p) 
1 1 1 


=u+ hp, 
so that 


hy z . 
P 


As p is constant, , depends upon v alone; and so we may take 
Uy? + Us? + Ug? =f (u), 
as an equation characteristic of parallel surfaces. 


Hence 
Uy Uo + Up Ugg + Ug Uga =F f" (U) Us, 


Uy Ug + Ug Uos + Uz U33= $f (U) Us; 
and therefore, for our arithmetical test at the point, we have 


uiz =0, uiz =0. 
Again, 
Uy U93 + Urg Urg + Uag Uag + Ua Uaog + Usg Uos + Us Uos =} f” (U) Uot +5 f’ (U) Urs, 


so that, at the point, we have 
W493 = 0. 
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The arithmetical test is satisfied ; and so any family* of parallel surfaces can belong to a 
triply orthogonal system. 

It is easy to infer geometrically that the other members of the triple system are the two 
sets of developables generated by the normals along the lines of curvature. q 


259. Proceeding by another method, Puiseux obtainst a number of 
arithmetical results applicable at a current point—among them, the more 
important factor of the arithmetical test which has just been considered. 
He refers a triply orthogonal system to any point as origin, taking the 
normals to the three surfaces as the axes of reference; then, by adjusting the 
values of the parameters, he takes the surfaces near the origin in the form 

u=a2+ar+dy+g24+2Ayz+ 2Fzæ + 2Hey + terms of higher orders 
v=y that + by + e2 + 2ÅIyz + 2B2H + WAY + aoeeoe 
w= 2+ fart w+ c2et+ 2Zhys + 2Gza + WHY a aa D opo 


Now the equations 
UV, + UV. + Usd, = O, 


UW, + VWa + VW = 0, 

WU, + Wolly + Welz = O, 
have to be satisfied along the lines of intersection ; hence 
0=(H+h)2+(D+d)y4+(4+4+ B)z+ terms of order higher than the first, 
O= (BF OCE Ra) y + CAE 6) ha ete oe ee eee ee eee i 
Oe CE Pf FCF A) Y F (EE I a a S 3 


The terms of the various orders must vanish separately ; in order that the 
terms of the first order may vanish, we must have 
H+h=0, D+d=0, A+B=0, 
I+i=0, H+e=0, B+C=0, 
G+g=0, F+f=0, C+A=0. 
The last column of three relations gives 
A=0, B=0, «C= 0, 
which effectively is Dupin’s theorem. Using all the relations, we can take 
the surfaces in the form 
u =g + a + dy ++ g2 —2fzx —2hay 
+ ja + mY + pe + ay’z + òy? + nw + eza + vary + pry? + veyz + ..., 
v= y + ha? + by? + ez? — 2iyz — 2dæy 
+ gas + ky? + ne ++ Eye + oy? + Bea + ea + Oey + rey? + hayz+..., 
w= z + fa? + iy? + c2 — 2eyz — 2gza 
+s + ry’ + le + owy’ + py? + oea + ree + ywy + Soy? + xey... 


* We already have had examples, in a family of parallel planes, a family of concentric 
spheres, and a family of Dupin cyclides. 
+ Liouville, 2™e Sér., t. viii (1863), p. 336. 
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the unexpressed terms being of the fourth and higher orders. When we 
substitute in the equation 

UW, + VWa + VW; = 0, 
the terms of the first order disappear; the terms of the second order, which 
are unaffected by the unexpressed terms, are to vanish by themselves, and so 


we have 
0=4fh+y+e, 


0 = 4bi + 4er + 87 + E, 
0 = 4ce + 4ei + 3n + p, 
0 = 2dg — 2be — 2ci — 2e? — 2? + w +0, 
0 = 4de — 4eg — 4gh + 28+ x, 
0 = 4gi — 4d f — 4di + 2E + ¢. 
Similarly from wu + Wus + Wus = 0, we have 
0=4dit+a+ 6, 
0 = 4cg + 4/9 + 3p +o, 
0 = 4af + 4f9 + 3s + K, 
0 = 2eh — 2cf— 2ag — 2f? — 29 + +7, 
0 = 4ef— 4fh — 4hi + 2y + v, 
0 = 4gh — 4de — 4eg + 28 + y; 
and from 2,0; + UV, + UV; = 0, we have 
0 = 4eg + B + ô, 
0 = 4ah + 4dh + 3q + v, 
0 = 4bd + 4dh + 3M +A, 
0 = 2fi — 2ad — 2bh — 2d? — 2h? + 0 + p, 
0 = 4df — 4di — 4gi + 2a + ¢, 
0 = 4hi — 4ef — 4fh + 2e + v. 
From the fifth of the second set, we have 
y=-— 2ef + 2fh + 2ħi — hv; 
and from the sixth of the third set, we have 
e = 2ef + 2fh — 2hi — hv. 
When these are substituted in the first of the first set, it becomes 
v = 8fh. 
But in the present case, taking the values at the origin, we have 


u=l, J =-— $us, h=—4uUp, U = Wi; 
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so that the relation is 
UyUyo3 — Zuizths = O, 


being one of the factors of the arithmetical test in § 258. 


Similarly 
p=8di, X = 82g, 
which are the corresponding tests for the v-surface and the w-surface. 


The equations are turned to other uses by Puiseux; for these uses, reference 
should be made to his memoir. In particular, he shews that they contain 
the Gauss and the Mainardi-Codazzi relations (§§ 34, 35). 


Lamé families of surfaces. 


260. Whichever form of the equation be adopted, we now have explicitly 
the partial equation of the third order which must be satisfied by the 
parameter of a family of surfaces belonging to a triply orthogonal system. 
Such a family is called* a Lamé family. 

As the equation is of the third order, it is to be expected (from the 
general theory of partial differential equations) that its primitive will contain 
three arbitrary functionst which (after Cauchy’s existence-theorem) may be 
taken as (say) the values of u, us, Us when z=0, so that they are then 
arbitrary functions of æ and y. But the general equation appears too 
complicated to admit of explicit integration in finite terms; so we have to 
deal with specialised cases. Nevertheless, these cases have some real degree 
of generality. Among them, one of the most important is contained in a 
theorem} by Darboux, dealing with a large family of Lamé surfaces. 


Having regard to the form of the partial equation of the third order 
satisfied by such a family w(w, y, z)=u, we consider the equation 


Oye, “abs, a a Oe Ooze). 
Nay; A 2 Cerna. U Uh 2s 
Ls Diy ale Ota 0 
J OS OR ee ae te 
0 2u PO Win (Dn as 
OOF Zt i ae À 
By § 256, we know that it is satisfied by 
6=T =(u? + u+ u?) =y 


We verify at once that it is satisfied by 
0 =f (u); 


* By Darboux, on account of the importance of Lamé’s work on curvilinear coordinates. 


+ This is in accord with the alternative form of statement in § 252. 
+ Le., Book i, ch. iii, where the integral is discussed in some detail. 
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for substituting, multiplying the second row by f”, the fourth by $u,/’, the 
fifth by $u, f’, the sixth by 4u,/f’, and subtracting the sum of these multiplied 
rows from the first, we have a row of zeros. 


Similarly, it is satisfied by 
0=xg (u) AO=yh(u), O=2k(u); 
the process of verification is the same, save that the respective factors are 
ag’, yh’, zk’, for the second row ; 
aug” +g, yuh” +h’, $zu;k” +k’, for the fourth row ; 
dawg’, byuh”, $2u,k", for the fifth row ; 
taug”, tyush", $2u,k", for the sixth row. 
Similarly, it is satisfied by 
O=(a 4+ y? + 2°) 1 (wu), 
the process of verification being the same, but with the multipliers 
(æ +y +2)’, for the second row, 
2l, for the third row, 
4 (æ + y+ 2) ul” + 2al’, for the fourth row, 
b(@+y+ 2) ul” + 2yl’, for the fifth row, 
4(@+y?+ 2) ul” + 22l’, for the sixth row. 


Now the equation quoted is linear in the derivatives of 0, and therefore the 
sum of any number of integrals with constant coefficients is an integral; thus 


O=(u? +u? + u)? =- (æ +y + P) l— ag — yh — zk — f 


is an integral. But 
®=0 


satisfies the equation; and so we have Darboux’s theorem *:— 
Any family of surfaces u (x, y, 2) =u, satisfying the equation 
1 
where f, g, h, k, l are any arbitrary functions of u, is a Lamé family 
belonging to a triply orthogonal system. 


=(#?+y+2)l4+ ag + yh + 2k +f, 


For the development, and for some applications, of the theorem, reference 
should be made to Darboux’s treatise t. 


* Apparently, there are five arbitrary functions in the integral, instead of three ; but the five 
can be reduced to four, by taking a new variable wu’, such that ldw=du’. The four functions 
involve only one parameter u; each of the three functions in the primitive (after the statement 
of Cauchy’s existence-theorem in § 252) contains two independent parametric variables. 

+ Systèmes orthogonaux, Book i, chap. iii. 
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Bouquet surfaces. 


261. As the general primitive of the equation of the third order has not 
been obtained, it is worth while considering some special classes òf surfaces 
that belong to triply orthogonal systems. Among these are the w-surfaces, 
whose equation* has, or can be made to have, the form 


u=X+V+Z, 
where X is a function of æ only, Y of y only, Z of z only. Then 
: Uy =A; Us =O, 
TN MOLES DELS NENG 


and similarly for the others; hence the equation of the third order, when 
expanded, is 
SOV AGE > (AX a Ai PB. GEE) (YHA TA A) = 0. 
Manifestly the factor X’Y’Z’ can be dropped; and so the equation becomes 
OES. Ce re 2N L2) (V M A 4 (YV a = 27) (Za -s x”) 
ab (ZiZe as 22") (Xe ae Ais am 0. 

The equation can be established ab initio by the following method which 

also contributes some knowledge of the other families in the triple system. 


Assuming that the u-surface does belong to a triply orthogonal system, the 
other families are given by 


Xun + Yu, +Zv, =0, 
X’w,+ Y'w,+ Z'w=0, 
VW + WW. + VW; = 0. 


As regards the first two of these equations, we take two independent integrals 


of the subsidiary set 
de _ dy _ de 
AEF 


a= T-Y. e=-[Z -z 


and then the first two equations are satisfied in complete generality, by 
taking v and w as any two functions of a and 8 only. Let these functions 
be substituted in the third equation; it becomes 


say 


1 /ov dv /ow ow 1 ovow 1 dvaw 
Xx? & { 4. o g D taaa * Z20B 08” 
that is, 
ow vN (ow ðw X”dvdw X” dv dw 
(s i a te Fa. Fean BR | 


* They were first considered by Bouquet, Liouville, t. xi (1846), pp. 446—450. 


261] SURFACES 449 


There are three independent variables, though v and w are functions of only 
two independent combinations of them. Change the independent variables, 
choosing them to be a, 8, æ; then y is a function of a and a, while z is a 
function of 8 and x, such that 

ea eee ee 

Owe Me wld AX 
Differentiating the modified equation with respect to v, and noting that v 
and w now do not involve æ but only a and 8, we have 


ACN m ONO sed 2 OP OW. 


Y° jada” Z” T 
Differentiating again, we have 


A T KY” a 2y ax Er Ye) ov ow 


y” 0a da 
a NX XYZ a ASS pa 9Z" (X” — A) ov Ow ae 
k Z? BB ` 


Eliminating the derivatives of v and w between the last two relations, we find 
ARNA a Dae) ( Y- S ZA) ote ( Ye Wau = 9 VAR) (Z” T A) 
+ (Z'Z” às 222) (X” a Y“) me 0, 
which is the equation in question. * 


When we use the earlier of the two derived relations to eliminate Y’? from the 
a-B equation, we find 
dv dv\ (dw ow dv ow 
(ata) (Se toa) + Pap a= 
XxX” VAL 2y” 
Z2 VS yr" 


It is not difficult to verify, through the critical equation of the third order, that P is a 
function of a and 8 only. 


where 
P= 


Suppose that the u-surface does satisfy the Bouquet form of the critical 
equation. Then, for the other two families, we have 


oo Ow My” (Z"= X", 
eE ZX EYA 
2) E) ueo- 
where M is a quantity whose exact value is not required. Thus 7 z 
and 5 /5 aa are the roots of the quadratic equation 


Y- (Z —X")+0 {Y (Z"—X”)+ GZ” (X” — Y”)—-X"?(Y”"-2")| 
+Z.” (X”— VEN 
F. 29 


450 BOUQUET’S FORM OF CRITICAL EQUATION [CH. XI 


One of the linear factors gives a homogeneous linear equation of the first 
order for v; the other of the linear factors similarly supplies w. When 
these equations are integrated, the values of v and of w are known; and 
so we have the triple system. 3 

Accordingly, the first step is the determination of values of X, Y, Z which 
shall satisfy the critical equation of the third order. It may be written 


€+ 4X" +B=0, 
where A and B are independent of w, while 
ETN A AEN 
Differentiating with respect to x, we have 
E+ AX” =0, 
so that 
consequently both sides of this equation must be constant, so that 
EB =aX”, A=—a. 
The former gives 
AUK" — 2X" = E=aX" +b, 
where 6 is an arbitrary constant; and then 
B=b. 
The relations A+a=0, B—b=0, give 
Vy" —2Y%=aY"+b, Z’Z"—IZ'2®=aZ" +b. 
Hence the most general resolution of the critical equation is constituted by 


the set of equations 
XX” — AX"? = aX" +b 


Vil. DVR oa yh 
LZ" —2Z"? =a" +b 


Ex. 1. Consider the case when a=0, b=0. Then 
AUX" —-AXM=O, Y'Y"—-2V%=0, Z’Z"—Z"%=0, 

The primitives of these equations are 

X =m log (vw—m')+m’", 

Y= nlog(y—n') +n", 

Z= plog (2—p') +p", 
where all the quantities m, ..., p” are arbitrary constants. No generality is lost by 
annihilating m, w, p’, m”, n’, p"; so we have 

X=mlogr, Y=nlogy, Z=plogz. 

The w-surface has therefore the simple form 


U= et — eX TERAZ ym ye op, 
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For the other two families in the triple system, we first deal with the equations 


m p 


pty ete 3 = 0, 


m p 
a Wy +- KET e = 


Ws = 0. 
y 3 


Hence, if 
a=nx?— my", B=px?— m??, 


both v and w are functions of a and 8 alone. The equation 


Vw +V Wg + Vg wz =0 


(uxt dv ow dw dv oD, dv sata 
Ja ag G +g) +min ge a PIB 


( Ov ow ov 53): 
=O 4G, asics 


then becomes 


Hence 
ov ow dv Ow dv Ow 
z 2 
enO a + me (5. a8 * 86 da )-+ (mp ae F i PR 


ov Ow ov Ow 
“Oa a OB OB 


=) 
The equation satisfied by v is 


ov\2 p+m n+m .\ dv dv 53) =0; 
o(a) Eare a e)a e (35) 2 


and the same equation is satisfied by w> Let 


then we can take 


2a ae (Piati ata) a=. 


n p oB 

5 OW, Da  ntm,_ eo 

205, + ( 7 a— F B-A ees 
Let integrals of 

(2a -7EM gab) da— 2ade=0, 

n p 

and 

(Pia ete ab) da- 2ad8 =0, 
be 


g(a, 8)=constant, A (a, 8)=constant, 
eon: ; the two other families of the system are 
g (a, B)=2, 
h(a, B)=w. i 
Ex. 2. Shew that a triply orthogonal system is given by the equations :— 
(i) the hyperbolic paraboloids z =4; 


(ii) the closed sheets of the surface 
(y? — 22)? — 2a (Y +2 + 24”) +0? =0; 
(iii) the open sheets of the same surface. 
29—2 
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Ex. 3. Obtain the families, to be associated with the family 
LYZ=U 
so as to give a triply orthogonal system, in the form 
v= (a? + ay? +0222)? + (0? + a2? +a), 
w= (42+ ay? + a2z2)2 — (a2 + 0242+ az2)®, 
where a is an imaginary cube root of unity. 
Ex. 4. Shew that the critical equation of the third order is satisfied for the surface 
u=X +e (y +2), 


where X is any function of æ. Shew also that the families of surfaces to be associated with 
it in a triply orthogonal system are 


dæ 
-4e Ee 
w=(y2+2)e x, 


Ex. 5. It was shewn that a general resolution of the critical equation leads to three 


equations of the form 
X'X"—2X"?=aX"+b. 


DUD URT 2X "24 aX" + b 
=2(X"— p)(X¥"— 0), 


where p and ø are constants. Assuming them unequal, let 


Thus we have 


Np Lee 
eS a 
(ie SEO) Vey 
then 
À H 1n XR 
(rat r) 
so that 


(X" -pò (X" -0 =¢X", 


an equation that usually is transcendental. Now 


1 X: 
=y ” T a ak! 
3 (¥" =p) (¥" =a) 


mp (X" =p) 1X" ghd x”, 
so that | 
waaay, (X-pa oh tad” 


If it were possible to invert this relation, so that 


” 5 (@-% 5) c) 
oa 
then 
X =f (z — 2, c) + Az. 


Y=f (Y-Y, ¢) +A’y, 
Z=f(z =% , c") + 4"z. 
But, in general, the relation cannot be inverted so as to give an explicit form for f. 


Similarly 


262] TRIPLY ORTHOGONAL CENTRAL QUADRICS 453 
Ex. 6. Integrate the equation, so as to obtain the u-surface in the following cases :— 
(i) when 6=0, 
(ii) when a=0, 


(iii) when a?=86). 


Quadrics. 


262. Now consider the possibility of having a family of central coaxial 
(but not necessarily confocal) quadrics as a family belonging to a triply 
orthogonal system. Their equation will have the form 


2 2 2 
$(%%2W=Z+h+G-1=0, 


where A, B, C are functions of the family parameter u. We have 


while 


er D hE te Mer |r Pe 
p, = 8 7a + 8dr Fa Ady, (Btt) 


and so for the values of the other quantities ®,, by cyclical rotation of the 
indices. Substituting in the Darboux equation of § 257, and evaluating, we 
find (on the rejection of a merely numerical factor) 


Bo (E+$+8) (G-Ba+G-H)e+G-De}-o 
Hence, rejecting irrelevant factors and non-vanishing factors, we have 
A(B—C) A’ + B(O—A) B+ 0(A—B) 0’ =0, 
as a differential equation to be satisfied by the quantities A, B, C, which are 
functions of the family parameter u. And then, for any values of A, B, C as 


functions of the parameter u which satisfy the equation, the family of 
quadrics 


belongs to a triply orthogonal system. 
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Ex. 1. The simplest solution is given by 


A=l, B=, (Ca 
so that 
A=a+u, B=b+u, C=c+u, 


where a, b, c are any constants. The equation of the family of surfaces is 
g? y? z2 E 
Gea ET E 


the family is composed of confocal quadrics of the same kind. The other two families in 
the system are the two sets of confocal quadrics of the other two kinds. 


. 
> 


Ex. 2. Manifestly, a somewhat general solution is given by 


AA'=Ah+ 9 
BB =Bh+9>, 
CC = Ch+g 


where 4 and g are any disposable functions of u. We have one set of solutions of this 
character by taking 


: A=(u+b)(ute), B=(ut+e)(uta), C=(uta) (utd), 
i h=3utatbt+e, g=(uta)(u+b) (ute) ; 
and the family of quadrics, forming part of the triply orthogonal system, has the equation 
(uta) s? + (wtb) y+ (ute) 2=(w+a) (wtb) (ute). 

The other families of the triple system satisfy the equations 

a(U+ta) v +ylu+b) vo+zlu+ce) v3=0 

slu+a)wi+y(u+b)w+z(u+ce)w=0+. 

Vy Wy + Vo Wa + V3 W3 = o| 
The first step in the construction of these families is made by integrating the equations 
da I dy dz 
sluta) ylu+b) zlute)’ 


being the characteristics of the first two partial equations of the first order. When we 
equate each of these functions to f” (u)du, where f is another unknown function, the 
integral of these characteristics can be taken in the form 


æ= Ael +a) f (u) -ftu 
y= zaarra] > 
z= Celute) f (u)- f(u) 
where A, B, C are arbitrary constants ; and then the value of f (u) satisfies the equation 
A? (u +a) etta f (t) + B? (+b) ettor) C2 (ute) ettor w 
=(u+a) (u +b) (u+ c) er. 
When this value of f(u) is regarded as known, we can take the two integrals a and 8 of 
the subsidiary characteristic equations in the form 


ine Ope EGO. 
B SSH MID AIG, gela — b) e(a—b)(b—e) (e~a) f’ (u) ; 
and then v and w are appropriate functions of a and £, satisfying the equation 


O= D { co. ee vet et =a Ow „Ow a(ut+b+e)—be) _ 
wr {55+ 855 Uta fate Uta } =o. 
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263. Next, consider the paraboloids represented by 


Y 
2+ ne 0, 


where L, M, N are functions of a parameter u; can the paraboloids, for some 
appropriate functions as values of L, M, N, be a family of surfaces belonging 
to a triply orthogonal system? Writing 


2 2 
$ (e y, 2, u)= w+ yt 
we have 
. z 
h= p2h, p2 
2 2 
dn = 0, $n = > bs =F 
ps =0, da =0, dis = 0; 
and then j s 4 


ose ( ienei) 


®, = 0, =0, ®,=0. 


Thus (removing the merely numerical factor 16) the critical equation is 


CE hog aah P EK 
0, A =, 0 Sd © 0 
wel sep O 
PR 0) 0. Ne A 
0, 2 Oe oe 0, 1 
Ore Dy 2T T ToO 


which, when expanded, becomes 
yz ae 1 2 )- 1 (Hr GP l= 
2 be (Po 5 Pagg) + 20s tie +1)- y(r +1)} =0. 
Substituting and collecting terms, we find that this equation takes the form 


1 i / J 
16 lan (¥- ne + M’+N’)=0. 
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We may set aside, as a particular family, the surfaces for which M= NV; they 
are paraboloids of revolution. Thus the critical equation becomes 
PAM EGNEN; 
so that 
L+ M +N = constant. 


Ex. A particular family is given by 


M=u, N=-u, L=constant. 
The surfaces are 


2__ 52 
Y—*'+20+0=0 


which (by change of origin and axes) become the surfaces 
YZ=uX. 


We have already (§ 261, Ex. 2) dealt with the triple system to which this family of 
paraboloids belongs. 


Isometric systems. 


264. Among triply orthogonal systems, there is one special class of 
surfaces of particular importance. They arise in two ways. 


In the first way, they were connected (by Lamé, to whom their earliest 
consideration is due) with the equation 
OO CO-OP? 
aut Op Oe 
which has many physical interpretations—among them, that of representing 


the temperature of space in a state of heat equilibrium. If a family of 
surfaces 


=0, 


o (x,y,z, u) =0 
0 =f (u), 


where 0 satisfies the foregoing equation. Then 
o0 ðu 0 Fu A 
sah sao Pet wt (Se) Fs 
and so the equation becomes 
Ou Ou dm Ou OU\?. fou iy, 
eg teat E w+ I(E) j ‘a t l fo yee 


It follows that, if the family of surfaces is isothermic, the parameter w of 
the surfaces (when regarded as a function of the variables) must satisfy ah 


equation 
Ou Cu Ou (/du Ou? du\*) 
att a 


where g (u) is a function of u alone. 


is isothermic, we must have 


265] SYSTEMS 457 


Should the condition be satisfied, the temperature of the surface is given 
by the equation 
J”) +f ug) = 0, 
so that 
f(w=A + Bel" dn. 


That the necessary condition is satisfied for a family of confocal quadrics 


eye 
e+tu Pu tu, 


can easily be verified. We have 


ou oe & 
On (+u atu’ 


E 4, 


and therefore 


dx) | (+u 
Again, 
Pug _ 4 Ou 20 a: Pig i 2æ Ou 
ox (a+ u} dx (a? +u te “(@+uy @+tu (a+ upon’ 
so that 
Soe peop t ere 2 (SY gi A 
da? (+u (+u os A (@ +u +u’ 
aa Pu Pu 
and similarly for oy » a Now 
a 4x Ou 8a? 
fz (a? + y fz (a? + u} A ne (a? + u)’ 
a? UAG e O ae 
fz (a? + > fz Gs | (aF = (a? + uè’ 
hence 
Jç 2u A aie 1 1 
(2 s) ao 2 (aaa tie hed ce + z) 
and therefore ` 
zau 
T E PENE. ) 
TE eu P+u +u’ 
0x. 


so that the condition is satisfied. Also 
f@wm=A fie + u) (b + u) (e+ u)} 72 du + B. 


265. The other method of proceeding deals simultaneously with the 
three families in the triple system, as follows. 
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It was seen (in Chap. 111) that some surfaces have their lines of curvature 
of the isometric orthogonal type; so it is natural to enquire whether a triply 
orthogonal system of surfaces exists, in which each family is of that type. 
Naturally, the parametric curves of isometric division will be the lines of 
curvature on every member of each of the families. Hence, on the u-surface, 


we must have 
H? : H? = function of v only : function of w only ; 


on the v-surface, 

H,?: H?= function of w only : function of u only ; 
and, on the w-surface, 

H}: H} = function of u only : function of v only ; 
the three ratios being subject to the conditions 

u = constant, ~v = constant, w = constant, 

respectively. Now let 

A’ = any function of v and w, independent of u ; 


DAE mealies ENE a sc KURT ee oe O RS v; 


then we can take 

H =B CO? H,=CA O04, 41,2430, 
where Q is any function of u, v, w, so far as concerns the foregoing ratio- 
conditions. 


Ex. It was stated (in the example in § 245) that, for a triply orthogonal system con- 
stituted by three families of confocal quadrics 


ae y? 22 
PEA ahs Cpa 
for A=u, v, w, the values of H1, H3, Hz are given by 
4H = (u-v)(u-w) —_ (w—v) (u—w) 
(atu) (b+u) (e+u) Ui ? 
snot (w-w)(w-u) _@-w)w-u) 
2 (a+v) (bv) (c+v) 4 i 
4H.2= (w-u)(w-v)  _(w-u)(w-v) 
* (a+w)(b+w)(e+w) W 
When we take 
__U-w p W—% n _ Uv 
A VW? a WUG z UV? 
which satisfies the restrictions upon 4’, B’, 0’, and when we also take 
4052 = OVW, 


all the conditions are satisfied. Hence the triple system is of the isometric type. 
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The quantities H,, H,, H, have to satisfy the Lamé relations. Following* 
Darboux, we write 


A, = eB+C—log 0 H,= eCtA-log a H, = eAt B- log a. 
where 
loa =A, los o lor = C, 
When we substitute in the second set of these relations, we have 
Og = Q, As; T QA, A OS, 
OQ» = 0; B, SE 0, B, = OS, 
One = O C ar Q, C; ai OS; 


? 


where 
S, = (B; = A;) (0, a A») = A,A, 
NA = (C, 15, B,) (A, F B;) = B, B, 
NT: TA (B, — C1) — CLC, 
The equations for Os, Qx, Qə should lead to one and the same value for 


Qs. Differentiating the first with respect to u, and substituting for Q, and 
OQ; from the second and third, we have 


Oba On BOA OOM” WOR eg shea (= siglo, | ee 3,4) ; 
and similarly from the others. Hence i 
a E a 8,0, 4 8,0). 
Ou ov ow 
Now 
S,A, + S, A; = ABC, 5 A;B, C, 
= KB; + S B, 
= S, C F S; Cc; 
thus the foregoing conditions become 
0S, 0S, _ 08; 
ou w dw 


Let the values of S,, S,, ©; be substituted in these conditions; then 
C (B, is A;) a Bs (C, me Aly) 
= Ce (A; an B;) ar Arg (C; a B;) 
= Ass (B; a Cs) at B,; (A, E C 
Z0 


by taking each of the three equal expressions as equal to one-third of their 
sum. Thus 
OS 


a 


aS, _ 9 


ag a 


0, We } 


* Ann. Ee. Norm. Sup., 1" Sér., t. iii (1866), p. 131. 
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so that S, is a function of v and w only, S, of w and u only, and S, of u and v 
only. Thus 


(B, A) (0, 2A) = Ky (CB) A BIA RNA) eH Oa 
where K, is a function of v and w only, K, of w and u only, and K, of u and 
v only. 


266. To find K,, let u have any constant value, say zero, an assignment 
which does not affect K,. Then 


B, becomes a function of w only, = w; say, 


gee e ar a A v only, =v, say ; 
and let 
—A,;=J, Va —A,=I, 
B,—w,=T7,, C,-y =T; 
Then 
JizK,, (J+T)(+T)=K 
so that 
TERET: 
P ee AS 


Now JZ and J do not involve u; hence 
a ll a fa | 
ni H- vale ) 
= ( du TON 


But T, does not contain v, and i does not contain w; hence both fractions 
are functions of u only, say 


b” (u) A 
b (u)? 
then 
i =b(u)c(v) +a(v) =b + ae, 
1 
T= = b (u) č (w) + a’ (w) = bic; + ay. 
Substituting in 
TIT 
ptpti=o 


we have 
b, (col + Cad) + al + asd + 1 = 0. 


Now J and J are functions of v and w only; hence 


al+aJ+1=0, of +eoJ7 =0, 
so that 
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Consequently 
A, =V; SA = V Cs 
AzC3 — AzCy 
C; 
A, =w; -dJ = à 
i j e ACz — AzCe 
1 
B EW +T,=w + r 
i i 4 by Cg + as 
1 
ery ee 
Saket Ee’ eb E a, 


Change the variables from u, v, w to U, V, W, where 
b=U, S=-v, S=-W; 


then 
OA 5 6 GAD $ 
OV Wo e a AY 
OCE 0 CD $ 
a awe owe: 
where 
V; =v, 2 a function of V only, 
W, = w, 7 A EN W only, 
mai ov .. V only at the utmost 
gave cee š 
1 ðw 
p= OW” EETETTETTITTIT W Cee eee ree reresereseeees 
But 
so (ay) = ap (Hp) 
oW OV) ƏV \oW/’ 
therefore 


0==h, 
where h is a pure constant. Thus 
A= V, + W,—h log (W — V). 
B=W,+ U, —hlog (U — W), 
C= U, + V, — h log (V — U); 


Similarly 


and so 
H= eBt+ C-log a 
eos G Ut Vat Wa (V—- Uy ( WwW $ U)? ev, 
H, S = @Ui+ Vat Wz-hri (W- WUE yy en, 


H, = z eDi Vat Wi-hri (UW) (V—W)-*e™. 


2 
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Returning now (as is permissible) to our old variables, we have 


os (v —w)-* (w—w)-* 


Hs OU ; ; 
_ (u—v)* (w—vy* 

He = QV ; 
_(u— wy" (v—w)* 

H, = ow £ 


Instead of modifying the equations, we substitute once more in the second 
set of Lamé relations; then 

(v — w) Qa = h (Qa — Qs) 

(w—u) Qa =h (Q - Q) 7» 

(u — v) Qe =h (Qi — Q) 
the conditions of compatibility being satisfied. 


Thus, for confocal quadrics 
Q = 2. h= — 4, 
where 
U?=(a+u)(b+u)(c+u); 


and V and W are the same functions of v and of was U is of u. 


267. We now must have regard to the first set of three Lamé relations 
of § 246 which have to be satisfied by H,, H., H;. For simplicity, we shall 
take 

Q = constant = 1, 
so that the equations for Q are satisfied. One of the relations is 
0 (z = 0 ( 1 on) 1 0H, 0H, | 


ou \H, du dv\H, ov He ow dw’ 


that is, 
1 H, TEAT HH 1 OH, 0H, , 1 0H, 0H; _ 4 
Hi ow H, 0 Hi? du ou He Ov - ce He dw. ow x 
Now 


10d; h h U™ an, h 
TT a tae ee ) an? 1? 
ı ou v—-u w—u U ow w—u 
a AS oe 
cu le” (uy 


and similarly for the others. Inserting these values in the foregoing relation 
and reducing, we have 


Lap yh ae 
HU He V 


= h h i) 1 h 1 h 1 1 
TS 5) mtha Pe) H? 


> 
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The other two relations similarly give 


Tay a a 

HV Rey 
t a $ 1 
To u—w/) A? EF v—u/ H? a 

Tick Ma EUS 0 

Hew HU 

h 


7 pe et Pa a 
=(—, Shae eee ee ie (= TA 


The sum of the left-hand sides of these three equations is zero; hence the 
sum of their right-hand sides must be zero, that is, 


1 tol 1 lesen 1 r 
arai -nmt a mt aae 


_ Now the variable factor, being 


(u— v) E s (w— u) C i Ca) Es al , 


is not zero. Hence 


1 + 2h=0, 
so that h=—4; and therefore .~ 


„_ (w—u)(w-—u) »_ (U—v)(w—) „_ (u — w) (v — w) 
Hea, Hee, 


2 


The first of the three equations now is 
(w—v) UU'+(u-—w) VV" 

Pa. (u— v? 5 

~ 2(v—w)(w—u) H 

A 1 (8u — v — 2w) (v — w) mo 1 (3v — 2w — u) (w — u) 
2 (u—v)(w—u) 2 (v—w)(u—v) 

and the other two are obtainable by cyclical interchange of the three 
variables. 


Ve 


The equations, in this form, are linear and homogeneous in U?’, V?, W? 
and their derivatives of the first order. The symmetry suggests an ex- 
pectation that U*, V?, W? are similar polynomials in u, v, w or, at least, that 
solutions of this type certainly exist. If be the common degree of these 
polynomials, it is easy to see that 

N= or 
and it is easy to verify that 
U? = Kv? + aw + Bu tM 
V? = eP +o + But+y_, 
W? = ku’? + aw? + Bwt l 
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where «, a, 8, y are arbitrary constants, of which only the ratios are essential. 
y y y a 

As a matter of fact, these relations constitute the primitive of the three 
equations. 

The values of H,, H,, H, thus obtained belong to the triply orthogonal 
system of confocal quadrics. 

Darboux shews that a general triply orthogonal isometric system is given 
by the triple set of families of surfaces having the equation 

4d? — a? 4d? — b? 4d? — ¢ 


2 2 2\2 » 22 2 d2 2 
(t+ yt 2) + aa? + by? + cH H iret a+ hee yY + Pag 


for `A=u, v, w. The equation for the arc-element in space is 


n {ens w) ae pee td ee u) Ty Fee dae 7 


ds? = 
where 
U = (u+ a) (u +b) (u + c) (u — 4d?) 
V = (v +a) (w +b) w +c) @-— 4d?) 
W =(w+a)(w +b) (w + c) (w — 4d?) 
For this result, and for further developments, reference should be made to 
his memoir already cited and, above all, to his treatise on orthogonal 
_ systems. 


EXAMPLES. 


1. Let pand o be the radii of curvature and torsion of the intersection of the surfaces 
V(a, Y, Z)=V, WL, Y, Z)=W, 
in a triply orthogonal system ; prove that 
He. VEN a ale VUEN 
o No) * He sa) > 
h ı (430M, . 0H, 
“uaa E > oe) 
2. A family of surfaces is given by the equation 
p(z, Y, 2% u)=0, 
and v and y are regarded as the independent variables. Shew that the critical equation 


of the third order, which must be satisfied if the family belongs to a triply orthogonal 
system, is 


ge 
(1 +9") 8— path aa + (+p) t-(4 gp EE W y HP-A) SF =O, 


where 


2n? 4 02 

Die pee eee 

3. Shew that any family of planes, the equation of which contains one parameter, 
can form part of a triply orthogonal system. 


` In any one of the planes, let two sets of curves be drawn cutting one another 
orthogonally. Let the plane be moved so as always to touch the developable surface 
which is the envelope of the family of planes; prove that the two families of surfaces 
generated by the two sets of curves complete a triply orthogonal system. 
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4. Circles are drawn, cutting a given surface orthogonally and also a given plane 
orthogonally. Shew that there is a Lamé family of surfaces cutting the circles 
orthogonally. 


5. In the Bouquet surface u=X+4+V+Z, denote the equation which Y must 
satisfy by 
XU æ 2 (%"— d) (xg 5 b); 
and let A and u be the roots of the equation 
xX yr Z? 
Ey ges 


Also let 


i 
-a 


b 
TET yn Z? 
SNS | ote ‘ 
(0-b) (= Ttartta z)” 
xe yn @ 
ae me 
w= |" 0- aa (0 —b) (= oe Hee 7) 0: 


shew that the w-surface, the v-surface, and the w-surface thus obtained, are a triply 
orthogonal system. 


v=[*(e- a)? 


6. Obtain equations for the orthogonal systems of which the surfaces 
ax + by +e +A (22 +Y +2) =u, 
ant + byt +c +A (2 +y +2) =u, 
(where a, b, c, A are constants) respectively form part. 


7. The envelope of the family of surfaces 


2 2 NP 
(a +o)" (a +y" (a +2) Al=constant, 
m n p 
where à is the parameter for the family, constitutes a triply orthogonal system, provided 
m+n+p+q is not zero. 


Discuss the case when m+n+p+q=0, obtaining a triply orthogonal system partly 
through the envelope. 


8. A particular Lamé family consists of surfaces of constant negative curvature — T ; 


where U may be a function of u. Shew that we may take 


H,=U—, Hs,=cosQ, H3=sin Q, 


Ov? ow? U2 
o æ Pa ao 3 
Dao T OwOr Oe Op On n 5 tang =0 


aO a (aaeh sec co) +e Pa cosec Q=0 


Um\ U dv \dvou Ow Owou 
1 ð /cosQ 0/82 02 2 
Dal U \ +55 (aro cosee @) + == Gas ae 


Prove that a solution of these equations is given by 

$m -Q=am {ew +f (u), 
where f(u) is any arbitrary function of ų, ¢ is a pure constant, and the modulus of the 
elliptic functions is 1/eU; and verify that these w-surfaces are surfaces of rotation. 


F. 30 


CHAPTER XII. 


CONGRUENCES OF CURVES. 


THE present chapter deals solely with the elements of the theory of congruences of 
curves; and within the range of that theory, attention is restricted to curves which are 
either straight lines or circles. 

The simplest example of rectilinear congruences (in which, moreover, there is direct 
application to a physical subject) occurs when the straight lines are composed of a set 
of lines that can be cut orthogonally by a family of surfaces—such as the rays of light 
issuing from a centre. They were considered at an early stage by Malus, Dupin, and 
Hamilton. 


The theory of congruences of plane curves, and particularly of circles, owes its early 
systematic development to Ribaucour. 


Detailed references to many of the numerous writers on the subject will be found in 
the second volume of Darboux’s Théorie générale des surfaces, book iv, chapters i, xii, xiii, 
xv, and in chapters x and xviii of Bianchi’s Geometria Differenziale. 


268. In almost all the preceding investigations, whether surfaces or 
space constituted the subject of investigation, the discussion has been based 
upon point-coordinates by taking a point as the initial element. Two 
exceptions arose; for each of them, the discussion was based upon plane- 
coordinates, by taking a plane as the initial element. In one of these 
exceptions, the equation of the osculating plane of a skew curve was taken 
as the analytical definition of the curve (§ 16); in the other of them, the 
coordinates of the tangent plane to a surface were used, to complete the 
spherical representation of the surface (§ 162). 


Now, in algebraic geometry, it proves convenient to use line-coordinates 
by taking a straight line as the element of space, instead of a point or a 
plane; more generally, we could take a curve, plane or skew, as the element 
of space. For this purpose, we note that space may be regarded as containing 
œ ë points. For our purposes, a curve through a point will have a definite 
direction (or one of a limited number of definite directions); so that the 
curve will associate, with the point, 01 other points or a finite multiple of 
æ ' other points ; consequently, we should have  ® curves for our investigation. 
As they are curves in space, they require two independent equations for 
their analytical expression ; as they are © * in numerical range, these equations 
must involve two independent parameters. Such an aggregate of curves is 
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called a congruence of curves, sometimes a congruence, sometimes a congruence 
with a prefixed epithet (rectilinear, cyclical, or the like). 


Examples of congruences of curves are frequent enough. Thus the 
aggregate of the normals to a surface is a rectilinear congruence, as is the 
aggregate of tangents from a twisted curve to a surface in space. Systems 
of rays in theoretical optics have been the subject of many investigations ; 
and the importance of the congruence of characteristic curves in connection 
with the primitives of partial differential equations is well known. 


To illustrate the origin of a congruence, consider two similar problems, 
one of which leads to a congruence, while the other does not. Take any two 
algebraical surfaces and, for greater definiteness, suppose that they are not 
parallel; let it be required to find the aggregate, (i) of straight lines which 
are orthogonal to both surfaces, (i1) of circles which are orthogonal to both 
surfaces. The equations of the surfaces are taken to be 


f(e, y, z)=0, g(a, y, 2)=0. 
GQ) If a, Yo % be a point on the former surface; and if æ, y,, 2% be a 
point on the latter surface; where the straight line 
z-i Yh T 
Z—- Xo Y-Y n aT 
is normal to both surfaces, we have 
I (Gi; Yo» 2) =0, g (2, Yis 2)=0, 
Diy of: Ly OFM wea os 
Dy — Wy Oh Yr — Yo OYo A 2p 02” 
ta 00s Wass OP anal) yg 
Dy — Ly OL, Y= YPY Z — 2 0% 


Thus there are six equations for the determination of the six quantities 
Lo» Yos Zo L1, Yı, %. In the absence of special relations between the surfaces 
(such as parallelism, which would identify the last two pairs of equations), it 
can be inferred that they furnish a limited number of solutions, real or 
imaginary. Thus there is only a limited number of straight lines, normal 
to the two surfaces; they do not constitute a congruence. 


(ii) Any circle in space can be represented by equations 
Coe eA 
l(a —a)+m(y—B)+n(z—y)=0) 
Let this circle cut the surface f(a, y, z)=0 orthogonally at 2, Yo, 2, and the 
surface g (a, y, 2) =0 orthogonally at æ, yı, 21. Then the equations 
FS (Yo. a)=9, g(a, Y» 2)=0, 
(a — a) + (yo — BY +(% -y =p, 1 (a—%) +m (Y—B)+ n (a —y) =9, 
(m-a? + (y—-BYP+(-—yP=p?, Ua—a)+m(y—B)+n(a—) =9, 
30—2 
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da, dys Ag an Ly — 4, Yo—B; 4—Y ||> 

im Oe me, n 
09, 09 NOG e a i é s à 
0x, dy, 02 can | Dy a, Yı B Ay y , 

le Wi n 


must be satisfied. Thus, in general, there are ten equations (some of them 
not homogeneous) involving the twelve quantities 2, Yos 2, 3a, Yi» 21, A, B, YP, 
l:m, l:n; hence two of these quantities may be regarded as ultimately 
independent parameters. They do constitute a congruence; such a double 
system of circles is often called a cyclical congruence. 


But it does not, of course, follow that a congruence of circles is necessarily 
orthogonal to two independent surfaces. 


269. Accordingly, we take a congruence of curves represented by two 

equations 
fœ y, 2, p,q)=0, IY 2 p, q)=0, 

where p and q are two parameters; and we shall assume that the equations 
are algebraical. When full variation is allowed to p and q independently of 
one another, we have a double infinitude of curves in the congruence. The 
curves, passing through a given point 2, Yo, 2 in space, are determined by 
values of p and q which satisfy the equations 


J (os Yor 20 P, =9, GJ (Los Yos 20» P, Y) = 0. 
Usually, these provide only a limited number of values of p and q, so that 
then the number of curves passing through the assigned point in space is 
limited. But it may happen that the two equations only determine a 
relation between p and q, so that p is not restricted to any definite value 
or values; in that case, a simple infinitude of curves pass through the point. 


The double infinitude of curves can be grouped so as to constitute 
surfaces. Taking any relation 
q=¢(p), 
and eliminating p and q between this equation and the equations of the 
curves, we have a surface; and by taking an infinitude of forms for ¢, so as 
to exhaust the congruence, we obtain a simple infinitude of surfaces. These 
are called the surfaces of the congruence. 


When any direction da, dy, dz is taken at a point on the surface in the 
tangent plane, we have 


ð 0 
Y dor’ l dy +2 de fL 4 +2 8D) dp = 0, 


29 an + I dy + 9 ag , og 
An dat ay tt as de + 10 +s 2 6 (p)} dp = 0; 
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and therefore 


Oe amol AT, 3 ð ð 
d: ane W OF 
i AOAR o p (gs de + su dy + 50 de), 
wnere 


Thus the direction-cosines of the tangent plane are proportional to 
og _ of og of og of 
Pan ax’ Poy dy? Mae Ge" 
The curve of the congruence, passing through the point of contact of this 


tangent plane, lies on the surface; and so its tangent lies in the tangent plane 
to the surface. 


270. The equations f=0 and g=0 are independent of one another, so 
far as concerns variables and parameters; hence their Jacobian with regard 
to any two of the arguments involved (e.g. with regard to p and q) does not 
vanish identically. Thus the equation 


leg aT Ets 

is usually a new equation, satisfied independently of the equations of the 
curve f=0 and g=0; taken simultaneously with them, it determines a 
finite number of sets of values of æ, y, z, that is, it determines a finite 
number of points on the particular curve, which are independent of the 
existence of any assigned relation between p and q. For all such points, 
the value of w is independent of the form of $’(p); and so all the surfaces 
of the congruence, which pass through the particular curve, have the same 
tangent plane at each of the points in question. These points upon the 
curve are called its focal points. 


It has been remarked that the number of focal points is limited, being 
the points given by the (usually) limited number of sets of simultaneous 
solutions of 


a oO, of og of og _ 9. 


For a rectilinear congruence, f=0 and g=0 are planes; so the equations 
are of order 1, 1, 2 respectively. The number of focal points upon any line 
of the congruence usually is two; on particular lines, the two focal points 
may coincide. 

For a congruence of circles, f= 0 is a sphere and g=0 is a plane; so the 
equations are of order 2, 1, 2 respectively. The number of focal points upon 
any circle of the congruence usually is four ; for particular circles, coincidences 
among the focal points may occur. 
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For a congruence of conics, the number of focal points upon each conic 
effectively is six. For sphero-conics, the number is twelve. For quadri- 
quadric curves, the number is sixteen. For plane curves of order n, the 
number is n(n+1). In the last case, there may be decrease of the 
number of focal points in the finite part of space, owing to some speciality 
in the form of the curve. In all the cases, there may be apparent decrease 
in the number owing to coincidences among the focal points in the general 
aggregate. 

The focal points of any curve are given by the equations 


4 5 SOU S 
Janr aS U ogi 


whatever law between p and q is postulated. When p and q are eliminated 
between the three equations, usually a single relation between 2, y, z is the 
eliminant. The surface, which is represented by this equation, is the same 
whatever values may have been assigned to p and q; thus it is the locus of 
all the focal points of all the curves, and so it is called the focal surface of 
the congruence. 


Any surface of the congruence meets the focal surface at the focal points 
of any of its curves. At any point on the focal surface, we have 


OF aka Chey ay Glogs.) oe ae he ee 
ag Gy St g ee pe dq = 0, 


I ton dy +% dz + dp + dg =0; 


oy 02 op oq 
and a corresponding equation derived from J=0, which (with these two) 
would give the direction-cosines of the normal to the tangent plane. Corre- 
sponding to the focal points on the curve, we have 
of _ 9 oT 
daa’ nae 


so that 


E OF E el OO i Od ae ree 
aseta dy +5 de= (3 de +5) dy + 50 dz), 


as the equation for directions in the tangent plane of the focal surface. But 
at these points on the surface of the congruence derived through our curve, 
we have u=x; so that the direction-cosines of the normal to the tangent 
plane to the latter at these points are proportional to 

ae) TOn me _ of og of 

“Oa Ou’ “dy dy’ “de dz’ 
and therefore are the same as those of the normal to the tangent plane to 
the focal surface at the point. Hence any surface of a congruence touches 
the focal surface at the foci of any of its curves; and any two surfaces, con- 
taining a particular curve, touch one another at the foci of the curve. 
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The last result suggests the consideration of envelopes of the curves in 
the congruence. We cannot usually have 
; of of og og 
= 0 = = 
gee OP pC aay C8 ago 0. 
So we imagine a family selected according to some law between p and q; and 
then its envelope is given by 
of , of dq ag , a9 dg 
=O), =5)(0), ; 
Vie 057 r a e T 


When we eliminate 2, y, z, we have an ordinary equation 


r(B..2)=0 


of the first order; this will determine the required law. Also, the equations 
are included in, but are not so extensive as, the set of equations 

F=0;, g=00° J=0; 
and so the envelope of the selected curves lies upon the focal surface, eae 
the curves at their focal points. 


Surfaces normal to a congruence. 


- 


271. Consider the possibility, that the curves in a congruence should be 
normal to some surface. Along the curve 


J(=, Y, z, p, 7) = 9, g ue p =O 
DG jews iy WOM age. Undine. 
Eo) NGL Dr FLD)" 
i G A 4 y 4 A i J 
and so a surface, cutting the curve at right angles, is given by 
T22 = g Í 22) a 
Io 2) de+ J 2) dy + (22 dz = 


If the surface is to cut all the curves of the congruence at right angles, the 
values of p and q must be imagined as obtained from f= 0 and g= 0, and 


then be substituted in J eas s% J i (22), wherever they occur. 
Y, 2 z, £ x, y) 
Let the resulting values of these quantities, which now are functions of 


the variables alone, be denoted by X, Y, Z; our equation is 

Ada + Ydy + Zdz =0. 
In general and unconditionally, this differential relation is not integrable, 
in the sense that its integral equivalent consists of only a single equation ; 
and therefore there is no surface orthogonal to all the curves of an arbitrarily 
assigned congruence. 


we have 
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But the differential relation has an integral equivalent consisting of a 
single equation, if the condition of integrability is satisfied, viz. we must have 


rox (rE E O 2) 


As regards this equation there are two possibilities. 


= eS 


0x Oz 


First, it may happen not to be an identity. In that event, it is a relation 
between a, y, z, which is algebraical in form and so can be regarded as pro- 
viding one or several values of z. If, for any one of these, the equation 


Adxz+YVdy+ Zdz=0 


is satisfied, then the equation giving the value of z in terms of w and y 
provides a surface orthogonal to all the curves of the congruence. But it is 
not usually the case that values of z thus obtained do satisfy the differential 
relation; even those, which do satisfy it, only provide isolated surfaces 
orthogonal to the curves; and the number of these isolated surfaces is 
limited, so that it cannot be greater than the degree of the function I. 


Secondly, the condition of integrability may happen to be satisfied 
identically. In that event, the relation 


Xdx+Vdy+Zdz=0 
has an integral equivalent consisting of an equation 
N (&, y, 2) =4, 


where a is an arbitrary constant; the integral equivalent is obtained in the 
customary fashion. The integral equation gives a family of surfaces. All the 
curves of the congruence are cut orthogonally by the family. 


Further, we have assumed that the congruence is represented by integral 
equations f= 0 and g=0, which are algebraical. It may be given initially by 
differential equations 


the primitive of which contains the two necessary parameters and consists 
of two integral equations. These two integral equations are, however, not 
necessarily algebraical, even when X, Y, Z are algebraical. The argument is 
otherwise unaltered ; and so we have the result :— 


A congruence of curves is usually not capable of orthogonal section 
by a surface; but there may be isolated surfaces normal to the curves 
in particular congruences, the number being limited when the curves are 
algebraical ; and it may happen (under the condition indicated) that a 
congruence is cut normally by a family of surfaces. 
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ka. 1. For the congruence 
de dy _ d 
y(e+1) z(@+1) x(y+1)’ 
so that 

X=y(z+1) Y=z(x+1), Z=x(y+1). 
The equation 7=0 is not satisfied identically, being 

Yer eu LY +U+Y +250. 
The value of z given by this relation does not satisfy the equation 
Xdx2+ Ydy+Zdz=0; 


there is no surface orthogonal to the congruence. 


Ex. 2, For the congruence 


being a congruence of circles 
à gv +y +z =p 
w2 +y? + ge q $ 


the equation 7=0 is satisfied identically. Hence the circles can be cut orthogonally by a 
family of surfaces, whose differential equation is 


(y —2) da+(z—«x) dy+(x@-y) dz=0; 
the integral equation of the family is easily found to be 
y-z=a(s- z). 
Ex. 3. Shew that the congruence 
py—qe=0, x? +y +2- 2px—2qgy+1=0, 
being a congruence of circles orthogonal to the two particular surfaces 


z=0, 2+y?+2=1, 
has 


dr dy _ 2zdz 
s y —4%—y+l 


for its differential equations. Prove that the condition of integrability is satisfied; and 
verify that all the curves of the congruence are cut orthogonally by the family of spheres 


+y +2- l= az, 


where @ is the parameter of the family. 


272. The general condition of integrability is 


Ge ea) yo 


Oa Oz Oy ox 


When the congruence is given by the equations 


fæ y, z, p, D=9 IY %P: Y=, 
of the most general type, then 


MOCO ieee SW) 7 Oh Id), 
ea ae a)" 3 ð (x, y)’ 
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and the values of p and q, in terms of æ, y, z from f= 0 and g=0, have to be 
inserted, explicitly or implicitly, in X, Y, Z before the partial derivatives are 
framed. Let ; 

d 0 0 x 

de > A 


so that d/ds represents derivation along the curve of the congruence; and 


write x 
$ of 2 of 2 a 
Di (a) y E) j (a 
_ of og , ofog , fdg 
Ue ah epee 02’ 


o= Ge) + (e) + Ge) 


Then the foregoing general condition can be expressed in’ the form 


= Bede in)” nE) as (bq) |] rE ats Gp)* aa Gq) 
geek, of af 
i ap ` Q op ° oq 


When the equations of the congruence have the simpler form 
fret He Ben GeO So0 a erg ae 
where a and & are functions of æ alone, 8 and 7 are functions of y alone, and 
y and € are functions of z alone, we have 


Kany 08, Yatd—£'y', Z=£ 6a; 
and then the condition of integrability becomes 
pee ae Bn Bln", VC E 
| a BAA y 
AE og one: e 


Hence we must have 


= (). 


a” P 
BY Pome n” = ps’ ae on’ : 
eC te eae a ot) 

where p and ø are pure constants. And similarly for other forms. 


Ex. 1. Shew that the congruence 
Sao IS et 
, 
ag+bn+et=g 
where a, b, ¢ are constants, can be cut orthogonally by a family of surfaces; and determine 
the family. 
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Ex, 2. Find the congruence of curves, lying in parallel planes and upon the surfaces 


Et+nt+(=p, 
which can be cut orthogonally by a family of surfaces; and determine the orthogonal 
family. 


Rectilinear congruences. 


273. We now proceed to consider in some detail the properties of 
congruences composed of straight lines, commonly called rectilinear con- 
gruences. Their equation has the form 

E-e S a -z 
X Y Le 
where «z, y, z, X, Y, Z are functions of two independent parameters p and q. 
The point æ, y, z may be regarded as a point on a director surface; the 
quantities X, Y, Z are the direction-cosines of the line (often called the ray) 
through zx, y, z, and, on the sphere 


Ket 24 7=1, 


they give a spherical image of the congruence. 


Distinction must be made between a congruence of lines, thus defined, 
and a complex of lines. The equation of a complex has the above form 
sd aif 

Y Z 
where now 2, y, z is any point of space, and the direction-cosines X, Y, Z are 
any definite functions; so that the complex involves three parameters, while 
the congruence involves two. We shall deal only with congruences. 


g-« 
X 


Take any distance / from a, y, z along the ray through that point on the 
director surface ; the coordinates of the point so obtained are 


æ+lX, ytlY, z+1Z. 
The square of an arc-element in space at the point is 
Zda’ + Wl X Xde + 2l ZdedX +d? + PUdX®. 


Of the quantities which occur in this expression, Xda? is the square of the 
arc-element on the surface; its form has been amply studied in earlier 
chapters, and the significance is of minor importance for the lines in the 
congruence. The quantity =Xdwx will occur from time to time; its 
evanescence is the condition that the lines are normals to a surface. The 
quantity XdwdX is a new quadratic form; we write 


a= 24,X,, b= Deady; b= d4,Xo, c=b2 X>, 
0x Ox ree 
where “= —, £=- , and so for the other quantities; then 
op oq 
XdadX = adp + (b+ b) dpdq + cdg’. 
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The quantity dl is merely an element of length along the ray; it is, of course, 
independent of p and q. The quantity =dX? is the square of the arc-element 
in the spherical image ; we write (as before, § 159) 

ga SX, f= Xi Au, =A È 
and 

ZdX? = d? = edp + 2fdpdq + gdo, 
so that dô is the angle between the rays (p, q) and (p + dp, q + dq). 


The parameters p and q are at our choice; the choice can be exercised so 
as to make 
f=0, OFO =N; 
To prove this, take two new independent variables w and v, which are 
functions of p and q to be determined. The new quantity f is 


oX0X OYOY dZ0Z 
ou ov A ou ov ou w’ 


that is, 


OPP , p (OPII , Op oq oq 0q | 
“Ji ov ued ae ov ov A co du dv’ 


and so the new quantity f will vanish if p and q, as functions of u and v, 
satisfy the equation 


oP opa Op 0g op 0q òq 0q 
f Judu a w ðv A +I udv a 
The new quantity b +b’ is 

5 ee oX soğ ), 


T EEO 
that is, 


oP Ps 45) (2 A aa e 


du ov Ou dv t ov ou du ov’ 


and therefore the new quantity b+’ will vanish, if p and q satisfy the 
equation 


op 7 „n (pq põq 0g 0g 
Tone +b BD (2 ov a Ov a) ane Ou dv z9. 


Thus two relations have to be satisfied. 


Two cases arise. Firstly, let the relations be different from one another ; 
then we have two partial equations of the first order involving two dependent 
variables; by the general existence-theorem for such equations, they possess 
integrals which even satisfy assigned conditions. Thus the transformation is 
possible. Secondly, let the relations be the same; then the single relation 
can be satisfied by taking q any function of u and v, and using the modified 
relation to determine p. Thus the transformation is possible in an infinitude 
of ways, when 

e:sf:g=a:b+0'c; 
such a congruence is called isotropic (§ 279). 
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In both cases, therefore, we can make f=0, b+b =0, without loss of 
generality. 


274. Take two consecutive rays determined by (p, q)and (p + dp, q + dq). 
Let dn denote the shortest distance between them, and cos a, cos £, cosy its 
direction-cosines ; then 

X cosa + Y cos B + Z cosy =0, 


(X +dX)cosa+(Y +dY)cos8+(Z+dZ)cosy= 0, 
so that 
M cos a= YdZ — Zd Y = (YZ, — ZY) dp + (YZ, — ZY) dq 


M cos 8 = ZdX — XdZ = (ZX, — XZ,) dp + (ZX: — XZ,) dq\, 
M cos y = Xd Y— Yd X =(XY,-YX,)dp+ (X¥,-YX,) dq 


where 
M? = dX? + dY? + dZ? = dé. 
Then 
dn = dæ . cos a + dy . cos B + de . cos y, 
so that 
dOdn =E [(w,dp + «.dq) (YZ, — ZY,) dp + (YZ, — ZY.) dq}]. 


On the right-hand side, the coefficient of dp? is 


ANOSA 
Now (§ 162) i 
mey eye A iy ey 


where v = (eg — f 2b ; and so the coefficient of dp? 


Bo 3a, ¥,(%Xs— ZX.) — ¥, (X,Y, 2,7.) 
= Sa, (X,(Xe+ Ve+ A X,(XXe+ ViVet 2,2) 


a 
= F (eb — fa). 
Similarly, the coefficient of dpdq is 
* (ec — fb + fb — ga), 
and the coefficient of dq? is 


LOSA 
7 (a= gb). 
We thus have 


dédn = : {(eb’ — fa) dp? + (ec — fb + fb’ — ga) dpdq + (fe — gb) dq’ 


=" edp + fdg, fdp +gdq|. 
adp+bdq, b’dp+cdqi 
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Further, let ¢ denote the distance along the ray (p, q) between the point 
x, y, z and the foot of the shortest distance dn between the consecutive 
rays under consideration; and let ¢+dt denote the distance along the ray 
(p+ dp, q+ dq) between the point z+ ds, y+dy, z2+dz and the foot of the 
same shortest distance. Then 
x+tX +dn.cosa=a+dar+(t+dt)(X +dX) 
=g+ de +tX + Xdt+idX, 


when infinitesimal quantities of the second order are neglected ; thus 


dn cosa = dx + Xdt + tdX. 
Similarly 

dn cos 8 = dy + Ydt+tdY, 

dn cos y = dz + Zdt + tdZ. 
Multiplying by X, Y, Z, and adding, we have 

dt+=Xdx=0; 
multiplying by dX, dY, dZ, and adding, we have 
SdadX +tXdX?=0, 


that is, 
_ adp + (b+ b’) dpdg + cdg? 


edp + 2fdpdq + gdo? 
These results are general, whatever be the parametric variables (p and q) that 
may originally have been selected. 

The first relation shews that, if the congruence is normal to the director 
surface, it is normal to any parallel surface ; for dt and = Xdw vanish together. 


t= 


275. The latter relation makes ¢ a function of the ratio dp:dg. There 
are two values of this ratio for which ¢ has a stationary (maximum or 
minimum) value; and there is a corresponding quadratic giving the two 
stationary values of t. 

When ¢ isa maximum or minimum, we have (denoting the ratio dp : dq by p) 

Ci ee em 
, t(fu+g)+}(b+b)u+e=0) 
When p is eliminated, we have the quadratic giving the stationary values of 
t; it is 
et+a , ft+4(b+0’) 
fit h(b+0), gttce | 


= 


that is, 
(eg —f?)P + {ec—f(b+b)+galt+ac—}(b +b} =O. 

The directions, determined by the ratio dp :dq on the director surface, for 
which ¢ has one or other of these two stationary values, are obtained by 
eliminating t; they are given by the equation 

{2fa—e(b +b’) dp + 2 (ga — ec) dpdq + {g (b +b’) — 2fc} dq? = 0. 
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Now v”, = eg — f?, is not zero; so we may take the directions of the parametric 
curves to be given by the quantities u and v (of § 273); that is, without loss 
of generality, we may take 
f=05 1676105 
and then the rays that give the maximum or minimum value of ¢ are 
p=constant, q= constant. 


Let ¢, and ¢, denote the maximum and minimum values of t along the ray ; 
say, let 


so that 
as et,dp” + gt,dq’ 
edp?+gdq ` 
As to the form of this result, particular consecutive rays are chosen through 
the parameters of reference, the ray p = constant giving the value 4, and 
- the ray q = constant giving the value t. 

Let cos a, cos £, cos yı denote the direction-cosines of the shortest 
distance between the former ray and the current ray; and let cos a, cos By, 
cos yo denote those of the shortest distance between the latter ray and the 
current ray; then, as 


dô, cos a, =(YZ,-ZY,)dq, dé, cos a, = (YZ, — ZY,) dp, 
and similarly for the other quantities, we have 
d0 d0, È cos a cos a = {£ (YZ, — ZY.) (YZ — ZY,)} dpdq 
= {2 XIX, X, — ZX X, 2X X} dpdq 
=0, 
with our curves of reference. Thus the two shortest distances are perpen- 
dicular to one another. 
Further, let wœ denote the angle which the shortest distance between the 


ray (p+ dp, q+ dq) and the ray (p, q) makes—on the special reference—with 
the shortest distance between the rays (p, q + dq) and (p, q). Then, as 
dôd, È cos a cos a, = > {(YZ,— ZY) dq} (YZ, —ZY,) dp + (YZ, — ZY.) dq} 
= {2 (YZ, — ZY.) dq 
on our reference, we have 
dô dO, cos w = gde. 
But 
0? = gdq’, 

and therefore 

dô cos w = g? dq. 
Similarly 

dO sin w = è dp, 
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the two equations being consistent with 
d@? = edp + gdq’. 


Hence we have 
t = t cos’ w + b SIN? o, ` 


a result due to Hamilton. 

The analytical analogy with Euler’s theorem as to the curvature of normal 
sections of a surface is obvious. 

The two points determined by ¢, and t, are called the limits of the ray. 
The two planes through the ray and the two directions, associated with the 
limits, are called the principal planes of the ray; manifestly they are perpen- 
dicular to one another. 


276. Next, consider the foci of the ray. We know that the foci of a 
curve in a congruence 
f(e, y, z, p,9)=0, g(2, y, z, p, q) =0, 

can be obtained by associating the equations 

oa T aa 8 

OD a E OP ony OF: 
with the equations of the curve. In the case of the ray, its equations are 

E-—w=1X, n-yH=lY, 6-2=1Z, 

where l is independent of p and q; thus the equations to be associated 
with them are 


zı +X, =x (a, +1X,), 
yı +LY, = x (ya + LY), 
zı + IZ, = «x (2, + lZ). 
Multiplying by X,, Y,, Z, and adding, we have 
a+le=x(b+lIf); 
multiplying by X., Y., Z}, and adding, we have 
b +lf=K(e+lg); 
and therefore the positions of the foci on the ray are given by the equation 
| a+le, b+1f |=0, 
[+I c +lg 
(eg — JPP + fec — f(b + b’) + gah l+ ac — bb’ =0, 
the roots of which are their distances along the ray from the director surface. 


Thus, in general, there are two foci; let their distances from the director 
surface be /, and l. 


that is, 


Then 
_ec—f(b+b)+ga _ ac — bb. 
hha = ge ae E 
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and, from the equation for the limits, we have 


ec—f(b+b)+ga AF _ac—4(b+tbY., 


hti = 


aa eye” 
hence 
t+tt=h+h, 
(b—b'y 


t= t) — (h - l} = aeo 
Thus the point midway between the foci is midway between the limits; and 
when the foci are real, they lie between the limits. 


When the ray was referred to its principal planes, we had 
t = t, cos? w + t, sin? w, 


so that in passing along the ray between the two limits, the magnitude of w 
varies from 0 to mr. Let its values for l and l, be wœ, and w,; then 


l = t cos? w, +t Sin? w, 1, = t cos? w, + t SIN? ws, 
and 
L+l,=t + ty. 
Hence 
cos? @, + cos? w, = 1; 


and therefore, as œw, and œ, are not negative and as neither of them is greater 
than 47, we have 


@, + @, = 47. 


The planes, through the ray and the two directions determined by these 
angles œ, and w, associated with the foci, are called the focal planes. They 
are not perpendicular to one another; but, because œw, + w= 4, it follows 
that the plane through the ray bisecting the angle between the focal planes 
bisects also the angle between the principal planes. 


It is natural to consider which rays (if any) meet one another. The 
shortest distance dn between the two rays (p, q) and (p+ dp, q + dq) is given 
by the equation 

vdðdn=| edp+fdq, fdp+gdq |; 
_adp+bdq, b’dp+cdq | 

and therefore the two rays will meet if dp : dq satisfies the equation 

| edp+fdq, fdp+gdq |=0. 

_adp+bdq, b'dp+ cdg 
Hence there are two rays, which are consecutive to a given ray and intersect 
it; and therefore two of the surfaces of a rectilinear congruence are develop- 
able surfaces. 

E 31 
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Moreover, the intersections of the two rays with a given ray are the foci 
of the latter. For the intersections are on the edge of regression of the 
developables, which is given by 


0 = dx + ldX + Xdl, 


de 


that is, 

0 = (a, +1X,) dp + (a, +1X,)dq+ Xdl; 
and similarly 

0=(y,+1Y,) dp +(y.+lY.)dq + Ydi, 


O=(2,+1Z,)dp +(2+12Z,) dq +Zdl. 
Multiplying first by X,, Y,, Z, and adding, and next by X+, Y», Z, and adding, 


we have 


(a+ le)dp+(b+1f) dq =0, 
(b +1f) dp +(c+lg) dq =0, 
| a+le, b+if |=0, 
b+lf, ctlq | 
being the equations for the focal distances. 


and therefore 


Clearly the focal planes of a ray are the tangent planes to the developable 
surfaces of the congruence that contain the ray; and it is easy to shew that, 
if Q be the angle between the focal planes through the ray, 


1,—1 
sin Q = f n 

Thus on any ray in the congruence there are five special points, viz., the 
two limits, the two foci, and the middle point (that is, the point midway 


between the limits and midway between the foci). 


When we take all the rays in the congruence, each of these points 
generates a surface as its locus; and so we have the limit surfaces, the focal 
surfaces, and the middle surface. The two limit surfaces are two sheets of 
one and the same surface; it is called the limit surface. The two focal 
surfaces are two sheets of one and the same surface; it is called the focal 
surface. Each ray touches the two sheets of the focal surface at the respective 
foci; the focal planes of the ray are tangent planes to the focal surface at the 
foci. 


Normal rectilinear congruences. 


277. Among rectilinear congruences, which are defined by the equations 
EF=ar4+lX, n=ytlY, =2+1Z, 
special interest attaches (through various physical theories) to those which 
are capable of orthogonal intersection by a surface and therefore (excluding 
exceptional cases such as those indicated in § 272) by a family of surfaces. 
Such congruences are called normal. 
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If the property is possessed by the rectilinear congruence, then there must 
be variations of £, n, € representing directions perpendicular to X, Y, Z; and 
these, accordingly, are such that 


XdE+ Ydy + Zdķ=0. 
When the values of £, ņ, € are substituted, this relation becomes 
Xdx+ YVdy+Zdz+dl=0, 


so that Xdæ + Ydy+Zdz is a perfect differential as it stands. The analysis 
is reversible; and therefore it is necessary and sufficient, that the quantity 
Xdx+ Vdy+Zdz should be a perfect differential, in order to secure that the 
rectilinear congruence should be normal—a theorem due to Hamilton. 


Much analytical and geometrical simplification in the general formule 
arises, when we deal with these special rectilinear congruences. We have 


— dl = X dæ + Ydy + Zdz, 
while X, Y, Z, x, y, z are functions of p and q; hence, writing 


H= > Xan, Q= SACD 


we have 
— dl = Pdp + Qdq. 

The right-hand side must be a. perfect differential: thus 

Wa OU = GU 

ôg Op’ = Op aq’ 
and so 

=X,a, = 2,X,. 
Thus 
b=0'; 
and therefore (§ 276) 
Lite Ps 


Consequently, as 
h+h=ht+h,, 
for all congruences, we have 
i=, t=, 
for a normal congruence. 

Again, all the analysis is reversible. It follows therefore that, for a normal 
congruence, the focal surface is also the limit surface; and the focal planes, 
becoming the principal planes, are perpendicular to one another. 

Further, as we have 

—dl= Pdp + Qdgq, 
the right-hand side being a perfect differential, the integral determines / save ` 
as to an additive constant, which is arbitrary; hence a normal congruence 
of rays is cut orthogonally by a family of surfaces—a result to be expected 
(after § 274), since the surface given by a definite value of J does not arise 
through any singular condition. 
31—2 
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The simplest example of a normal congruence occurs when it is composed 
of the aggregate of normals to a surface. The foci are the centres of principal 
curvature; and the focal surface is the centro-surface of the original surface. 


278. One of the most interesting theorems relating to normal revtilinear 
congruences is connected with a system of rays, subjected to any number of 
reflections and refractions, viz.:—the system, once normal, remains normal 
throughout*. To establish the theorem, consider the effect of any refracting 
or reflecting surface on the system. We take the surface as the director 
surface; x, y, z is any point upon it; we denote by X, Y, Z the direction- 
cosines of the incident ray, by X’, Y’, Z’ the direction-cosines of the refracted 
(or reflected) ray, and by X”, Y”, Z” the direction-cosines of the normal to 
the surface at x, y, z. Then as the incident ray, the refracted (or reflected) 
ray, and the normal to the surface, lie in one plane, we have 


pee Ve Za ary, 


Neg) 9 oe 
| AME Sede ss 
and therefore quantities A and p exist such that 
X=AX" + wX’ 
YENY ty’ 
Z =Z” + pZ’ 


Consequently 

YZ" —ZY" =p(Y'Z" —Z'Y"), 

ZX” — XZ" = u (Z' X” — XZ"), 

A VE IYN CEU EVE VA); 
and therefore 

(YZ" — ZY"? + (ZX" — XZ" +(X Y" — Yx” 
= u (Y'Z" — Z'Y"P + (Z'X”" — XZ") +(X'Y"— KEXI 

The left-hand side is the sine of the angle between the incident ray and the 
normal to the surface; the radical on the right-hand side is the sine of the 
angle between the normal to the surface and the emerging ray; hence p is 


the constant index when there is refraction, and is — 1 when there is reflexion— 
in either case, u is a constant. 


Now for variations along the director surface, we have 


Xda + Y"dy+Z"dz=0; 


and therefore 

Xda + Ydy + Zdz=p(X'dx+ Y'dy+Z'dz). 
The quantity Xda + Ydy + Zdz is a perfect differential, because the incident 
system can be cut orthogonally by a family of surfaces; and p is a constant. 


* The theorem usually is connected with the names of Malus and Dupin ; see Darboux, t. ii, 
pp. 280, 281. 
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Hence X'dw + Y'dy + Z'dz is a perfect differential; that is, the emerging 
system can be cut orthogonally by a family of surfaces. This result happens 
at every refracting or reflecting surface; and so a system of rays, if normal, 
remains normal after any number of refractions and reflexions. 


It is easy to deduce the property that, along any ray in a heterogeneous 
medium, the value of | pds between two points of its course is less than the 


value of the same integral along any other path between the same two points. 


279. In connection with rectilinear congruences, it was shewn that a 
transformation of the variables so as to make f=0 and b + b’=0 is always 
possible ; and such a transformation is possible in an infinite number of ways, if 

a@:b6+0 :¢=¢: 2f 2g. 
For a congruence of this type, (called isotropic), we have 
t =t,=t, 

so that the limits of a ray coincide and its foci are imaginary. The feet of 
the shortest distances, between the ray and consecutive rays, coincide in the 
point which is the single limit; and all these shortest distances lie in the 
plane through the single limit. The two limits coincide with the middle 
point; and the two limit surfaces (or principal surfaces) coincide. This single 
surface can be called the middle surface of the isotropic congruence ; it is the 
envelope of the plane through the middle point perpendicular to the normal, 
as well as the locus of the middle point*. 


When we have any rectilinear congruence, we have ruled surfaces in the 
congruence. For those sets of two which correspond to the variables of the 
principal planes of the ray, the lines of striction coincide with the loci of the 
limits. For any ruled surface in an isotropic congruence, the line of striction 
coincides with the locus of the middle point; and so the middle surface of an 
isotropic congruence contains all the lines of striction of all the ruled surfaces 
in the congruence. 


Now choose as the parameters of reference the parameters of the nul lines 
in the spherical representation ; we have, as usual, 


ee eg Ut zeal 
Tp ea? Dee uy  l+w 
so that 
2 
e=0, ea Teta g 0 


Our congruence is to be isotropic ; hence 
a=0, c=0, 


* A middle surface, taken as the envelope of the plane through the middle point of a ray 
normal to the ray in any rectilinear congruence, also may be considered, in addition to 
the middle surface in § 276; it is of direct importance in the case of isotropic congruences. 
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and the position of the middle point of the ray is given by 


ee cas 

sogi i 

The director surface is at our disposal; let it be chosen so as to be the unique 
middle surface of the congruence. Then we always have t=0, that is, 6+0'=0; 
hence, with the middle surface of the isotropic congruence as its director 


surface, we have 

a=0, b4+0=0, e€=0. 
It at once follows that 

dædX + dydY + dzdZ=0,; 


and therefore any are on the middle surface is orthogonal to the corresponding 
arc in the spherical representation. But the ray is normal to its middle 
surface; and so the spherical representation of the congruence is a spherical 
representation of the middle surface. As corresponding arcs on the middle 
surface and the sphere are always orthogonal to one another, the spherical 
representation is also conformal; and therefore (§ 169) it is possible, though 
not certain from this property, that the middle surface is a minimal surface. 


280. The property that 
dædX + dydY + dzdZ = 0, 


for the middle surface of an isotropic congruence, also suggests an association 
with Weingarten’s method for considering the deformation of surfaces and 
specially the infinitesimal deformation of surfaces; but the consequences will 
not be developed here. 


The theorem, that the middle surface of an isotropic congruence actually 
is a minimal surface, is due to Ribaucour*; it can be established as follows. 
We denote by #, F, G, L, M, N, as usual, the fundamental magnitudes for 
the middle surface. 


Because the congruence is isotropic and because we are dealing with the 
middle surface, we have 


a=0, b6+b'=0, c=0, 
and therefore 
#,X,+ Y Y,+44,=0, 


2A, + Yı ie +2 =— P- 
La Xı + Yo Y,+2%4,= P- 


BoXo + Y Ya +222 = 0. 
Also 
EDEA Ko + YP+ Z3= 0; 


Kaira Vie 


* Mém. Acad. Roy. Belg., t. xliv (1882), pp. 1—236. 
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Combining the first of the above relations with 


XX, + YY, + ZZ =0, 


we have 
X,:Y,:4=Y2,—Zy,: Zem- Xza : Xy,— Ya. 
Hence 
(Yz — Zy} + (Za, — Xz + (Xy — Ya, =0; 
and so, as 


Xa + Yy, + Zz,=0 
because the ray is normal to the middle surface, we have 
BSF ta =O; 
Similarly, combining the fourth with 
XX,+ YY,+ZZ,=0, 


we have 
G29 + 97+ 2. = 0. 
Again, resolving the equations 
aX +4%,Y,+44,=09, 
oe +y2 +22 =0, 


@,Xe+y¥o+2%,4,.=—p, 
we have 


Similarly, from 


tf ty ta. = 0, 


we have 
Xe DOD AP alee 
Ka T Ua Paley i 
Manifestly 
ere 
F 
Thus 
Bia, G y= AY AS Ads; 
%=—AXe, Yo=—AYo,, 2=— AL. 
Hence 


Ly = Xe FNA U= AX — MAs; 


and therefore, by addition, 

Dae = NAi aa My Xe 
Similarly 

2412 = mY, —M Yo, 


22 = MZ — M le. 
Multiplying by X, Y, Z and adding, we have 
M = Xt + Yyr + Zz =0. 
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Consequently, as H=0, M=0, G=0, we have 
EN —-2FM+GL=0; 
and so the middle surface of the isotropic congruence is a minimal surface *. 
Ex. The extremities of a straight line, the length of which is constant and the direction 


of which depends upon two parameters, are made to describe two surfaces applicable to 
one another; shew that the middle point of the line generates an isotropic congruence. 


Congruences of circles. 


281. Another set of congruences of considerable importance is constituted 
by those congruences which are composed of circles. When all the circles in 
a congruence can be cut orthogonally by a family of surfaces, the congruence 
is said to be normal; and it usually is called a cyclical system. The elements 
of the theory of cyclical systems, the initiation of which is due to Ribaucour, 
can be stated in a form somewhat similar to that adopted for rectilinear. 
congruences, 

Any circle in space is given by two equations 

(ea) +(y—bf +e—ef=r, 
X (c2-a)+ Y(y—b)+ Z(z-c)=0, 
where 
X?4 Y24Z2=1, 
When a, b,c, r, X, Y, Z are functions of two parameters, we have a congruence 
of circles, by allowing unlimited variations to the parameters. Any point on 
the circle is given by the equations 
s=atlr, y=btmr, z=c+nr, 
where 
?+m+n?=1, 


Xl+Y¥m+Zn=0; 
and l, m, n are functions of p and q, as well as of a current variable along the 
circumference, say the arc r@ measured from a fixed point. Let the radius 
through this fixed point have direction-cosines À, u, v, and let a perpendicular 
radius have direction-cosines X, w’, v’; then 
IX + mp + nv = cos 6, 


IN + mp’ + nv’ = sin 6, 
where 
M+ w+ v=l, AN + ww’ tw =0, Apul. 
Hence 


l= cos + sin 0 
m = p cos 6 + pusin 0 
n = v cos 0 + vsin 0 
X =w pv Y=rN -vrn Z=NW— Np. 


* For further developments, see Darboux, t. ii, § 260. 
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Thus the point on the circle is given by 
æ=a +r (A cos 0 +N sin 0) 


y =b +r (pcos 0 + p sin 8) > 


z=c+r(vcos6+y’ sin ð) 
where 

DA, SAV = 0; EA = 1; 
and the quantities a, b, c, r, A, u, v, A’, w’, v' are functions of the two parameters 
of the congruence, viz. p and q, while @ is the current variable along the 
circle, 

Both sets of equations will be used, as may be found convenient. For 
the purposes of the analysis, derivatives of a with regard to p and q will be 
denoted by a, and ay, and so for other magnitudes. The derivative of l with 
regard to @ will be denoted by l, and so for m and n; these quantities, and 
their derivatives, alone involve ð, in addition to p and q. 

Certain combinations of the derivatives are occasionally useful, par- 
ticularly the combinations connected with the variations with respect to 
p and q. We take 


2g? = 2, SNN =e" ; E e | 
LAAs =f; ZANA = &, ENIN =v, AAi =f" > 
DA? =, SX, = Gi 3 SPR =g | 


where the summation is for the cyclical interchange of A, u, v among one 
another, and for the simultaneous cyclical interchange of N, w’, v’ among one 
another. We take 
Mit wp ty’, =—t, AN + pp’ +w =t). 
AA, a Kho aÙ vn IA t’, ri! a bps’ we vv = t a 
and then we easily find 
X y I7 19) 
Me eo XN) ee A (otek 
AX 
m=-tp' +(e- tÈ Y , p= tp + (g-t) i 
y,=— tr’ + (e-t] Z n=—tF 4+ (g -ÈZ 


Il 


a= A w= tr-(g' 0X 
W= tu—(e’— 0) $ p= tu—(g te Y. 


w= tw—(e-t?2Z i te yf See 
Thus 


6 =A + papa’ tnn =—(e — {2)2 (e — t)? 
FHM +p +n = (e-— e? (9 - t+ tt’ 
PEMA + pips +MY =—(e — 2)2 (g - t'2)2 

P =M Net fa’ Me +n n = — (e — t)? (g - y2 

FEMM + wpnni =  (¢ — 2) (g' 18 + tt 

9! = edd + papel + val =— gat (of — 02} 


| 


a 
| ? 
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and 
Ele = e cos? 0 + 2e” cos 6 sin 6 + e sin? 0 
Ell, =fcos 0 +(p + Ww) cos ô sin 0 +f’ sin? 4 >. 
Xl? = g cos? 0 + 29” sin 0 cos 0 + g' sin? 0 X 
Also i 


KNE- PE NEAN RENO T G N 
Y= (e-e -ple-tÈH, Ysp (g-t È- ulg- iE. 
Z,=v (€ -pj -vet Zar (G E aT 


282. According to the general theory, the foci that lie upon any curve 
of a congruence 


J(e, y, z, p q)=0, g(x, y, z, p, N=, 
are given by combining these equations with the equation 


Consequently, the foci of a circle of the congruence 

a a OF 4G 0) a ae 

g =X (a@-—a)+ V(y—b)+Z(z-c)=0, 
are its intersections with the surface 
rr, + (a@—a) a, + (y—b)b, + (2-c) G, rr, + (w@—a) ant (y —b)b,+ (2-6) e | = 90. 
S= Gra Cn S(c—a) A, Sake 
As this equation is of the second order, the number of sets of values of æ, y, 2 
satisfying the three equations is equal to four (§ 270); but if a, b, c are 
constant (so that all the circles of the congruence pass through a fixed 


point), the new equation is only of the first order, and so the number of 
sets of solutions æ, y, z of the three equations is only two. 


When the alternative form of the equations of the circle is used, the 
third equation becomes 


7+ Dla, -, T+ la, |=0, 
—>Xa,+rdlX,, —TXa,+rDlX, 


in the general case; in the special case when the fixed point is common to 
all the circles of the congruence, the equations for the foci are 


e+y +2 =r7%, 
Aaz+Yy+Zz=0, 
7, 2UX,—7r,=1X,=0. 
We shall deal only with the general case. Let 
DrAqj=a, Daa, =p. SAX, =y, IAA =Ò, 
2ra =d, ENa =E, INX =y ENKA =, 
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so that 

y=- (e-t, y=- (€ -t$, 

ò=- (g-t, ¥=-(g' 0); 
also, let 

DA =p, O AOE 0; 
Then the equation giving the foci of the circle in question is 
rı +acosô+a sn , Ta + 8 cos 0 + 8’ sin 0 =0, 
— p +r (y cos 0 + ysin), — o +r (ò cos 0 +ô’ sin 0) 

an equation manifestly giving the values of @ which settle the foci of the 
circle. The equation leads to four values of 0 in general, so that there are 
four foci upon a circle in a general congruence; when the circles all pass 
through a fixed point, a, a’, 8, 8’ vanish, and then the equation leads to two 
values of 0 determining two foci upon each such circle. 


The equations of the focal surface of the congruence of circles are 
2£=a+r(Acos 6 +N sin 0), 
y=b +r (pcos 6 +p’ sin 8), 
z=c¢ +r (v cos 0 + v sin 0), 
together with the above determinantal equation ; its explicit equation results 


from eliminating p, q, and 0, among the four equations. Manifestly, the 
focal surface is four-sheeted. 


283. We know that, in rectilinear congruences, certain selected con- 
secutive rays intersect one another; the points of intersection of any ray 
with the (two) different rays, which meet it, are the foci of the ray. It is 
natural to enquire which circles (if any), consecutive to a given circle, do 
intersect it; we easily find that there are four such consecutive circles, and 
that each of the four points of intersection is a focus for the circle. 


The proof is simple. Any circle 
x=atlr, y=b+mr, z=c+nr, 
intersects a consecutive circle if 
0=da+ ldr +rdl, 
0 = db + mdr + rdm, 


0=dc+ ndr +rdn, 
that is, if the equations 


(a+ lr,+ rl,)dp+(a+ lra+ rl)dq+ rldð=0 
(b, + mr, + rm) dp + (b; + mr, + rm) dq + rm,d0 = 0 
(à + nr, + rm)dp+ (c+ nra+ rn.) dq+ rnd0=0 
are satisfied at the point. Multiplying the equations by l, m, n, adding, and 


remembering that 
P+m+n=1, 


492 FOCI IN [CH. XII 


we have 
(ri + Sla,) dp + (r2 + Sla) dg = 0. 
Multiplying the equations by — X, — Y, — Z, adding, and remembering that 
Xl + Yn+ Zn =0, 


so that A 
SX1,=—21X,,, AXLE A ALAAN EAG SO 


we have 
(— XXa, + r5lX,)dp+(— UXa, + rZlX,) dq = 0. 
Eliminating dp: dq, we have 
| T+ Sla,, T, + la, = 0, 
| ¥Xa, + r2iX,, -— LXa,+ ZX, | l 
which is the equation giving the four foci of the circle. Hence the inter- 
sections of the circle with consecutive circles are its four foci. 

The circles, that are consecutive and intersect, are determined by the 
quantities p + dp, q + dq; and the point common with the consecutive circle 
is given by the value 0+ d0 on that consecutive circle. Now our two 
equations are 

rıdp +r dq + (adp+ Bdq)cos0+ (a’dp + 8'dqg) sin 0 = 0, 
— pdp — odq + r (ydp + dq) cos 0 + r (y'dp + dq) sin 80 = 0; 
hence 
7| adp + dq, adp+ B'dq l? 
ydp + òdqg, ydp+ d'dq 
=| adp + dq, rrdp+rr.dq 
ydp+68dq, — pdp + cdq 
This is an equation of the fourth order in dp: dq; its coefficients are functions 
of p and q only; and therefore it determines four consecutive values of p 
and q, which give consecutive values of a, b, c, r, X, Y, Z, and therefore give 
four consecutive intersecting circles. And then the value of d@ is given by 
the expression 
rdo = (t + asin 0 — a’ cos 6) dp + (t' + Bsin 6 — 8’ cos 8) dq, 
for each of the ratios of dp : dq. 


2 + la'dp+'dq, rridp+rrdq | * 
ydp+ dq, — pdp — odq 


284. These results are general; and they belong to any congruence of 
circles, without any limitations upon the congruence. Every circle meets 
four other consecutive circles; it intersects each of the circles in a single 
point, the four points being the foci of the circle. 


Now the greatest number of points in which two circles can intersect is 
two; and so it is conceivable that a congruence of circles may be such as to 
allow two of the four foci of a circle to lie on one consecutive circle, and the 
other two to lie on another consecutive circle. In that event, there will be 
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two (and not four) values of dp :dq, which give consecutive intersecting 
circles; for each of these two values of dp:dq, there will be two values 
of 0, giving the two points upon the consecutive circle which are foci of the 
first. In order that this distribution of the foci may be possible, the two 
equations 

dr + {dda cos 0+ =dda sin 6 = 0, 


—YXda+r=UrdX cos 0 +rExdX sin 0 = 0, 
cannot be independent ; for, if independent, they would determine cos 0 and 


sin @ uniquely for an assigned value of dp:dq, and so there would be only a 
single focus on the consecutive’circle. Accordingly, we must have 


—~2Xda_ ZAdX _ =rAAX | 
rd  >rAda da’ 
and these equations are to determine two values of dp:dg. Let u denote 
either of these values of dp:dq; then our equations are 


eS Pe EES YETA, 

metrr, au+B ap+P 
The condition, that only two values of u are thus to be provided, requires 
that the third fraction shall be unconditionally equal to each of the other 
two; and so quantities J and J must exist such that 


Iy+Jy=-p 
I+ JÒ =- o 
Ia+ Jd =rr 
I[B+JP'=rr, 


Consequently, the two conditions, represented by the equations 
| a ? B 5) y , ò = 0, 
a’ f B F y ; ò 


TRI LL CYS ~ Pai T 


must be satisfied by the magnitudes that occur in the expression of the 
congruence. The two values of w are the roots of the quadratic - 

aup +B, yu +ò |=0; 

apt’, p+ 

and the two values of 0, that belong to a value of p, are the roots of the 
equation 


rri +rr, + (a + B) cos 6 + (au + 8’) sin = 0. 
The two conditions may be written in the form 
rr, (yè — 8) = p (a8 — a8!) + o (ay — d'y), 
rra (yë —1/8) = p (B'E - BE) + 0 (BY — B'y); 
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and therefore the quantities a, b, c, X, Y, Z satisfy the single condition 
a f (a8 — a8') + a (ay' — en} 


oq yo — yÒ ‘ 
_ 8 {p(B'S— Bs) +o (By — Ev) 
op | yë — 75 


while, when this condition is satisfied, r? is given by a quadrature in the form 
1l ? / $ + $ / r / 
i= | 5 alloc 5— ad’) + o (ay — a’y)} dp + {p(B'S— Bè’) + o (By'— L'Y) dq]. 
The two values of u are the roots of the quadratic 
(ay — a'y) p? + (a — a's + By - B'y) w+ BS — R= 0; 
let them be p, and py, and let the primitives of the equations 
| dq _ dq _ 
dp = p, dp = fe, 


respectively be 
p = constant, p’ = constant, 


so that p and p’ are two independent functions of the two parameters of the 
congruence. 


285. Now let these two quantities p and p’ be taken as the parameters ; 
in other words, we may take p and q to be p and p’. Then the equations 
—2Xda_ zrAdX_ rdX 
rdr Ada ENE 
are to be satisfied by dp=0 and dg=0. Let the common value of the 


fractions be Q when dp=0, and be P when dg=0; so that Q is a function 
of q only, and P is a function of p only. Then we have 


IXa =- Prr, LE 
DrAX,=P ra} , IAA = QDdraz} . 
DNAS RENG UN A y= Q=ya,| 


From the first set, we at once have 
X,=P(a,—-X>Xa)) 
Yi = Pb, AYRA), 
2, = P(o,-—22X4,) j 

and from the second set, we have 
X,=Q(a,— X YX a) 
Y,=Q(b, - Y2Xa,) >. 
Z. <Q -Z5 Xa | 
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Then 
z (X —aP)=-—aP,— X (PÈ Xa), 


3 T ‘ 
ange bP) =— bP, = if (PÈ Xa), 


gp 2 - oP)=- oP, — Z (PZ Xa), 


DEX) -peee P) 
=- 4 (@ +b +e- r) P, -— (X Xa) (PX Xa). 


Now our congruence of circles is given initially by the equations 


’ 


L +Y +Z as -— 2by— 2cz + a ++ e- r=0 
Xs+ Yy+Zz2—-=2Xa=0 | 
it can therefore be expressed, in an equivalent form, by the equations 
4P (@+y4+2)—{(2Xa)—4 (8+ 0+ e- re) P} 
+(X —aP)x+(Y-—bP)y+(Z-cP)z=0 
4P (e+ y+ 2) + (2 Xa) (Xa) +h (e+ b+ e-r) P, 
— a{aP,+X (P>Xa,)} — y bP, + Y(P=Xa,)} — z {cP, + Z(PzXa,)} =0 
Comparing these two forms of equation with the preceding relations, that 


follow from the relations connecting derivatives of X, Y, Z, a, b, c with 
respect to p, we can express the result in the following form :— 


When a congruence of circles is such that each circle, of the set along 
directions given by a constant value of the parameter q, is intersected in 
two points by a consecutive circle of the same set, the equations of the 
congruence can be taken in the form 

P(@+y+2)—2ax —2By —2yz +26 =0 

P, (a2 + oP + 2) — 2a0 — 2B,y — 29,2 + 28, = Of © 
Equations, connecting the derivatives of the quantities P, a, 8, y, 6 with 
respect to g, also exist. Writing 
Og Wig hg A ala 

ls Dees Rom p 
we can take the equations of the congruence in the form 
P+y+e— HEALS pail 
A æ+ Bıy + Ciz — D,=0 


and again there are relations involving the derivatives of A, B, C, D. l 


s) 


A corresponding form could be obtained by using the equations involving 
X., Yo, Za, de, ba, C2; and its parametric magnitudes would be subject to 
relations connecting their derivatives with respect to p. 
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286. Instead of developing the limitations which are imposed by these 
relations for either of the forms, we shall now assume that the congruence 
is given by the foregoing pair of equations. Should the congruence be given 
initially by more general equations, the determination of the appropriate 
variables p and q can be effected (§ 284) by the integration of two isolated 
ordinary differential equations, each of the first order; and so no generality is 
lost by the immediate adoption of the pair of equations, so that we may take 


a =A, b= B, c =, 
X=0A,, Y=6B,, Z=0C,, ~Xa=OD,. 
Now two of the foci of the circle lie upon another circle given by a consecutive 
value of p; the equations for these two foci are 
e+y+2—2Awx — 2By — 2Cz + 2D=0, 
Ax + By +Oz — D, =0, 
Ang+ Buy + Caz — Da = 0, 
and therefore the equations of the line joining them are 
Ax +By+0z-D =0 
Ang + Bay + Cyz — Dn = s i 
As the other two foci are to lie upon a consecutive circle, for which p is 


unaltered and q has a consecutive value, these other two foci must satisfy 


the equations 
e+y+2—2Awx — 2By — 202z + 2D = 0, 


Ax + Bıy +z — D, =0, 
Aæ + By + 0z — D, =0, 
Ang + Boy + Cyz — Dy, = 0. 
The equations are to provide two points; hence the last three equations are 
not independent; and so two relations are satisfied, viz. 
A, ye Buai Des 0 
As ty Oi Os els 
Ais, Bis Gahan 
These relations can also be expressed in the form 
A, = pA,+aA,, 
By = pB: + oB,, 
Cy = p0, +00, 
Dy = pD, + oD,, 
where the quantities p and ø can be any functions of p and q. The equations 
of the line through the two foci are 
As + By+C,2—-D, “0y 
A,x + By +0,2- D,=0f ` 
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Gathering together the various results, we have the theorem * :— 
Let four quantities A, B, O, D be taken as solutions of an equation 


a _ 00, 06 
apoq Pap’ ° aq’ 


where p and o are any functions of p and q; then on each circle of the con- 
gruence 


e+ yY +e- 2Ax—2By— 202+ 2D=0 
VAPORI 5, 00, 20D > 
x +y PEETA N 


two of the foci lie on one consecutive circle, given by the same value of q and a 
consecutive value of p, and the other two foci lie on another consecutive circle, 
given by the same value of p and a consecutive value of q. 


The result may also be stated in the form :— 


Let any five functions A, B, C, D, E of p and q be chosen from among 
integrals of an equation 


M6, + NO, + Pha + M'O + N’'O,+P’ =0; 
also let m : n be chosen so that . 
Mr? — Nmn+ Pm?=0; 


then the equations 
A(?@+y+2)+ Be+ Cy+ Dz+H=0 
0 o 
zis eal fi 2 2 2 = 
(natra) [A(@+y+2)+ Be+Cy+Dz+ E}=0 


define a congruence of circles of the foregoing type. 


287. The surfaces, generated by consecutive circles which intersect, have 
a relation to the congruence of circles similar to that which is borne to a 
rectilinear congruence by its developables ; and the two-fold locus of the foci 
of the circles (which, from their equations, manifestly lie upon the envelope 
of the circles) is a double curve on these surfaces, corresponding to the edge 
of regression of the developables in the rectilinear congruence. The equations 
of this two-fold locus for one system of circles are obtained by eliminating p 
between the equations 


e+ y+ 2—2Awx—2By—2Cz+2D=0 
Wee Byt O22 DIS 0 
Ans + Byy+Cyz—Dy=9 


* Darboux, t. ii, p. 316. 
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and for the other system of circles through the elimination of q between the 


equations 
ae+y+2—2Axv— 2By —20z +2D =0 


A æ+ Biy+ Ciz- D, =0 . ~ 
Anget Byy + Cz — Dy = 0 
Also, the equations of the two surfaces, generated by consecutive circles, are 


obtained by eliminating p and q respectively between the two equations 
of the congruence. 


288. The equations for obtaining the magnitude, direction, and position 
of the shortest distance between any two consecutive circles (p,q) and 
(p+dp, q¢+dq) of the congruence are as follows. Let its magnitude be dr 
and its direction-cosines L, M, N; then 


Lis;+ Mm,+ Nn; =0, 
Ldl; + Mdm; + Ndn; =0. 


Also, let dọ be the angle between the tangents to the two circles at the feet 
of the shortest distance, so that 


de? = dl + dm + dnè; 
then 
Ldo == M dNg baad n,AMs 


Mdgd= n;dl; — lidn; ;. 
Ndog = ldm, — m;dl; | 
Again, by projection on the axes of reference, we have 


a+lr+ Ldt=a +da + (l+dl)(r+ dr), 
that is, 


à Ldr=da+ rdl + ldr; 
and similarly 


Mdr = db + rdm+ mdr, 


Ndr=dc+rdn +ndr. 
We at once have 


dodr=|da+rdl +ldr, l, dh 
db+rdm+mdr, m, dm 
de +rdn +ndr, n, dns 


> 


which gives an expression for dr involving functions of @ and also dé. 


Multiplying the equations for Ldr, Mdr, Ndr by ls, ms, ns, and adding, 
we have 


Y1,da + rZl,dl + dr Sil, = 0. 
Now 


Sll,=0, Sl,dl= dO —tdp—t'dg, 
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so that 
(— asin 0 + a’ cos 0 — rt) dp + (— 8 sin 0 + 8’ cos 0 — rt’) dq +rdé =0, 
an equation expressing d0 in terms of dp, dq, and functions of 8. 
Multiplying the same three equations by dl,, dm;, dns, and adding, we 


have 


Ydadl, +r dldl, + dr=ldl; = 0. 
Now 


Xdadl, = — déSlda— sin OS dadà + cos OS dadn’, 
Ldldl, =d Èl ls + dpdq> (lla + lols) + dg? È lla, 
Xldl, =-— d0 + tdp + t'dq. 


Inserting these values and substituting from the former equation for d0, we 
obtain an equation of the form 


A cos 20 + Bsin 20 + O cos 0 + Dsinéd+ H=0, 


where A, B, C, D, E are quadratic functions of the ratio dp: dq; they do 
not involve 0, and they have magnitudes connected with the congruence for 
their coefficients. 


Accordingly, this is the equation for 0. When an appropriate value is 
found, the earlier equation gives d0 in terms of dp and dq; and then dọ is 
known. We thus have the value of dr in terms of dp and dq, and of known 
magnitudes that do not involve dp or dq. 


Cyclical Systems. 


289. Just as special importance centres in those rectilinear congruences 
which can be cut orthogonally by a family of surfaces, so also it is necessary 
to take particular account of congruences of circles which can be cut ortho- 
gonally by a family of surfaces. Such congruences are called cyclical 
systems. 

The direction-cosines of the tangent to any circle of a congruence repre- 
sented by 

s=atlr, y=b+mr, 2z=c+nr, 
are proportional to ls, Mms, nz; hence every direction dæ : dy : dz at the point, 
perpendicular to the tangent to the circle, must satisfy the relation 
lde + mdy + n,dz = 0. 

If the circles of the congruence can be cut orthogonally, this differential 
relation must have a single equation as its integral equivalent, the single 
equation representing of course the family of orthogonal surfaces; and the 
condition, necessary and sufficient to secure the result, is the customary 
condition of integrability. When we write 


P=%I,(a,+ 71, + Ir) =— asin 0+ a’ cos — rt, 
Q = 1, (a, + rl, + 2) = — £ sin 0 + P’ cos 0- rt, 
32—2 
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(with the notation of §§ 281, 282), the foregoing differential relation becomes 
Pdp +Qdq+rd0=0. 


The condition of integrability is S 
oQ or ee) oP: oQ\_ 
Placa ee 00 A a] í 


which, when the values of P and Q are substituted, becomes 


T cos 0+ T’ sin 0+0 =0, 
where 
T =r (tB —-ta) +r — ra — rpi + ra’ } 
T'=r (t8 — td) -rB + ra + rhi ra +, 
O= af’ —aB +r -Trh j 
T, T’, ® manifestly being independent of 0. 
The condition of integrability may be satisfied identically, so that 


T=0, T’=0, @=0. 
In that case, let 
Q = constant 
be the integral equivalent of the differential relation; it is the equation of 
the family of surfaces cutting the congruence of circles orthogonally. 


If the condition is not satisfied identically, it may provide no value of 0, 
or one value of 0, or two values of @. In the first case, there is no surface 
orthogonal to the congruence. In the second case, if (and only if) the value 
of @ satisfies the differential relation, there is one special surface orthogonal 
to the congruence. In the third case, if (and only if) one of the values of 0 
satisfies the differential relation, there is a special surface orthogonal to the 
congruence ; there can, at the utmost, be two special surfaces thus orthogonal 
to the congruence. 


Ex. 1. Consider the congruence of circles, which lie in the tangent planes to a surface 
and have their centres at the point of contact of the tangent plane with the surface. 


Let the surface be referred to the lines of curvature as the parametric curves ; then 
we can take these directions as the axes of reference in the planes of the circles, so that 


Anq, E74, pb HO} ey BT}, 
N= GTE Kaaa v'=c,G 74, 


Then 
a=3\q4= EF, B =A a,=0, 
a’=>N'a,=0, BESNA 
Also 
—t=2NAy 
=302G7 3 (a E~4-4a,E7 42) 
otal Ey 


* Hoyt’ 
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and, similarly, 


E E, $ Gy 
(Ea)? 
Hence 
T =r, G3, 
T" =7, EÈ, 
2 1 
o=(Hoyt-3 | Gist Ea- gp (0 (GE +O, B+ By (0+ GL) | 


=(EG)* (1+5), 
where Ķ is the Gaussian measure of curvature of the surface. 
In order that the congruence of circles may be a cyclical system, we are to have 


NEO USO) Gra0) 
Hence we must have 
7 =constant, 


and therefore on a surface, whose Gaussian measure of curvature is constant and equal 
1 ; D : ee 

to a? the congruence of circles of constant radius 7, which lie in the tangent planes to 

the surface and have their centres at the point of contact of the tangent plane with the 

surface, constitutes a cyclical system. 


It is not difficult to prove that the surfaces, orthogonal to these circles, are themselves 
surfaces of constant negative curvature —1/r?. 


Ex. 2. Shew that, when any four of the orthogonal surfaces of a cyclical system are 
taken, the anharmonic ratio of the four points in which they cut any circle of the system 
is the same for all the circles. 


EXAMPLES. 
1. Three surfaces, independent of one another, are given by equations 


F(E, Y % P, D=% I(% Y, 2, pP, N=9 hI % p, q)=0; 
and zı, zz denote the derivatives of v with regard to p, g, and similarly for y and z. Prove 


that 
LG % fy AS (2 A of (22) og (Z 2) oh 
ae (9172 na=F og Bat” \ pn, g at” pg Ox’ 


with two similar relations; and verify that the direction-cosines of the normal to the 
focal surface of the congruence 


A S 
at any point are proportional to 
EE e O OA 
“Or an? “dy dy? 2 G2 °. 


2. If all the curves of a congruence meet a fixed curve, this fixed curve lies on the 
focal surface. 


3. Shew that, on each sheet of the focal surface of a rectilinear congruence, the curves 
corresponding to the two sets of developable surfaces of the congruence are a conjugate 


system. What are these curves? 
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4, When the two sheets of the focal surface of a rectilinear congruence are the same, 
the Gaussian measure of curvature of the focal surface at the point where it is touched by 
the ray is 

1 
(4 -t)P? `~ 
with the notation of § 275. 


5. In a normal rectilinear congruence, the distance between the foci of a ray is the 


same for all rays; shew that the two sheets of the focal surface have their Gaussian 
measure of curvature constant and negative. 


6. Shew that, if the rectilinear congruence 
ay—ba+c=0, cx—az+b'=0, bz—-cy+a=0 
is normal, the expression 
(a2-+ 6242) ~# | da, db, de 
Oy iy GC 
ONO SEC: 
must be an exact differential. 


7. Prove that the rectilinear tangents to a family of geodesics traced upon a surface 
constitute a normal congruence. 


8. Rays are incident upon a reflecting surface, and the developables of the incident 
congruence are reflected into the developables of the reflected congruence ; shew that they 
cut the surface in a conjugate system. 


9. Shew that, if a congruence of circles normal to two surfaces is such that each of 
them is met in two points by one of the consecutive circles, the congruence is normal. 


10. The envelope of a sphere depending upon a couple of parameters is formed ; and 
the lines of curvature on the two sheets of the envelope correspond. Circles are drawn, 
each cutting a sphere normally at its two points of contact with its envelope ; shew that 
they form a cyclical system. 


11. Shew that with a given rectilinear congruence it is generally possible to associate 


a unique cyclical system, so that the rays in the former are the axes of the circles in the 
latter. 


12. Shew that, if the planes of all the circles in a cyclical system pass through a fixed 
point, the circles are cut orthogonally by a sphere having its centre at that point, unless 
the point is at infinity when the circles are cut orthogonally by a plane. 


13. Prove that the family of surfaces, orthogonal to a cyclical system, belongs to a 
triply orthogonal system. 


14, Ina normal congruence of plane curves, the envelope of the planes is a surface ; 
shew that, when the surface is deformed so as to carry its tangent planes with it while the 
curves in the planes are unaltered, the congruence remains normal. 


MISCELLANEOUS EXAMPLES. 


1. A cubic helix has the plane at infinity for an osculating plane. Shew that it can 
be represented by the equations 


a=) (at-48), y=at?, z=p(at+he). 


2. In a skew curve of constant torsion, the direction-cosines of the binormal have 
the form 
a cos 0+b cos 46, a'sin +b’ sin 40, ccos$é. 


Find constants a, b, a’, b', c so that the curve may be algebraic; and obtain its equations. 


3. Shew that the binormals of a skew curve generate a scroll on which the curve is 
the line of striction; that the principal radii of curvature of the scroll at a point on the 
curve are otan and —ocot4, where o is the radius of torsion of the curve and 
tan 8=2p/c; and that the other inflexional tangent at the point makes an angle 8 with 
the generator. x 


4. Prove that any skew curve is a geodesic on some developable surface; and find the 
angle between the curve and the generator of the developable at any point. 

When a linear relation or a quadratic relation exists between s and p/o, the edge of 
regression becomes a point or a conic respectively when the surface is developed into a 
plane. 


Shew also that, if the lines of curvature on a developable are spherical curves, the edge 
of regression is a geodesic on a cone and so belongs to the first class of curves indicated. 


5. Denoting by «x and r the curvature and tortuosity at the origin of the line of 
curvature of the surface 
z=4 (ax? + by?) +4 (Aa + 3Bu2y+3Cxy?+ Dy?) + dy lart t+ 4Ba3y+...), 
when it is referred to plane z=0 as a tangent plane, prove that 


_ (84-6) AB-3aBC aß 


2, 
(a—bP acpi 


6. The tangent lines to two skew curves are conjugate with respect to a sphere. The 
distances of their points of contact from the centre of the sphere are r and r’; the 
perpendiculars upon the tangents from the centre of the sphere are p and p'; and the 
radii of curvature and of torsion are p, o, and p’, o’, for the two curves respectively. 
Prove that 

Pp op 


ort or?’ 


and that rr’ (aa’)~ 2 is equal to the radius of the sphere. 
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7. Two skew curves are such that their tangent lines at corresponding points are 
polar conjugates with regard to the paraboloid 2*+y*=2z. Denoting by n, and m’ the 
cosines of the angles between those tangents and the axis of z, by v and v' the moments 
of the tangents about that axis, by ns and 7; the cosines of the angles between the 
binormals and the axis, and the tortuosities by o and o’, prove that ~ 


vv =—7', oo = -Nngng?. 


8. When a surface is represented in cylindrical coordinates by the equation =f (7, 8), 
its Gaussian measure of curvature is 
902 (C2, oz 022 -#) 
"3200+" or) ~ \"5r06 88 
Oz\2 7NA? ; 
A (es Æ 
pee] 
9. Points P,,..., P, move in such a way, that their mean centre is a fixed point and 
the tangent planes to their loci at corresponding points are parallel. Let R, and &,’ be 


the principal radii of curvature of the locus of P,; and let œ, be the angle which a line of 
curvature makes with a line in the tangent plane parallel to a fixed plane; shew that 


n n i bs 
$ (R,+R;)=0, $R Ricos 20,=0, È? (ly Ry!) sin 20, =0. 
r=1 r=1 T= 


10. The surface z=f (x, y) has ua+vy+wz=1 for a tangent plane, where w is some 
function of u and v. Shew that 


022 022 RANE w Ow ow yy 
Aiza lan) pO da a — (2) CEI 
i oy? sy } = ov? o 


and apply the last result to compare the measures of curvature of a surface and of its polar 
reciprocal at corresponding points. 


11. When a surface is defined as the envelope of a plane 
ux +vy+wz=1, 
where w is a function of u and v, its principal curvatures are the values of « given by 
K (u2 +22 + w2)2 =) (uw, +vw— w), 
the values of à being roots of the equation 
| Awg twl, AW +W We, utww, |=0. 
AW tH W W AW tw2R+1,  v+Hww 
U HWW, VHWW, WHW 

12. Skew surfaces are generated by drawing normals to a given surface at points 
which lie on different curves traced upon it. Shew that, for surfaces containing an 
assigned normal, the Gaussian measure of curvature at the centres of principal curvature 
of the original surface is constant; and that, for surfaces touching along an assigned 


normal, the principal radii of curvature at the centres of principal curvature of the 
original surface are the same. 


13. The generators of a ruled surface all belong to a linear complex ; prove that the 
asymptotic lines can be determined by a single quadrature. Shew that, for the surface 
i (ye - x} =y? (2 +y’), 
they are given by 
xy 


yz— x 


SE 2 =constant. 
y 
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14. On a surface represented by 
r= U,Vi, y=UgVz, z=U3V3, 


where U,, Uz, U; are functions of uw only, and V1, Vz, V3 are functions of v only, such that 
the parametric curves are a conjugate system, shew that the asymptotic lines can be 
determined by quadratures. Obtain them for the surface 


x=A (u-a)” (v-a), y=B(u—by™(v—b)™,  z=C(u—c)™ (v—0). 
15. On the surface 
2Ax=(atuy+(a+v)3 
2By=(b+u)} + (b+v}Pr , 
20z=(c +u) + (e+v)3 
which is the locus of middle points of the chords of the curve 
Ax=(a+u)}, By=(b+u)3, Cz=(e+u)3, 
the asymptotic lines are given by w+v=constant. 


16. Prove that the curvature of an asymptotic line on any surface is 


{28 [2 a), 8 (08 
(a—)? Ou Be =H) a? ? 
where a and 8 are the principal radii of curvature, and where u, v are the parameters 
of the lines of curvature. 


17. The necessary and sufficient condition, that the lines of curvature may divide a 
surface into infinitesimal squares, is that the quantity 


(k+x’) 0 (k +k’) OKER) oy n} Aa 
(As aX + a) dY+ ~~ dZ d(Kr')t (k= xK') 


should be a perfect differential, « and «’ denoting the circular curvatures of the lines of 
curvature on the surface. . 


18. At any point P on a pseudosphere (of constant curvature —1) a unit length PQ 
is taken along a tangent, drawn in such a direction that the tangent plane at Q to the 
locus of Q passes through PQ and is perpendicular to the tangent plane at P. Shew that 
the locus of Q is also a pseudosphere. 


19. Prove that, on a surface of constant negative curvature —1/r?, the area of the 
maximum triangle, which can be formed with two of its sides of given lengths a and b, is 


2gin-} La 12 
27? sin (tanh z tanh =): 
20. Obtain the general equation of geodesics on the surface 
y= fo — u?) w-tdu [a —v*) v” idv, 
2yi= - fa +u?) widu fa +?) wr- idv, 
ya (unt ED) 
n+l ; 
where n is a constant, in the form 
-1 dô 
log =a f+ + 6?)} 3 T’ 


@ denoting uv, and æ and c being arbitrary constants. 
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21. Shew that one system of the lines of curvature on the surface 
v=f (A) cosà- f’ (A) Sin A+ F (p) cos A, 
y=f (A) sindA+/’ (A) cos A+ F'(p) sin A, 
Z= h; x 
is composed of curves in parallel planes. 

22. A point in space is determined by the parameters A, p, v of the quadrics, which 
pass through it and are confocal with 2?/a+y?/b+2/c=1. Obtain the equations of a 
straight line in the form 

A dn aig) hdr i 
(A-a) A-6) FA) (A-a) A-B) FA? 


F(A)=(@+A) (b+) (e+), 
and a, 8 are constants. Hence shew that the tangent lines, common to the quadrics of 
parameters a and 8, are normals to a family of parallel surfaces given by 
pate, 
S45 a= 0: 
| FQ) 


23. The coordinates of a point on a quadric #*/a+7?/b+2/c=1 are given in the form 


where 


n2 ay 2 = g2 =i 
ee ore ae sn? 2, ie Baier, cn? », Z = an? u dn?o, 
aae D ESE c c—b 
where the modulus of the elliptic functions is (a — b)2 (a-—c)~ 2, Shew that the equations 


of the lines of curvature are 


w=constant, v=constant ; 
and that those of the generators are 


u+v=constant, w—v=constant. 


24. <A point on the ellipsoid #?/a?+y?/b?+22/c2=1 is represented by 
v=asnudnv, y=benucny, z=cdnusny, 
where the modulus is 27 2, and the ellipsoid is such that 2b2=a?+c2, Shew that w and v 


are the parameters of its lines of curvature; discuss the surface of centres; and prove 
that the curve u+v=y is the intersection of the ellipsoid with the quadric 


ac VE a b?) cn y — 2b2xz dn? yt abey sn? y=0. 
25. Find the geodesics on the surface ds?=(u+v)-2dudv; and use the integral 


equation to shew that, on a surface generated by rotating a tractrix about its asymptote, 
the geodesics lie upon the cylinders 


r? (¢?+ Ap +B) +a?=0, 
and cut the cuspidal edge at an angle a, where 


2 


c 
— = §ec2ia — qh? 
pa Sec’ a p’. 


26. A pseudosphere is represented by the equations 
z=akcos@cosd, y=akcoswsing, 2z=a [ra =k? sin? 0)? dé ; 
0 


obtain the integral equation of its geodesics in the form 
tan œ = Á sin k (p +8). 


Prove also that the equation of the geodesic parallel, having its centre at w=a, P=0, and 
having ġar for its radius, is 
cos ko +tan ow tan a=0. 
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27. A closed circuit of given perimeter is drawn on a surface, so as to cut off a 
maximum area of the surface. Prove that the geodesic curvature of the circuit is 
constant ; and shew that, in general, only a limited number of such circuits of the same 
perimeter can be drawn through any assigned point of the surface. 


28. The geodesic distances of any point on a surface from two fixed points on the 
surface, geodesically distant c from one another, are r and r’. The surface is such that 
the curves 

(1+a)7r?+(1-—a)r?=a 
are parallel curves (a being the parameter of the family); shew that the angle between 
the curves 
*=constant, 7’=constant, 
at a point of intersection is 
pre 


= 
cos 5 
2rr' 


29. Obtain the equation of geodesics on Enneper’s minimal surface in the form 
du dv du =) 


ap lee es 2-3 
+ {1+ aw (14+ w)?} (£ ; 


(A v 


where @ is an arbitrary constant. 


30. The line of striction of a scroll is one of its asymptotic curves; prove that the 
angle at which it cuts any generator is equal to its angle of contingence ¢, and that the 
asymptotic curves cut the generators at a distance 7 from the curve measured along the 
generators, where 

2 
nd 
r being the tortuosity of the curve at the point. 


3 
sat]! cos tds, 


31. A skew curve has assigned terminal points and assigned directions for its 
tangents at the terminal points; and it is to have the property that | x’ds along the 


curve has a stationary value, where «x is the circular curvature at any point. Denoting 
the torsion at the point by r, prove that 
K*r =a, 


2 
K? (F) +a? + be24+4n5=0, 


where a and b are constants. 


32. The arc-element on a surface is given by 


d=% (du? +de? +dw?), 
where u?+0?+w?=1. 
Shew that the geodesics are given by linear equations between wu and v. 
Denoting the geodesic distance between two points wu, v, w and w’, v, w by p, prove 
that 
4nn/ sinh? (p/2a)=(E— E) + (n =7'}, 


p au _ aw 
ape Le? 


where 


and so for é and n’. Obtain the arc-element in terms of é and 7; and determine the 
curves in the plane of é ņ which correspond to geodesics on the surface. 


Prove that the Gaussian measure of curvature for the surface is constant. 
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33. All surfaces, whose lines of curvature can be spherically represented by two 
systems of orthogonal circles, can be generated as envelopes of the plane 


n- cosa l-n cosa 
rmy +ne+if (=) a a 0, 


where /?4+m?+4+n2=1, a is a constant depending upon the particular set of orthogonal 
circles, and the axes of æ and z are parallel to the lines through which the planes of the 
two circles pass. 


x 


34. When a surface is geodesically represented on a plane, curves of finite constant 
geodesic curvature on the surface do not in general become circles on the plane. 


35. Prove that the surface, represented (in the ordinary notation of elliptic functions) 


by the equations ; 
2K?x= E (u)+ E(w) -— (1 — x?) (u +v) 


Qx2y =7 {E (u)- E(v) - (1+) (u-v) F, 
ex*=(dn u—x« cn wu) (dnv—« en v) 
is minimal, and that its principal curvatures are 


+2(cnwdnucn vdnv)2(1 +sn usn v)~?, 


36. Prove that the surface 
“2=) COS a+ sin À cosh p, 
Gap + COs a cos À sinh p, 
z= sin a cos À cosh p, 


is a minimal surface ; that the parametric curves are plane lines of curvature ; and that 
the Gaussian measure of curvature is 


— (cosh u+ cos a cos A)~4 sin? a. 


37. A rigid boundary consists of two finite perpendicular straight lines OP and OQ, 
and two infinite straight lines through P and Q perpendicular to the plane POQ drawn 
in the same sense. Shew that the minimal surface with this boundary is obtained by 
taking 

F (u)= — ik (1 +24? cos a+ ut)! 
in the Weierstrass equations, where % and a are real, and OP, OQ are the axes of x and y. 
Obtain relations between %, a, and the lengths of OP and OQ. 


38. Taking the conics subsidiary to the construction of a Dupin cyclide as the focal 
conics of a system of confocal quadrics, prove that the equation of the cyclide can be 
expressed in the form 

G+ Ag+ 4&3 = constant, 


where @, a2, a3 are the primary semi-axes of the confocals through any point. 


39. When the fundamental magnitudes Æ, F, G are (i) functions of one parameter 
only, or are (ii) homogeneous functions of two parameters of degree —2, the surface is 
applicable on a surface of revolution. 


40, A portion of a sphere is deformed, and 6 is the angle which the normal to the 
2 2 
deformed surface makes with the axis of z; prove that H (Gat aa) sec @ cannot be 
negative for the deformed surface, Æ denoting the mean measure of curvature. 
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41. A surface is generated by the revolution of the curve 
v=k(at+benu), y=bE (w), 


round the axis of y, where % is the modulus and a>b. Prove that the zone between the 
planes w=2K and u= — 2K is applicable to a portion of an anchor ring. 


Shew that the real branches of the asymptotic lines upon the surface are closed 


curves, if 
ge bk snv oe ae 
o \adnv—dk'snv m E 


where m and n are integers. 


42. Prove that helicoids of a special type exist, which are applicable to scrolls of a 
special type so that the helices of the former coincide with the orthogonal trajectories of 
the generators of the latter. 


Prove also that the surfaces of revolution to which the helicoids in question can be 
applied are generated, by rotation round the axis of y, of one or other of the curves 


4 aN SNU CNU, 
ednu=1, y=u-— £E (u)+k mane: 
ino Seite sn u dn wu 
zen u=], y= E 


43. A geodesic circle is defined as the locus of points on a surface at a constant 
geodesic distance from a centre. It might also be defined as a curve of constant geodesic 
curvature. Prove that, if the definitions agree for one centre, the surface is applicable to 
a surface of revolution ; if they agree for all centres, the Gaussian measure of curvature 
is constant. 


44. Prove that an infinite number of scrolls can usually be found applicable to a 
given scroll, so that their generators correspond ; and that scrolls, with their generators 
parallel to those of a given cone, can be found similarly applicable to the given scroll. 


Let the given scroll be the cylindroid 
z=ucosv, y=usinv, z=psin 2v, 


and the given cone be z?+y?=2? cot? a; shew that the equations of the line, on the scroll 
applicable as above to the cylindroid, which corresponds to the axis of z on the cylindroid, 
are 


: cos {(seca+2)v+f} , cos {(sec a - 2) v +6} 
mtp A re n E aa i 
P sin {(seca+2) v +6} r sin {(sec a — 2) v + 8} 
e a seca+2 seca—2 


z= +p cos a sin 2v, 


where 6 is an arbitrary constant. Shew also that this line is the line of striction on its 
scroll. 
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45. Prove that the ruled surface, which is applicable to the hyperboloid 
£la? +y? —2/e=1, 


and has its generators parallel to those of the hyperboloid in the same sense, is given by 
the equations 


l 2_ p2)3 

Z et cos v=, sain v= ae == tale eee ‘a sin o}, 
a A (a2 +02)2 (a? — b2)? b (a2 +2) 
2_ p22 

U T ina O = a -tanhl [eee cos o}, 
bo A (2+0)? (a2 — b2)? a (b2+02)2 
i 24 o2)3 

ZIA = = - tan`! [ere tano}, 
c A (a2+02)2 (b2 +02)2 b (a2+02)2 


where 
A? =a? cos? v+ 6? sin? v+c?. 
46. The quadric z=xy is deformed into a surface 
Z=f (x, y) X=g (1, y) Y=h(s, y4); 
prove that a solution of the partial equation of the second order for Z is 
Z= (x? + asy} +alog ((ay) + (a+ ay), 


where a is an arbitrary constant; and obtain the values of XY and F to be associated with 
this value of Z. 


47. Three quantities a, 8, y connected with the parameters A, u, v of three quadrics, 
passing through a point in space and confocal with «?/a+y?/b+2/c, are defined by the 
relations 


(a+) è dà=da, 3(b+2)-!(a+d)~FddA=dB, 3(c+d)-1(a+d)~ 2dd=dy. 
Prove that the surfaces defined by a, 8, y as parameters are a triply orthogonal system ; 
and obtain the arc-element in space as given by 

2da 4f ® ages LO gis 
4ds*= da +55 8 try i 
where 
F(8)=(O+A) (8+ p) (0 +v). 
48. Obtain the equation of confocal cyclides in the form 


aé? bn? cc? 
PES Ue ry error 


l, 


where A is the parametric variable, and é, ņ, ¢ are the parameters (to be replaced by the 
functions of the variables) of a system of triply orthogonal spheres. 


Shew that the cyclides constitute a triply orthogonal system. 


49. Obtain a triply orthogonal system of surfaces such that 
H,=1, Webel, H3=Au+ Bo+C, 


where A, B, C are functions of w alone. 
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50. Shew that the surfaces 
ay=u2, LAYS HYS,- y?) 


are a triply orthogonal system. 


51. The coordinates of a point in space are given by the equations 


sin w 


1+ (0 — 0)? sin? w {cos v= (w = v) sin v}, 


v= 2A 
sin u 


ERE ants {sin v+(w-— v) sin v}, 
A 


y=2a 
2 cos w | 


Es, ik (ee He ee 
Z=a 8 (tan $u)+ Ti @oor ene 


Shew that the w-surface is a sphere having its centre on the axis of z, that the w-surface 
is a pseudosphere having its measure of curvature equal to —1/a, and that the v-surface 
` is a surface of reyoit(tion round the axis of z. Verify that the parametric surfaces are a 
triply orthagmal system, by obtaining the arc-element in space in the form 


a? cosec? u 
~ 1+(w-v)} sin? 


ds? = [{1 —(w—v)? sin? u} du? +4 (w-— v}? sint u dv? +4 sin? u dw’). 
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Abel, 136. 

Adjoint minimal surface (Bonnet’s), 298; 
properties of, 299; correspondence of or- 
ganic curves on, 300. 

Algebraic curves of constant torsion, 27, 29. 

Algebraic minimal surfaces, constructed from 
algebraic nul lines in space, 80; in general, 
291; example of, 305. 

Algebraically complete aggregate of integrals 
of the equations characteristic of differential 
invariants for one curve, 217; the geometri- 
cal significance of these invariants, 224 ; 
other integrals, and their significance, ex- 
pressible in terms of this aggregate, 225, 
233 ; 

for two curves, 229, with their signifi- 
cance, 230-232. 

Ampére’s method of solving partial differential 
equations of the second order, 371. 

Anchor-ring, as surface with circular lines of 
curvature in both systems, 343. 

Angle between parametric curves, 34, and 
variation of, 50; between any two curves, 
35, and any two directions, 36. 

Appell, 120. 

Applicability of surfaces, in general, 
see deformation of surfaces. 

Arc-element of space, referred to rectilinear 
congruence, 475; canonical form of, 476. 

Assigned systems of lines of curvature, general 
equations of surfaces which have, 338. 

Associated minimal surfaces, 298; special 
example, 308. 

Asymptotic lines, can be real, imaginary, or 
single, 70; equation for (with examples), 
71; conditions that parametric curves may 
be, 72; not conserved under inversion, 
107; general properties of, as connected 
with binary forms, 199, 200, 202; Beltrami’s 
property of, 200; in any spherical repre- 
sentation, 256; 


355; 


Asymptotic lines (cont.) 

on two sheets of a centro-surface corre- 
spond, if and when the original surface 
is any Weingarten surface, 113 ; 

on minimal surface, 71, 272; spherical 
representation of, 275; equation of, 
on general surface, 285; on Enneper’s 
surface, 353; 

on Weingarten surfaces, 352; 

are the characteristics of the equation 
for the deformation of surfaces, 363; 

as rigid curves during a deformation 
of a surface, 374, 405; as final 
shape (after deformation) of an as- 
signed curve, 377; 

other than generators on a ruled surface, 
anharmonic property of, 382. 


Beltrami, 164, 173, 200, 203, 206, 207, 234, 
243, 245, 268, 354, 388, 391, 394. 

Beltrami’s differential parameters, the first, 
164, 206, 219; the second, 207, 222; when 
the first vanishes, it gives nul lines, 208; 
when the second vanishes, it gives iso- 
metric variables, 209. 

Beltrami’s method for deformation of ruled 
surfaces, 391. 

Beltrami’s theorems, on geodesic parallels, 
173; on the geodesic representation of a 
surface on a plane, 245; on a ruled surface 
applicable to another ruled surface, the 
generators being parallel, 387, with examples, 
389, 390. 

Bertrand curves, 30, 407. 

Bianchi, 1, 23, 32, 63, 93, 123, 234, 260, 
309, 343, 354, 400, 408, 409, 465, 466. 
Binary forms (simultaneous), connected with 
curves on a surface, 190, 194 ; some relations 
between them, 191; their geometrical sig- 
nificance, 192, 195; their expressions as 

invariants, 204; 


INDEX 


Binary forms (cont.) 
as leading to differential invariants of 
one curve, 217, 225, with their sig- 
nificance, 218, 225; and to differential 
invariants of two curves, 229, with 
their significance, 230-232, 

Binormal to a skew curve, 4, 17. 

Bolza, 124. 

Bonnet, 50, 153, 195, 209, 268, 298, 354, 
365, 379, 408, 421. 

Bonnet’s adjoint minimal surface, 298. 

Bonnet’s equation for the deformation of 
surfaces, 365. 

Bonnet’s expression for the geodesic curvature 
of a curve, 153, 195, 209, 221. 

Bonnet’s theorem on the deformation of 
serolls, 379. 

Bonnet’s theorem, that the fundamental mag- 
nitudes of the first order and the second 
order give the complete intrinsic determi- 
nation of a surface, 50-56; extended to 
space, 421-427, 

Boundary condition (as to curve and tangent 
developable) for minimal surface under 
Cauchy’s theorem (q. v.), 301; but the 
boundary of the surface must not*be a 
nul line, 301; method of Schwarz for using, 
to determine arbitrary functions in the 
Weierstrass equations, 302; conjugate of 
assigned boundary, 307. 

Bouquet surfaces in triply orthogonal system, 
448 ; equation to be satisfied by, 449, with its 
resolution, 450, and examples, 450-452, 465. 

Bour’s equation for the deformation of sur- 
faces, 354, 365. 


Calapso, 372, 

Calculus of variations, propositions relating to 
a function of a single variable as required 
for geodesics, 124-128; relating to functions 
of two variables as required for minimal 
surfaces, 269-271, 

Campbell, 210. 

Catalan minimal surface, 308. 

Catenoid, the only minimal surface of revolu- 
tion, 290; as satisfying given boundary 
conditions, 302; deformation of, 356. 

Cauchy, 301, 430, 446, 447. 

Cauchy’s existence-theorem, for the integral 
of a partial differential equation of the 
second order, 301, 373; used to define the 
assigned boundary conditions for a minimal 
surface, 301; for integrals of partial differ- 
ential equations of the first order, applied 
to triply orthogonal systems, 429, 447. 


F, 
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Cayley, 94, 101, 117, 138, 147, 309, 314, 
324, 332, 338, 375, 390, 408, 409, 433. 
Central function in Weingarten’s method for 
deformation of surfaces, 401; satisfies an 
equation of the first or the second order, 

402; leads to deformable surfaces, 403. 

Central projections of a sphere, 243. 

Central quadric, fundamental magnitudes and 
measures for, when it is referred to its 
lines of curvature as parametric curves, 
104; surface of centres for, 113, and the 
configuration of its sheets, 116, 

Centre of circular curvature of a skew curve, 
4; of spherical curvature, 7; in Routh’s 
diagram, 11. 

Centre of generator of a ruled surface, and 
the line of striction as its locus, 384. 

Centres of curvature of a surface, 42, 109. 

Centro-surface, see surface of centres. 

Characteristic curves, equation for, must not 
give nul lines for minimal surfaces so far as 
boundary conditions are concerned, 301; 
of equation for the deformation of surfaces 
are the asymptotic lines, 363; of equations 
of the second order in general, 373. 

Characteristic equation, for geodesics, 129; 
involves the geodesic property (q.v.), 130; 
various forms of, 131; satisfied by nul lines, 
132; deduced from the definition by the geo- 
desic property, 145 ; 

for minimal surfaces, and its geome- 
trical significance, 270. 

Charpit’s method for integrating partial differ- 
ential equations of the first order, 164, 175; 
applied to obtain geodesic parallels and 
families of geodesics, 169-171, and to discuss 
polynomial integrals, 175. 

Christoffel, 203. 

Circle of curvature of skew curve, 3. 

Circles, congruence of, 467; number of its 
focal points, 469; see congruence of circles. 

Circular curvature of curve on a surface and 
associated binary forms, 192, 195. 

Circular curvature of geodesic, same as that 
of normal section of the surface through 
the tangent, 144; its measure and associated 
binary forms, 192, 195, 224; derivatives of 
its measure, 223, 225. 

Circular curvature of skew curve, 3; its 
analytical expression and the direction- 
cosines of the radius, 4; when the curve 
is defined by its osculating plane, 17; 
when known, how far it defines a curve, 
27. 

Circular lines of curvature, surfaces which 
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possess only, are Dupin cyclides or anchor- 
rings, 342. 

Closed geodesic, when possible on a surface 
of revolution, 135; total curvature of portion 
of surface bounded by, 161. 

Codazzi, 48, 419. 

Complex of lines and congruence of lines, 475. 

Condition of integrability, for surfaces in 
general, 37, 40; for surfaces with plane 
or spherical lines of curvature, 316; ana- 
lytically is equivalent to the condition of 
orthogonality of the lines of curvature, 
317; in triply orthogonal systems, 432. 

Confocal quadrics as triply orthogonal system, 
418; are also isometric, 457, 458. 

Conformal representation of space upon itself, 
427-429, 

Conformal representation of surfaces, its 
fundamental property, 235 ; adequately given 
by representation upon a plane, 236, with 
the conforming relation, 237; of planes on 
planes, 238; of surfaces of revolution on 
planes, 238, 242; various projections of 
spheres, 239; of oblate spheroid on plane, 
242; is also geodesic, only if the magnifi- 
cation is constant, 252. 

Congruence of circles, number of focal points, 
469; general equations for, 488; funda- 
mental magnitudes for, 489; special class 
of, with particular disposition of the four 
foci, 492, 493; magnitude, position, and 
direction, of shortest distance between any 
two consecutive circles, 498; see cyclical 
systems. 

Congruence of straight lines, 467; sce recti- 
linear congruence. 

Congruences, of curves in general, 467; illus- 
tration of, 467; general equations of, 468; 
surfaces of, 468 ; focal points of, 469; focal 
surface of, 470; not usually capable of ortho- 
gonal section by a surface, but there may 
be particular orthogonal surfaces or even an 
orthogonal family, 472; see congruence of 
circles, cyclical systems, rectilinear con- 
gruence, 

Conjugate of an assigned boundary on a 
minimal surface, 307. 

Conjugate lines and directions on a surface, 
65; condition that two directions should 
be conjugate, 66; equations for direction 
conjugate to given direction, 67; condition 
that parametric curves are conjugate, 67, 
91; lines of curvature are the only ortho- 
gonal directions which are conjugate, 68 ; in 
a spherical representation, 256, 
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Conjugate points on a geodesic, 87, 126; 
when the geodesic is drawn on a surface 
of revolution, 138; on an oblate spheroid, 
142, 144; on a sphere, paraboloid of re- 
volution, anchor-ring, 143. 

Contact of a skew curve with its tangent, 
osculating plane, sphere of curvature, 8, 9. 

Contingence, angle of, for a skew curve, 4; 
in Routh’s diagram, 10. 

Continuous groups, see Lie’s theory of. 

Coordinates of point, on a skew curve, at a 
small are-distance from any assigned point, 
10; when the curve is defined by its oscu- 
lating plane, 17; 

on a surface, equations satisfied by, 
45, 

Coordinates x, y, z, of a point in space, as 
connected with triply coordinate system, 
equations satisfied by, 415, and by 2?+y?+2%, 
417. 

Correspondence of surfaces, point-to-point, 
234; Tissot’s theorem on conservation of a 
single orthogonal system, 249. 

Critical equation for range of minimal surface, 
306. 

Critical function for range of geodesic, on 
surface of revolution, 137, 138, 142, 143; 
on an oblate spheroid, 142; on a sphere, 
143; on a paraboloid of revolution, 143; 
on an anchor-ring, 144. 

Cubic integral of the equation Ag=1 for 
geodesic parallels, 187. 

Cubic scrolls, ruled surfaces associated with, 
under Beltrami’s theorem, 390. 

| Curvature of normal section of a surface 
through a tangent, 41. 

Curvatures of skew curve, when completely 
given, define the curve intrinsically, 21; 
if given as to ratio, or either alone, how 
far they define a curve, 15, 23, 25, 27. 

Curve of curvature on a surface, see lines 
of curvature. 

Curves, in space: definition by current co- 
ordinates, current parameter, arc, 2; by 
means of osculating plane, 16; by some 
organic property, 21-28; uniquely deter- 
mined by the assignment of the two cur- 
vatures, 21; having curvatures in a variable 
ratio, 15, and in a constant ratio, 23; with 
assigned torsion, 25; assigned circular cur- 
vature, 27. 

Curvilinear coordinates in space, 409. 

Cyclical systems, 467, 468, 499; general 
equations for, 500; example of, 501. 

Cyclides, 324. 
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Darboux, vii, viii, 1, 10, 19, 23, 27, 33, 63, 69, 
Ws 755, 86, 93, 94,95, 120); 123, 185, 171, 
175, 203, 208, 234, 248, 268, 270, 302, 
309, 310, 324, 343, 354, 365, 377, 384, 394, 
400, 408, 409, 412, 433, 487, 439, 446, 447, 
459, 464, 466, 484, 488, 497. 

Darboux, on surfaces with two plane systems 
of lines of curvature, 324, 330; the equation 
for the deformation of surfaces, 368; the 
equation of the third order satisfied by the 
parameter of a family of surfaces in a triply 
orthogonal system, 433; on Lamé families 
(q.v.), 447; on isometric triply orthogonal 
systems, 459-464. 

Deformation of a curve assigned in deformation 
of a surface, 375. 

Deformation of surfaces, in general, 131, 355; 
leaves Gauss measure of curvature unaltered, 
355; of surfaces of revolution with constant 
Gaussian curvature, 358; partial differential 
equation of second order, with the use of the 
integral, 363-368 ; 

with one curve rigid, is possible when 
the curve is an asymptotic line, 375, 
405; so that a given curve is deformed 
into another given curve, 375, or into 
an asymptotic line, 377, 393, or into 
a plane line of curvature, 394; 

by Weingarten’s method, 395, 400; 
central function in, 401, satisfying 
an equation of the second order, 402; 
construction of, 403. 

Deformation of minimal surfaces into minimal 
surfaces, 297; conservation of spherical re- 
presentation throughout, 298; associated 
surfaces, and adjoint surfaces, 298; special 
example, 308. 

Deformation of particular surfaces; catenoid, 
356; centro-surface of a Weingarten surface, 
349, 350; helicoids, 289, 356; paraboloid of 
revolution, 370, 372; plane, 369; pseudo- 
sphere, 356; spheres, 369. 

Deformations that are infinitesimal, see infini- 
tesimal deformation. 

Demartres, 345. 

Derivatives of x, y, z of the second order, 45; 
of X, Y, Z of the first order, 39; of a, y, z 
of the third order, 59, 61; of X, Y, Z of the 
second order, 121. 

Derived magnitudes, of the third order, 56, 
and relations between them, 57; used to 
express derivatives of x, y, z of the third 
order, 59; variations of, under infinitesimal 
transformations, 212 ; 

of the fourth order, 57, and relations 
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Derived magnitudes (cont.) 
between them, 58; expressions for, 
when surface is referred to lines of 
curvature as parametric curves, 103; 
for a central quadric, 105; for mini- 
mal surfaces, referred to nul lines, 285. 

Derived surfaces, 117; fundamental magnitudes 
for, 118; special cases (centro-surface, middle 
evolute, parallel surfaces), 119, 120, 122. 

Differential equation of a surface, 37, is in- 
tegrable, 40; see condition of integrability. 

Differential invariants for one curve in general, 
possible arguments in, 210; definition of, by 
a relation, 210; partial differential equations 
characteristic of, constructed after Lie’s 
theory of continuous groups, 210-214; ex- 
pressions for, as solutions of these equations 
in an algebraically complete aggregate, 217 ; 
geometrical significance of, 218-225; 

for two curves in general, with partial 
differential equations characteristic of, 
228; algebraically complete aggregate 
of integrals, 229, with their signifi- 
cance, 230-232. 

Differential invariants, methods for, 203; 
simple examples of, directly constructed, 
204, 209; Beltrami’s two differential para- 
meters, 206, 207; illustrations of use, 208. 

Differential parameters, Beltrami’s first, 164, 
206; Beltrami’s second, 207; see differential 
invariants. 

Differentiation, along a curve and along a 
geodesic tangent, difference between, with 
examples, 223, 224, 233; along a geodesic 
normal to a curve, 218; significance of these, 
in construction of differential invariants by 
Darboux’s method, 220. 

Dini, 234, 248. 

Direction-cosines of a line, Weierstrass complex 
combination of, 19. 

Direction-cosines (X, Y, Z) of the normal to 
a surface, 36; first derivatives of, 39; second 
derivatives of, 121. 

Directrix curve on a ruled surface in deformation 
taken to be an asymptotic line, 393; geode- 
sic, 393, 394; plane line of curvature, 394. 

Double surfaces (minimal), after Lie, 294; 
examples, 296, 307, 308. 

Dupin, 65, 324, 408, 414, 466, 484. 

Dupin’s cyclides, 324; the general equation of 
order four, 325, lines of curvature and para- 
metric equations, 326 ; fundamental magni- 
tudes, 327; family of, are parallel surfaces, 
327; limiting case of, when the general 
equation is of order three, 328, 332; example 
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of, 331; derived from general equations, 343; 
part of a triply orthogonal system, 411. 
Dupin’s theorem on lines of curvature as 
intersections of triply orthogonal systems 

of surfaces, 414, 444; 
theorem on normal congruences, 484. 


Elliptic functions, and geodesics on an oblate 
spheroid, 140; and umbilical geodesics on 
an ellipsoid, 147. 

Elliptic type of pseudo-sphere, 360. 

Enneper on integral equations of minimal 
surface, 282. 

Enneper’s minimal surface, tangential equation 
of, 287; is of class six and order nine, 288; 
properties of, 288; lines of curvature on, 
353; infinitesimal deformation of, 400. 

Envelope of curves in a congruence, lying 
upon the focal surface, 471. 

Equations characteristic of differential in- 
variants constructed after Lie’s theory of 
continuous groups, 210-214; integration of 
these equations, 215; algebraically complete 
aggregate of their integrals, 217; examples 
of other integrals, 225. 

Euler’s theorem on the curvature of the normal 
section of a surface, 65, 124. 

Evolute, of a curve does not exist as a locus 
of centres of curvature, 10; of a surface, 107. 

Excess-function, for a single independent 
variable, 127; the test satisfied for all geo- 
desics, 129, and for a minimal surface, 272. 


Fabry, 27. 

Family of curves, arbitrarily assumed, are not 
geodesic parallels, 158; any curve of such 
a family can be made the foundation of 
a family of geodesic parallels, 158, but the 
form of its equation must be changed, 159. 

Family of surfaces in triply orthogonal system, 
their parameter must satisfy a partial differ- 
ential equation of the third order, 432; de- 
termination of the associated families, 433. 

First order, fundamental magnitudes of the, 
see fundamental magnitudes. 

Flexion, radius of; see radius of circular 
curvature. 

Focal planes of a ray, 481; in a normal 
congruence are the principal planes, 483. 
Focal points of a congruence of curves, 469 ; 

property of the surfaces of the congruence, 
469; number of, for lines, circles, conics, 
sphero-conics, quadri-quadric curves, 469, 
470; see foci. 

Focal surface, of a congruence of curves, as 
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the locus of the focal points, 470; contains 
the envelope of selected families of curves in 
the congruence, 471; of a rectilinear con- 
gruence, 482; coincides with limit surface 
from normal congruence, 483; of a con- 
gruence of circles, 490. 

Foci of a congruence of circles, 490; are 
intersections with four selected consecutive 
circles, 491; may lie, in two pairs, on two 
consecutive circles, 492, with conditions, 493. 

Foci of a ray in a rectilinear congruence, 480; 
how related to the limits, 481; are inter- 
sections with two selected consecutive rays, 
482; coincide with limits in a normal con- 
gruence, 483; in isotropic congruence, 485. 

Forsyth, 37, 50, 57, 68, 94, 96, 131, 138, 145, 
147, 165, 169, 189, 203, 215, 228, 232, 234, 
238, 266, 275, 301, 343, 363, 371, 372. 

Fouché, 27. 

Fourth order of derived magnitudes, see 
derived magnitudes. 

Frenet, 17. 

Fresnel’s wave-surface, asymptotic lines on, 71. 

Frost, 31, 289, 361. 

Fundamental magnitudes, connected with a rec- 
tilinear congruence, in canonical form, 476; 
connected with a congruence of circles, 489 ; 

for triply orthogonal systems of surfaces, 
409, 410; give the fundamental mag- 
nitudes for each family, 413; for con- 
focal quadrics, 418, Lamé relations 
satisfied by, 418; when given, they 
determine the system except as to 
orientation and position, 421-427; 
Cauchy’s existence-theorem for in- 
tegrals applied to, 430; 

in a spherical representation, 254, 258 ; 
quantities associated with, 259; 

of a surface, of the first order, 33; of 
the second order, 38; are invariantive 
for all orthogonal transformations of 
Cartesian axes of reference, 33, 38; 
satisfy the Gauss characteristic equa- 
tion, 46, and the Mainardi-Codazzi 
relations, 48; when known, give 
unique intrinsic determination of a 
surface, 50-56; of higher orders, see 
derived magnitudes ; expressions for, 
when the surface is given by a 
Cartesian equation, 60; 

for a central quadric, 104; for the 
sheets of a centro-surface, 110; for 
minimal surface, 284; for a Wein- 
garten surface, 344; for each family 
in a triply orthogonal system, 413. 
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Gauss, vii, 1, 19, 32, 46, 88, 123, 161, 234, 
242, 254, 354, 419. 

Gauss characteristic equation between the 
fundamental magnitudes of a surface, 46, 
76, 84, 85, 90, 103. 

Gauss measure of curvature, K, for a surface, 
44; expressible in terms of magnitudes of 
the first order, 46; its first derivatives, 58 ; 
expression for, when the surface is given by 
a Cartesian equation, 60; expression for, 
when parametric lines are (i) asymptotic, 
73, (ii) nul, 76, (iii) isometric, 84, (iv) geo- 
desic polar, 90, (v) lines of curvature, 102 ; 
for an inverted surface, 107; for each sheet 
of a centro-surface, 111; 

as a differential invariant, 205, 221; 
derivatives of, 227; when constant 
(positive, zero, or negative) surface can 
be geodesically represented on a plane, 
246 ; unaltered by deformation, 255. 

Gaussian curvature, see Gauss measure. 

General equations for a surface, 45; when the 
parametric curves are (i) conjugate, 68 ; 
(ii) asymptotic lines, 73; (iii) nul lines, 76; 
(iv) isometric lines, 84; (v) geodesic polars, 
89; (vi) lines of curvature, together with 
measures and derived magnitudes, 102, 
specially for a central quadric, 104. 

Generators of scrolls, how deformed when 
scroll is deformed into a scroll, 379; their 
orthogonal trajectories, 385, 386; property 
of any plane through, 387. 

Geodesic circles, as depending upon a theorem 
due to Gauss, 88; expressions for circumfer- 
ence and area, when small, 92. 

Geodesic contingence of a curve, angle of, 149; 
connected with geodesic curvature, 149. 

Geodesic coordinates, whether families are 
concurrent or not, lead to same equations 
for surface, 156; determination of con- 
currence or non-concurrence, 157. 

Geodesic curvature, of a curve, 149; of para- 
metric curves, 150; Liouville’s expressions 
for, 150, 152; another expression for, 152; 
the two expressions are equal, 153; a third 
expression, due to Bonnet, and equal to each 
of the other two, 158; of a curve and as- 
sociated binary forms, 193, 195, 221; of any 
curve on a ruled surface, 385. 

Geodesic, defined as shortest distance and so 
is curve of a tight string on a surface, 87, 
123; its osculating plane contains normal 
to surface, 87; can be limited in range, 87, 
124; when a plane curve, is a line of curva- 
ture, and conversely, 87. 


Geodesic ellipses and hyperbolas, 162, 163. 

Geodesic on ruled surface, property of, when 
also a line of striction, 385; made a 
directrix curve, 393. 

Geodesic parallels, family of, 88, 157; signifi- 
cance of the parameter, 157; limitation in 
form of equation, 158; determined by the 
equation Ap=1, 164; lead to the orthogonal 
geodesics, 165 ; Beltrami’s theorem on, 173; 
equation for, when the parametric curves 
are nul lines, 172. 

Geodesic polar coordinates, 88; conditions that 
parametric curves may give, 89, 156, 157; 
properties of vector multiplier D in, 90, 
161. 

Geodesic property, that the osculating plane 
contains the normal to the surface, defined, 
124; involved in the characteristic equa- 
tion, 130; used as a definition, 130, 144, 
and leads to the characteristic equation, 
145. 

Geodesic representation of surfaces, upon a 
plane, 243; only possible when the Gauss 
measure of curvature is constant, 245, with 
the three cases, 246-248 ; upon one another, 
when the surfaces are Liouville surfaces (with 
the equations of the corresponding geodesics), 
251, and when they are Lie surfaces, 254; 

is conformal, only if magnification is 
constant, 252. 

Geodesically parallel curves, see geodesic 
parallels, parallel curves. 

Geodesics and associated binary forms, 200, 
202. 

Geodesics connected with theoretical dynamics, 
123, 133, and with the theory of partial differ- 
ential equations, 124, 

Geodesics, family of, derived from family of 
geodesic parallels in connection with the 
equation Ag=1, 165; connected with Jacobi’s 
theorem on last multiplier, 169; when para- 
metric curves are nul lines, 173. 

Geodesics, general (characteristic) equations 
of, 129-131, shewing that geodesics through 
a point are uniquely determined by their 
directions at the point, 131, 161; are con- 
served under deformation, 131; Gauss 
expression for variation of inclination to 
parametric curves, 148; equation obtained 
through the vanishing of the geodesic curva- 
ture, 149, 152. 

Geodesics, on central quadrics, 145; first 
integral of the general equation, 146; 
primitive of the general equation, 147; 
various- forms of, 147, 186; on Liouville 
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surfaces, 181; on a hyperboloid of one 
sheet, 186; umbilical, on ellipsoid, 186; 
on non-central quadrics, 187; on minimal 
surfaces, 286, 308. 

Geodesics on surfaces of revolution, 132; the 
primitive of the differential equations, 133 ; 
three kinds of geodesics near the neck, 134 ; 
away from the neck, a geodesic undulates 
between two parallels, 135; when they can 
be closed curves, 136; investigation of range, 
137; on an oblate spheroid, 138, and 
through an umbilicus on an ellipsoid, are 
expressible by elliptic functions, 140, 147; 
on a sphere, 143; on an anchor-ring, 186. 

Gnomonic projections of a sphere, 243. 

Goursat, 120. 

Guichard, 354. 


Hadamard, 124. 

Halphen, 123, 138. 

Hamilton’s theorems on systems of rays, 466, 
480, 483. 

Hancock, 124. 

Helical curves, defined, 25; 
28, 30. 

Helicoids, as minimal surfaces, 289; family 
of, deformable into one another, 289; are 
double and periodic, 296; deformation of, 
356. 

Henneberg’s surface, tangential equation of, 
287; is of class five, 287, and of order 
fifteen, 289; properties of, 289; is double, 
296. 

Herman, vii, viii, 20. 

Hirst, 105. 

Historical notes, 1, 19, 27, 32, 46, 63, 65, 93, 
120, 189, 203, 234, 242, 268, 309, 354, 371, 
408, 466, 484. 

Hyperbolic paraboloids as a family in a triply 
orthogonal system, with the associated sur- 
faces, 451. 

Hyperbolic type of pseudo-sphere, 360. 

Hyperboloid, deformation of, 375. 

Hyperboloid of revolution, ruled surface as- 
sociated with, under Beltrami’s theorem, 
390. 

Hyperelliptic functions and geodesics on an 
ellipsoid, 147. 


properties of, 


Infinitesimal deformation of surfaces, 394; 
critical equation of second order for, 396, 
399; of paraboloids, 398; of minimal sur- 
faces, 399; of Enneper’s surface, 400. 

Inflexional tangents, 70. 

Integral equations, examples of, 136. 
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Invariants and covariants of simultaneous 
binary forms connected with a surface and 
curves on the surface; see differential in- 
variants, binary forms (simultaneous). 

Inversion, as conformally representing space 
upon itself, 429. 

Inversion of surfaces, 105; conserves lines of 
curvature, 106, also orthogonal curves in 
general, nul lines, umbilici, but not asym- 
ptotic lines, 107; relation between measures 
of curvature after, 107, 121. 

Isometric lines, on a surface, 80; relation to 
the surface, 81; parametric variables, though 
not unique, are restricted in range, 81; their 
aggregate gives the conformal representation 
of a surface on itself, and on a plane, 82; 
conditions that parametric curves should be, 
83; on minimal surface, spherical represen- 
tation of, 276. 

Isometric lines of curvature, on surface of 
revolution, 82; on central quadric, 83; 
general equations for surfaces having, 84- 
86; on surface of constant mean curvature, 
86; on developable surfaces, 92. 

Isometric triply orthogonal systems, 456 ; 
confocal quadrics, 457, 458; Darboux’s 
general investigation of, 459. 

Isothermic lines on a surface, see isometric 
lines. 

Isotropic rectilinear congruences, 476, 485; 
the limits on a ray coincide and the foci 
-on a ray are imaginary, 485; properties of, 
485, 486. 


Jacobi, 123, 124, 138, 169, 173. 

Jacobi’s theorem on last multiplier connected 
with equation of families of geodesics, 169, 
173. 

Jellett, 406. 

Joachimsthal’s theorems on plane or spherical 
lines of curvature, 196, 197, 309, 311, 312, 
340. 


Kneser, 124. 

Knoblauch, 32. 

Kobb, 272. 

Keenigs, 123, 175, 182, 183, 354. 
Kommerell, 63. 


Lagrange, 19, 234, 238, 242, 268. 

Lagrange’s theorem on minimal area, 268, 
270. 

Lamé, 203, 408, 409, 418, 419, 446, 456. 

Lamé’s curvilinear coordinates in space, 409; 
isometric triply orthogonal systems, 456. 
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Lamé family of surfaces (in a triply orthogonal 
system), 446; Darboux’s theorem on, 447. 
Lamé relations (in two sets) satisfied by the 
three fundamental magnitudes for triply 
orthogonal systems, 418-420; degree of 
generality possible in their primitive, 430. 

Laplace equation, satisfied by coordinates of 
a point on a surface, 68; in infinitesimal 
deformation of surfaces, 400; in Weingarten’s 
method for general deformation, 403. 

Last multiplier (Jacobi’s), and families of 
geodesics, 169. 

Legendre, 124, 268. 

Levi-Civita, 203. 

Lie, v, 79, 180, 189, 203, 210, 248, 254, 268, 
295, 296, 351. 

Lie double minimal surfaces, 294; associated 
with a single nul line in space, 297. 

Lie surfaces, admitting a quadratic integral 
of the equation A®=1 for geodesic parallels, 
180; are deformable into surfaces of revolu- 
tion, when real, 181; geodesically represent- 
able on one another, 254. 

Lie’s construction of nul lines in space, 78, 
and of minimal surfaces by means of nul 
lines, 79, 279, 297. 

Lie’s theorem concerning lines of curvature 
on a Weingarten surface, 351. 

Lie’s theory of continuous groups, used to 
construct the equations characteristic of 
relative differential invariants, 189, 203, 
209-214, 228. 

Limit surface, of rectilinear congruence, 482; 
coincides with focal surface in a normal 
rectilinear congruence, 483; of isotropic 
congruence, 485. 

Limits of a ray, in a rectilinear congruence, 
480; how related to the foci, 481; coincide 
with foci in a normal congruence, 483; in 
isotropic congruence, 485. 

Line of striction on ruled surfaces, 383; pro- 
perty of, if also geodesic, 385; how related 
to the orthogonal trajectories of generators, 
386; in an isotropic congruence, 485. 

Linear integral of the equation Af=1 for geo- 
desic parallels, 178, 182; does not coexist 
with independent quadratic integral, 186. 

Lines of curvature, assigned systems of, equa- 
tions for surfaces which have, 338; examples, 
in Dupin’s cyclides, 342, and in anchor-ring, 
343; 

of a surface, 41; the equation for their 
directions, shewing that they are 
orthogonal to one another, 43; con- 
ditions that parametric curves may 
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Lines of curvature (cont. ) 

be, 64; are the only perpendicular 
directions which are conjugate, 68; 
if geodesic, are plane (but not con- 
versely), 88; 

in a spherical representation, 255, 257; 
when the distance T also is given, 
equation of, 267; 

on a surface of revolution, and on a 
central quadric, are isometric, 82; on 
surfaces g'y™zn=a, 121; on non- 
central quadrics, 121; 

on minimal surface, 273; general equa- 
tion of, 285; when plane, 353; on a 
Weingarten surface, 351; as intersec- 
tions of triply orthogonal surfaces, 
Dupin’s theorem on, 414; 

on two sheets of a centro-surface corre- 
spond, if and when the original surface 
is a special Weingarten surface, 112; 

plane or spherical, Joachimsthal’s theo- 
rems on, 196, 197; some general 
properties of, 197, 198, 202; why 
specially considered, 311; cannot have 
all their parameters arbitrary, 315; 
surfaces with one system plane, other 
spherical, 332; 

primitive of differential equation for, 
and the parametric variables, 93; 
become indefinite at an umbilicus, 
94; configuration of, in immediate 
vicinity of an umbilicus, 95-99; 
determination of, when the surface 
is given by a Cartesian equation, 99, 
with example, 100; conserved under 
inversion, 106. 

Lines of folding, asymptotic lines as, 375. 

Liouville, 1, 26, 150, 151, 163. 

Liouville’s expressions for geodesic curvature, 
150, 152. 

Liouville surfaces, that are pseudo-spheres, 92; 
that are developable surfaces, 92; geodesic 
parallels and families of geodesics on, 170, 
179; course of a geodesic, 171; admit a 
quadratic integral of the equation Ap=1 for 
geodesic parallels, 181; examples of, due to 
Keenigs, 182; can be geodesically represented 
on one another, 251. 

Liouville’s theorem that surfaces, with families 
of geodesics cutting at a constant angle, are 
developable, 151, 163. 


Mainardi-Codazzi relations between the funda- 
mental magnitudes of a surface, 48, 73, 76, 
84, 85, 90, 102, 103. 
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Malus, theorem of, on norma] congruences, 
466, 484. 

Mathews, 10. 

Mean curvature, H, of a surface, 44; vanishes 
for a minimal surface, 44, 272; its first deri- 
vatives, 58; expression for, when the surface 
is given by a Cartesian equation, 60; ex- 
pression for, when parametric lines are 
(i) asymptotic, 73, (ii) nul, 76, (iii) isometric, 
84, (iv) geodesic polar, 90, (v) lines of 
curvature, 102; for an inverted surface, 107; 
for each sheet of a centro-surface, 111; as a 
differential invariant, 205, 225; derivatives 
of, 227. 

Mean curvature constant, central equation for 
surface having, 77; related to pgeudo-sphere, 
77, 120; asymptotic lines on, 78; possesses 
isometric lines of curvature, 86; as Wein- 
garten surfaces, 345. 

Measures of curvature, see Gauss measure, 
mean curvature, 

Mercator’s projection of spheres on planes, 
240. 

Meunier’s theorem on curvature of curves on 
a surface, 64. 

Middle evolute of a surface, 117, 120; harmonic 
middle evolute, 122. 

Middle surface of rectilinear congruence, 482; 
of isotropic congruence, 485, is a minimal 
surface (Ribaucour’s theorem), 486, and 
connected with Weingarten’s method for 
deformation of surfaces, 486. 

Minding, 354, 391. 

Minding’s method for deformation of ruled 
surfaces, 387. 

Minimal lines, see nul lines. 

Minimal surface constructed by means of nul 
lines in space, 79, 279. 

definition of, 269; characteristic pro- 
perty that the mean curvature vanishes, 
obtained by calculus of variations, 
270, and by properties of derived 
surfaces, 271; second variation, for 
weak variations, 271; 

deformation of, into associated and 
adjoint minimal surfaces, 298; in- 
finitesimal, 399; 

integral equations of, 279; after Monge, 
280; after Weierstrass, 282, 284; 
fundamental magnitudes of, 284; 
derived magnitudes of third order, 
285; of revolution is a catenoid, 
290 ; 

intrinsic equations of, 278; 

organic lines on, 272; 
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Minimal surface (cont.) 
range over which it is a least area, 305; 
conjugate of a boundary curve, 307; 
spherical representation of, is conformal, 
255, 274; image of asymptotic lines, 
267; image of nul lines, 275; image 
of isometric lines, 276; 
tangential equation of, 287; 
that is algebraic, 80, 291; that is real, 
292; that is double, 294; that is 
periodic, 295, 296; 
uniquely determined by passing through 
an assigned curve (if not a nul line) 
and touching an assigned developable 
along the curve, 301; this property 
used by Schwarz, to determine the 
arbitrary functions in the Weierstrass 
equations, 302; touching an ellipsoid 
along a line of curvature, 303; passing 
through a straight line, has the line 
for axis of symmetry, 304; having 
plane line of curvature, 305, 353. 
Monge, 1, 13, 26, 150, 268, 279, 280. 
Monge-Ampére equation for the deformation 
of surfaces, 363; its characteristics are 
asymptotic lines, 863; is the essential 
condition, 368. 
Monge’s integral equations of minimal surface, 
280. 


Nodal curves on centro-surface of an ellipsoid, 
EVs 

Normal plane of a skew curve, its equation, 3. 

Normal rectilinear congruences, 482; Hamil- 
ton’s condition of their existence, 483; cut 
orthogonally by a family of surfaces, 483; 
example of, in the normals to a surface, 484; 
remain normal through reflexion and refrac- 
tion in any heterogeneous medium (theorem 
of Malus and Dupin), 484. 

Normal section of a surface through a tangent, 
expression for its curvature, 41. 

Normal to a surface, direction-cosines of, 39; co- 
incides with principal normal of a geodesic, 87. 

Nul line in space, 78; Lie’s construction of, 
78; used by Lie to construct minimal 
surfaces, 79, 279; leads to Lie’s double 
surfaces, 296, 297, with example, 307. 

Nul lines on a surface, 75; conditions that 
parametric curves may be, 75; their para- 
metric variables, 76; equations for a sphere, 
when nul lines are parametric, 91; conserved 
under inversion, 107; analytical properties 
of, connected with associated binary forms, 
201, 202; on a Weingarten surface, 352; 
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Nul lines (cont.) 

as parametric curves, used to determine 
geodesic parallels and families of 
geodesics, 172; 

on minimal surface, 272; their spherical 
representation, 275; are the convenient 
parametric curves, 277, 279, 280, (with 
possible, but limited, exceptions, 282) ; 
parameters of, 291; must not be 
boundary for conditions assigned 
under Cauchy’s theorem, (q.v.), 301; 
connection with conjugate of an as- 
signed boundary, 307. 


Oblate spheroid, geodesics on, 139; a right- 
angled geodesic triangle on, compared with 
right-angled triangle on a sphere, 140; un- 
dulation of, 141; range of, 142; 

conformally represented on a plane, 242. 

One-sided surfaces, see double surfaces ; example 
of, 308. 

Organic curves, of surfaces, 63-91; on minimal 
surfaces, 272; spherical representation of, 
274; their equations in general, 285; and on 
adjoint surface, with correspondence, 300. 

Orthogonal curves, condition for parametric 
curves, 63; are conserved under inversion, 
107; in a spherical representation, 255. 

Orthogonal section of a congruence of general 
curves, when possible, 472, 474; with ex- 
amples, 473. 

Orthogonal system in birational correspondence 
of surfaces, Tissot’s theorem on conservation 
of unique, 249. 

Orthogonal trajectories of generators on ruled 
surfaces, 385; properties of, 386; 

of geodesics, see geodesic parallels. 

Orthographic projection, 243. 

Osculating circle of a skew curve; see circle 
of curvature. 

Osculating developable of a skew curve, 16. 

Osculating plane, of geodesic contains the 
normal to the surface, 87; 

of a skew curve, 3; used to define the 
curve, 16, 78, 79. 


Parabolic type of pseudo-sphere, 361. 

Paraboloid of revolution, deformation of, 370. 

Paraboloids, ruled surface associated with, 

under Beltrami’s theorem, 389 ; infinitesimal 
deformation of, 398; 

as a family in a triply orthogonal 
system, 455. 

Parallel curves on a surface, 158; family based 

on any arbitrarily assumed initial curve, 159; 


equation of family satisfies a differential 
equation, 158. 

Parallel generators, applicable ruled surfaces 
possessing, 388. 

Parallel surfaces, 117, 120; special pair of, in 
pseudo-sphere and a particular surface of 
constant mean measure, 120; properties, 
121; Dupin’s cyclides as example of, 327; 
as a family in a triply orthogonal system, 
443, 

Parameter of family of surfaces in a triply 
orthogonal system, 409; must satisfy a 
partial differential equation of the third 
order, 432, which has various forms, 434— 
440. 

Parameters of lines of curvature, which are 
plane or spherical, are subject to one con- 
dition, 315, which is the condition of 
integrability of the differential equation of 
the surface, 316; 

nul lines in the Weierstrass equations 
of a minimal surface, 291. 

Parametric curves on a surface, 34; variation 
of angle between, 50; may be orthogonal, 
63; lines of curvature, 63; conjugate, 68; 
asymptotic lines, 72; nul lines, 75; isometric, 
83; geodesic polars, 89; summary of results, 
90; and their geodesic tangents, curvatures 
and torsions of, 196. 

Partial differential equation A¢=1, and its 
connection with geodesic parallels and families 
of geodesics, 164-171; form of, when para- 
metric curves are nul lines, 172; polynomial 
integrals of, 175. 

Partial differential equations of the first order, 
in the deformation of surfaces, 368. 

Partial differential equations of the second 
order, Ampére’s method of solving, 371; 
Cauchy’s existence-theorem for, 373; charac- 
teristics of, 373; 

for the deformation of surfaces, 363; 
the characteristics are the asymptotic 
lines, 363; forms of, 364, 365, 367, 
368; for infinitesimal deformation, 
396, 399, 400; for Weingarten’s central 
function, 402. 

Partial differential equation of the third order, 
satisfied by parameter of a family in a triply 
orthogonal system, 432; Darboux’s construc- 
tion of, 433; various forms of, 434-440; for 
Bouquet surfaces X+Y+Z=u, 449; for 
surfaces $ (a, y, 2, u)=0, 437, 464. 

Periodic minimal surfaces, 295, 296. 

Perspective projections, 243, 

Pirondini, 15. 
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Plane lines of curvature, families of surfaces 
possessing, chapter 1x; minimal surfaces 
possessing, 304; see Joachimsthal’s theorems. 

Plane through generator of a ruled surface, 
property of, 387. 

Planes, deformation of, 369. 

Planes (parallel) as a family in a triply ortho- 
gonal system, with the associated families, 
440; any family of, when the equation 
contains one parameter, 464. 

Polar developable of a skew curve, 13. 

Polar line of a skew curve, 12. 

Polynomial integrals of the equation Ag=1 
for geodesic parallels, 175; can be taken 
either odd or even, 176; form of, when 
parametric curves are nul lines, 177; if 
linear, surface is deformable into surface of 
revolution, 178; quadratic, 178; but simul- 
taneous quadratic integrals, independent of 
one another, do not coexist, 184; nor linear 
and quadratic, 185; cubic, 187; quartic, 188; 
of any order, 188. 

Primary quantities, see fundamental magni- 
tudes. 

Principal axes of a curve, 5. 

Principal curvatures of families 
orthogonal systems, 417. 

Principal lines of a curve, 5; see binormal, 
principal normal, tangent. 

Principal normal of a curve, 4. 

Principal planes of a ray in a rectilinear 
congruence, 480; are the focal planes in a 
normal congruence, 483; in an isotropic 
congruence, 485. 

Principal radii, see radii of curvature. 

Projections of spheres, conformal, 239; Mer- 
cator’s, 240; stereographic, 241; for star- 
maps, 241; non-conformal (perspective, 
orthographic, gnomonic), 243. 

Pseudo-sphere (surface having the Gauss 
measure of curvature constant and negative), 
73; central equation for, when parametric 
curves are asymptotic lines, 74, when para- 
metric curves are lines of curvature, 75; 
connected with surface of constant mean 
curvature, 77, 120; forms of equation for, 
when they are Liouville surfaces, 92; evolute 
of, 122; 

and spherical representation, 265; area 
of a quadrilateral bounded by asym- 
ptotic lines, 265; 

as a Lamé family (q.v.), 465; 

as a Weingarten surface, 344, 348; 

congruence of certain circles in tangent 
planes to, form a cyclical system, 501; 


in triply 
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Pseudo-sphere (cont.) 
deformable into itself in an unlimited 
number of ways, 356; which are 
surfaces of revolution, 358, 360; 
hyperbolic, elliptic, parabolic, types, 
360, 361; other deformations, 406, 
407; 
geodesically represented on a plane, 
247; 
one particular class, of which the geo- 
desics are conformally represented by 
a double family of circles on a plane, 
237. 
Puiseux, 23, 414; on triply orthogonal systems, 
444, 


Quadratic integral of the equation Ag=1 for 
geodesic parallels, 178-183; does not co- 
exist with an independent quadratic integral, 
184, nor with an independent linear integral, 
186. 

Quadries, central and coaxial, as a family in 
a triply orthogonal system, 453; examples 
of, with associated surfaces, 454. 

Quartic integral of the equation Ag=1 for 
geodesic parallels, 188. 


Radii of curvature of a surface, 42; the equa- 
tion for their magnitudes, 43; associated with 
the respective lines of curvature, 43, 64. 

Radius of circular curvature of skew curve, 3; 
its analytical expression and its direction- 
cosines, 4; when the curve is defined by its 
osculating plane, 17. 

Radius of torsion of a skew curve, 6; when the 
curve is defined by its osculating plane, 17. 
Range (for least area) of a minimal surface, 

305. 

Range of geodesic, as shortest distance between 
two points along a surface, may be limited, 
126; on surface of revolution in general, 
investigation of, 136, with critical function 
for, 137, 142; on an oblate spheroid, 142, 
144; on a sphere, paraboloid of revolution, 
anchor-ring, 143; is unlimited on an anti- 
clastic surface, 161. 

Rays of a rectilinear congruence, 475; length 
and position of shortest distance between 
consecutive, 477; limits of, 480, principal 
planes of, 480; foci of, 480, 481, and re- 
lation to limits, 481; focal planes of, 481. 

Real minimal surfaces, 292. 

Rectifying developable of a skew curve, 13; 
used to determine curves which have their 
curvatures in an assigned variable ratio, 15. 
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Rectifying line of a skew curve, 12. 

Rectifying plane of a skew curve, 12. 

Rectilinear congruence, 467; number of focal 
points of, 469; equations of, in general, 475; 
fundamental magnitudes connected with, 
475, with their canonical form, 476; length 
and position of shortest distance between 
consecutive rays of, 477; limits, principal 
planes, foci, focal planes, of rays in, 480, 
481; focal surface of, 482; limit surface of, 
482; middle surface of, 482; when capable of 
orthogonal section by a surface, see normal 
rectilinear congruences. 

Representation of surfaces upon one another, 
general character, 234; sce conformal repre- 
sentation, geodesic representation, spherical 
representation, deformation of surfaces. 

Ribaucour, 112, 113, 120, 354, 466, 486, 488. 

Ribaucour’s theorem on the correspondence 
(i) of lines of curvature, (ii) of asymptotic 
lines, on the sheets of a centro-surface, 112, 
348 ; 

that the middle surface of an isotropic 
congruence is minimal, 486. 

Riccati equation, connected with Serret-Frenet 
formule, 20; another form, 29; for asym- 
ptotic lines on ruled surface, 382. d 

Ricci, 208. 

Right-angled geodesic triangle on oblate sphe- 
roid, 140. 

Rigid curve in deformation of surfaces, 373, 
404; when the surfaces have their Gauss 
measure of curvature constant, 406. 

Rouquet’s method (by spherical representation) 
of constructing the equation of surfaces that 
have two plane systems of lines of curvature, 
309, 328-332. 

Routh’s diagram for a skew curve, 10, 15. 

Ruled surface, applicable to ruled surface with 
parallelism of generators, 388; examples, 
389, 390; 

general deformation of, 380; general 
equations for, 382; line of striction 
on, 383; when an assigned curve 
becomes an asymptotic line, 393; 
see scrolls. 


Salmon, 32, 409. 

Schwarz, on properties of surface adjoint to 
minimal surface, 268, 299; uses them to 
determine a minimal surface under assigned 
boundary conditions, 301. 

Screw curvature of a skew curve, 12. 

Scrolls, deformation of, into scrolls, 378; 
generators of, how deformed, 379; if de- 
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formable into one another, may be deform: 
able into ruled quadric, 380; properties of, 
when deformable into one another, 407; 
see ruled surface. 

Second order, fundamental magnitudes of the, 
see fundamental magnitudes. 

Second variation for weak variations of mini- 
mal surface, 271, 305. 

Secondary quantities, see fundamental magni- 
tudes. 

Self-conjugate directions, 70. 

Serret, 1, 16, 17, 26, 309, 314, 324, 332, 
336, 338. 

Serret-Cayley treatment of surfaces with plane 
or spherical lines of curvature, 314, 323, 
330, 336-338. 

Serret-Frenet formule, 19; applications of, 
21-28 ; used to determine torsion of curve 
on a surface, 193. 

Significance of differential invariants of one 
curve, 224, of two curves, 232. 

Skew curves defined, 1; see curves, in space. 

Smith (Henry) double surface, 308. 

Space conformally represented upon itself, 427. 

Special congruence of circles such that each 
circle is intersected twice by a circle in the 
same set, 492-498. 

Specific curvature of a surface, see Gauss 
measure. 

Spheres, deformation of, 369; as a family in 
a triply orthogonal system, with the as- 
sociated families if concentric, 441; if they 
touch one another, 442. 

Spherical curvature of a skew curve, 7, 8; 
properties of locus of centre of, 11, 12, 28; on 
a surface and associated binary forms, 194. 

Spherical indicatrix, connected with a skew 
curve, 6. 

Spherical lines of curvature, families of sur- 
faces possessing, chapter 1x; see Joachim- 
sthal’s theorems. 

Spherical representation, of surfaces, 254; the 
fundamental magnitudes, 254, 258; inap- 
plicable to developable surfaces, 255; usually 
is not conformal, 255; of minimal surfaces, 
is conformal, 255; of orthogonal lines, 
lines of curvature, conjugate lines, asym- 
ptotic lines, 255; used to prove Joachim- 
sthal’s theorems, 257 ; 

how far it determines a surface, with 
various cases, 262, 266; of minimal 
surfaces, and their organic lines, 273— 
277; of a Weingarten surface, 352; 
of an isotropic congruence of rays, 
485, 486; 
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Spherical representation (cont.) 
used (by Rouquet) to obtain the equa- 
tions of a surface with two plane 
systems of lines of curvature, 328. 

Stahl, 63. 

Star-maps, as conformal projections of a 
sphere on a plane, 241. 

Steiner’s surface, 69. 

Stereographic projections, 241, 243. 

Striction, line of, see line of striction. 

Strong variations, and the test by the excess- 
function, 127; satisfied for all geodesics, 
129; satisfied for all minimal surfaces, 
272. 

Surface of centres, for any surface, 42, 107; 
is two-sheeted in general, 107; relations 
of the two sheets, 108; coordinates of 
points (as centres of curvature) correspond- 
ing to the original point, 109; fundamental 
magnitudes of the first order, 110, and of 
the second order, 111; the two measures 
of curvature for each of the sheets, 111; 
conditions of correspondence of lines of 
curvature and of asymptotic lines, 112; 

of an ellipsoid, in parametric represen- 
tation, 69, 113; is a surface of order 
twelve, 114; sections of, by principal 
planes, 115; configuration of the 
sheets, 116; nodal curves on, 117; 

of Weingarten surface, deformable into 
surface of revolution and other pro- 
perties, 349-352. 

Surface W, see Weingarten surfaces. 

Surfaces derived by measuring a variable 
distance along normals to a surface, see 
derived surfaces, 

Surfaces having plane or spherical lines of 
curvature, Serret-Cayley discussion of, 315; 
with two plane systems, 317, and their 
general equation, 323, constructed also from 
the spherical representation, 328; with 
one system plane and the other spherical, 
332. 

Surfaces having positive constant Gauss 
measure of curvature, not deformable if 
any curve is kept rigid, 406. 

Surfaces of a congruence of curves, 468; 
property of, at the focal points, 469. 

Surfaces of revolution, with constant Gauss 
measure of curvature, deformable upon 
themselves, 358; in general, when deform- 
able into surfaces of revolution, 361; the 
only real ruled surfaces deformable into, 
407. 

Surfaces orthogonal to a congruence of curves, 
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when they exist, 472; to a congruence of 
lines, 483; to a congruence of circles, 499, 
500. 

Symbols used; and their significance, xix. 

Symmetric variables, parametri¢ for nul lines 
on a surface, 76; are conjugate for isometric 
lines, 80. 

Systems of surfaces, triply orthogonal, sce 
triply orthogonal systems. 


Tangent to a skew curve, its equations, 3, 16; 
is the intersection of consecutive osculating 
planes, 4. 

Tangential coordinates X, Y, Z, T of a surface, 
260; when given, they determine the surface 
completely, 261; equations satisfied by, 261; 
when a spherical representation and the dis- 
tance T are given, the surface is determinate 
except as to orientation and position, 262, 
with equation of its lines of curvature, 267; 
how far a surface is determined by a know- 
ledge of X, Y, Z, or of a spherical repre- 
sentation, 262, with illustrations of, 266. 

Tangential equation of minimal surface in 
general, 286; of Enneper’s surface, and of 
Henneberg’s surface, 286. 

Theoretical dynamics and geodesics, 123, 133. 

Third order of derived magnitudes, see derived 
magnitudes. 

Third order, partial differential equation of 
the, satisfied by parameter of a family in 
a triply orthogonal system, 432, in various 
forms of, 434-440. 

Tissot, 243, 249. 

Tissot’s theorem on conservation of a single 
orthogonal system under the birational 
correspondence of surfaces, 249; two ex- 
ceptions to, 251. 

Torsion, angle of, for a skew curve, 5, 7; 
analytical expression for, 6; in Routh’s 
diagram, 10; when a curve is defined by 
its osculating plane, 17; when known, 
whether variable or constant, how far it 
defines a curve, 25. 

Torsion of a curve on a surface, how related 
to the torsion of its geodesic tangent, 154 ; 
the associated binary forms, 193, 195. 

Torsion of a geodesic, 155; and associated 
binary forms, 194, 195, 221; expressions 
for, 225; derivatives of, 227. 

Total curvature, of a surface at a point, see 
Gauss measure; of closed area on a surface, 
160; of a geodesic triangle, 161; of portion 
of a surface bounded by a closed geodesic, 
161; of an area on a pseudo-sphere, 265. 
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Trihedron of a skew curve, 5. Weak variations, 127, and the tests, 125-128; 
Triply orthogonal systems of surfaces, 408; one of the tests satisfied by all geodesic 
the three parameters, 409; the three funda- curves, 128; for minimal surfaces, 271. 


mental magnitudes of, 409, 410; example, Weierstrass, 19, 124, 147, 268, 279, 282. 
in Dupin cyclides and associated surfaces, Weierstrass combination of direction-cosines, 


411; curves of intersection are lines of 19; 
curvature, 414; general equations for, 415; integral equations of minimal surface, 
principal curvatures of, 417; determined, 282, 284; on algebraic, and on real, 
save as to orientation and position, by the minimal surfaces, 291. 
three fundamental magnitudes, 421-427; Weingarten, 86, 310, 348, 349, 350, 354, 395, 
under Cauchy’s existence-theorem for in- 400, 406. 
tegrals, 429; Puiseux’s discussion of, 444; | Weingarten’s method for deformation of sur- 
examples of, 411, 418, 440-443, 447, faces, 395, 400; central function in, 401, 
450-452, 454, 464, 465; satisfying an equation of the first or the 
that are isometric, 456; Darboux’s in- second order, 402; on deformable surfaces 
vestigation of, 459-464. associated with any arbitrarily assumed 
surface, 403-406; connected with middle 
Umbilical geodesics on an ellipsoid, 147; do surface of an isotropic congruence, 486. 
not return upon themselves, 186. Weingarten surfaces defined, 58; some pro- 
Umbilicus on a surface, 43, 94; lines of curva- perties of, 112, 113, 120; in general, 343 ; 
ture indefinite at, 94; forms of lines of fundamental magnitudes for, 344; examples 
curvature in immediate vicinity of, 95-99 ; of, in surfaces with constant measures of 
on a central quadric, 105, 121; conserved curvature, 345; minimal surface, with 
under inversion, 107; on an ellipsoid, centro-surface, 346; other examples, 347; 
121. . centro-surface in general, 348; Lie’s theorem 
Undulation of geodesics between parallels, on as to lines of curvature on, 351; spherical 
a surface of revolution, 134; on an oblate representation, 352. 
spheroid, 141; between lines of curvature on y 
an ellipsoid, 147. Zorawski, 203. 
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